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Matrix i~ 4 rectangoiar array

b-f- number‘s e.nr_losed b:l (o Pair' of.

brackel is called oo matrix. 'Recfangularma{rix:-a bt

e.q., - - |
: [TS (l‘ -f]] D" [); 3' :] lNhOSC numb-er 65— rovvs o,nd c,olumns
326 are rot eq/uql is called rcctangvlar

Note:- iy Matrices are denoted |matrix. e-g.

by capital letters suchas A,B,¢..[[2 3 [a.. an q.s']
oo Ky Vgl -t o 4] 7 Lay Gu Qi3
i) The elements or enteriés of a S‘VWI’Q ma‘tri'xz- A it
matrix as denoted by small

eiters such as a,b,c X, 4,2 whose number of rows and. columns
...e - # D0 Carmms T are eggual s call ed Souare matrix.
"l) ThC hor;Zantal lines O‘F e_lementsl e'j‘) [| L [Q“ an_}

are called rovs o)t o. matrix. | 3 4] 7 Loy Qu

) The. ver bical lines of eleme.ntst Nu“ matl’iX?’ A yakrix whose

are called columns ef q ot rix. lall 2lements are Z&ro is called
?gﬂ\ matri X. €-:9 o o o]
LA

N, & o 0 O O
) i.i‘x\__ ’ - O O / O 0O o

* Row matrix and €olumn matrix
are also cqalled row veckor and
column vectbor.

Principal diagonal:= The diagonal
from upper left cornér Lo the |ower
right corner ef a square matrix
1S Ca"EC‘- princi[)a! c[('asan, sl main

y -1 3 - . . .
fl=[_5 L7 its ordNEg2XP |diogonal or leading diageral- €3,
o-[1w ¢) s ordrE T A
Gy ~ A3 a,, | The entries

o+ The ma%ﬂ'x A 1S Ca ”961 real ;-F Q3 \-.,_ \ ay, Q Cll"ld Q3
: re real. Gr a il -
all of its elements a orincipal ol'\ 33l . form the
r l&jona ;
T';!Pes Of' Mﬂtffccs SLUndarﬂ ol.:dsdﬁa‘:-" The.

Rﬂw matﬁx:-— A malrx, WP‘\:,'cih dja_gaﬂﬂl Crom the lower Jeft corner
o B rea i
has only ome row, ¢ & o (o the vpper Tight <oTne e

o.f. order' | XL 15 Cﬂ”ﬂd- rOV\/ SOVUO.I'C- ma rix
~notix. e g L Qu. 9 0"3), A;aﬂoncﬂ- e- g+
[ I 2 3 ‘1] e te Qa C}.‘--’-—“"’ ..--e.l} The enl:n'es
Column MatriXi- A matrix, b Ay~ 53| as, dn and
\umr‘: l:-"e-} rél"' Q3. Q33 Q3 form

trin of order mx 1 is

¢ olumn matrit. e-9.,

the secondary oliagonql.

a mMa
called

)

= &
4 =

Please visit for & ww.pakcity.org
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Dl“jdﬂal matrix:= a square
matrix in which all elem ents

except the leading diagonal are called noll rnatrix

zero i3 called o diagonal :
matrix. e.q., [l o} [53 6 o] SM Let A'—'facj) be

Noll matrin:— 4 matrix of order
mxn with all elements 2ero s

6 1 6 3 o [ square matrix of order n.

@ O 0 3 s . . .
Ideﬂt'{' matrix:- , 'f Q=0 V(#) and aj= K (ssme
j A dAajonm non-zZero scalar) Y ¢ -.=j then the

r:batrfx .Nhos‘e all elements of | matrix iscalled scalar matrix.
c;"er;\a.;geﬁ? onal ar‘e 1 is. | EWUQ‘ matr"C¢5;— Tro matrices
mafrlx denol:ed. H') same rdgr‘ ard Sal.‘d o
by L. [ S ,[é?% 'y Ve y ~ tries
oL ']m be equal 1§ corresponding entr!

Scalar matrix:— A didgonal |gre eyual.

main dicgonal are same is Called | ~iiices can be added if bo th
scalar matriz e-9. have same order-
| ne by adding

L o K © o -{g-?@ajh'on is do
[ o 2—} ‘Lo & ;] ( !‘\’r?éslpondjr"j entries of the ma trices.
feren’c orders cannet

A A
fiﬁ\é ,.-ma{:rfce.s O; d')(

be acld ch.-

¥ Needs to remember

Scyuare matrix:— Aﬂ@é Fix
hou/ing rm rows qq é\?@“c_olumns
with m=n i(;;\fi;\ié\alled square

be ze I,
g K e o dagens
matriX

.~ Let A=[aiy])

3 3

—_——-_‘_—_———__ ® — -t
be o Souare matrX OJC orde r‘n. ~ (A+ ) ) [','_ q. _; Now

for all ¢#J and t:J.t'j*"-='lf for :’"_:‘J , 3 7 5 '

't matr! i ! 3 o
Lhen A 1S ca"eolI ur A [o' '1. -?l_} Bt-.: l'-zl' |3| 3:
. " / 3 -
| denoteol bj " L 5 i 4 _,;

Please visit for L6
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Lhen the order e)t Lhe Product can

= 3J # 3f khe product AB is AE,CEnecL)
be illustm’ced as 3‘iven below:

\
0
-
L
—_ | It 3+l o+3
o=t 143 -1+|]

mxRn

-14+3 -t | +1 ak
L+l gy = P
mx P

2
3

from (I) and (T)
(A"‘b)t o Ht +_'Bt Hence Provd
ipli ! o\ -1 ©
SCQ’GV MU'*‘F'ICO*IO”% gl ‘, ' -3][n :: :i
Lot A= (aij] be an mxn matrix ,

+4
and 1 be @ scalar. then the Frodua\: (41t "7-;":_: ‘;_’f 2+6
nd A can ke obbair“\ecl by s +2-3 -

AaB - (-3. H }I]
N
2 ¢

bf K 4 4 {A by K
. l N each en ra © . P 3 "t'l 3
m"‘hf 9! 3 . hﬂg’“\"‘ [I -3 )
ie., kA= [Kaij] I ) SRR
order of KA is m=h S| A b= V —'L; 3} [} :f'- 2-}
. Of mis @ +ive integer 2 -1 -1Jle -5 5
piAte - bo ~terms, =M g+4+06 —&+16-15  9-24+15
AtA+ (% = [z+3+o _1+ 1240 3-18 +0
Subfrac{ion ‘t\l\\m h4140  —y4y4t0 €= 6710

\s (o) and B (i) are me™i) g S
;l der f.f-«;\“\i,hl Ehen V\!L AQ.FH'!C,
o+ Or

- A Qs
subtraction of B from )
A - R= A + (-'B) = (q‘j]+[FhJ]
_ Laij+ Cby) =(aij- b

Nofeiw powers of sguare matrices
are de fined as:  A"= AXA
N’ = AXAXA, A= AXARA .. bo nfacl:ors

,A ;53 = bbb De‘(:erminant ‘f 282 Matrix
o 1 by sobtracEnI [ The determimant of a matrix 1S
A-B is formif_ Bjj"rom " Jenoted. bY enclasi.mj its Scyua:eei
each whj. try of A. arroYy between verkical bars insta
c,orresl)ond-mj ‘?f‘é Mabri o f Lrackets. €3 . 5!
jon of tWO _fa b 1al=|.
MumF"Ca.t‘ 4 cfnd. B are said 35 A= [C d] £her IC ’

- _ example
$aic| Lo be con{-brmablt for - |A] = adl be For :1}1,

Produ(‘.‘h A& if ‘l‘hﬂ number O)‘- '.{_ A = [7{‘ ';] Lhan ,A,': |L.| .

- ko the
Colun[:ns oft ioxsej;cua;. = |Al :(2)(3)"(Q)C-l)= 6§ +4= o
er O |
& :\U:Crix mulh‘pl-‘ca!:ion (S Not Hence ’che dE‘termrﬂant‘ of Q mer:z
c,ommutaHVL r-e. is the difference o} the produdzs o;
AB 7_4 BA ) the entries in the twe diagonals-
3

Please visit forS
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Singular Matrix:~ a squoare
matrixx A IS said 4o be sinjulo.r-

i'F |Al= 0 e-q.,

ae (] t:] Jat= |8

-+ (Al= 8-8=0 30
A IS s-‘ngular.
Nen- Singular Matrix:- A

‘ ] to be
square matriz A 13 sacd.
non-Sfﬂjular ) 1A) = O e'ju.

www.pakcity.org

a.p+bY ay+bs| [ o}
L‘P"'d' w-rc‘-‘) ] [" !
By def. of equal matkrices,
ap+ br =1 —>» ¥

ep +dr = 0 —>» UV

ag/+ bs= o0 —» "V

cq + ds = | — (V)
SD,Vf”j () oand Q)

By d (i) - b Lil) => a.df? +bdr= d

1 bep +bdr =0
A= [' l} 'Al: l(_ . } ol
4 9 % r 9 )
ad-bo)p =
qlﬂl:‘i_s::l?éo So - P E;L )
A 18 non-— S;ﬁjula?'- ' ' - d"a':'."g:
Adjﬂint bf 2X2 Matﬂ’fr By C )~ o (i) s acp +ber =c¢
The adjOfnt 0{- a ma.tl"lx \9\3&\ ar_p._;_.adr =0
- a b "S d_eonated- BJ adJAQ\)\“ - :___;_;__;—:—-Z——
A '[ c 6‘-] (br_- ) =

and defineol as)

Let A be & MO

!

then B IS

of A and is U

-1, Thus
L.-Q') 6 - A

r

called mull:ipli'ca{'ive. inverst

ted by A"
svally denoc Y OG- ot acP

C - -

be-od  ad- be
Selving (iii) and (V)

-w =

By d ¢iii) - b(iv)y=r add tbds=0

bCQ/tder—'—b
-——

- D
ad-bc
4 bcsS=0

acr)+ads =.-_a,
- L

p o
o
>
N
D
-
o
<
(|
B
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Exampled, Find A" if a(
and Ver‘i'f-j that AR = A'A

Solvtion:= . A=(5l .})

~1Al= [ 3= 532 2 20

so A7 exists.

. i -3
AT - adjA _ [_' . J
| Al —
A [' -3
- 2| s
Now  _ )
o AA'::' 3

5
_ 1 [5-3 —ls-HS]
2 [l-—l -3 +5
-1 {’- °:| _ 3:.{' .
z|lo 2 7_/?9\/
ar = [ ) *—53/’_;‘?”/

_ 12 0 __?:_[I o]

’i(o 2_]-—7. O :
. i 0O -___—_)(2)
A"A ":[o I]

Solution af si’mqltaneoq; |
inear equations by
v$ing matriced b

Let the 5jsl:em of linear eqys- be

a.“'i| -+ all xl: b‘
by

—
L

0, X
al'_"x-, + QYL L

Where— Qn , all-,q'z_',al!-)bl y ble R‘

Please visit fol%

|
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given sjsl:em in matrix form

[au o) (% ‘['b'
Q) au-] [KL] B bz)
by
_[Qu Qn . .y B =
Le-t A [Qu au_.],) X [11]3 [bLJ
97£ |Al#0, Lhen A~ exists so
Ax=8
Pre mu lEplying bY A
> A" (AR)=A"B

(aSSec:aHve_ law)

. and.

‘anf-" i) 3 =Xy = |

dn matrix form,

00

J

A X =0 |
A'B —2 W)
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where A=[3 "]‘ X=L:l]
5= (5]

A l= I?’ l= 3+1= 4 #0
v

so, A exists

“Hence LHS €-H-S

T e
ﬁ\\ | -

- o
4 L [-1 o -1 @
Y. L ° (", -r]
¢ _ (t+o0 o-!-o:_[‘ ol_ T
&7 = [o+o o-!-l] © '] -
7 r oved.
Qi 9} A -2_] and B=(6 Q]z HeNnce P |
. Qs Find « and Y T
then show thal | . el 1 y
HLA-3A= A i) 3B-3A =3(8-4) ) [-3 33.4,} = [—3 L]
4 0 1 - = 3 .' |
Solstion:= » uA-3A=A Solution:- {ujss 33\4’] _ [3-3 7_]
1.H-S= A -3A
L 3 ] _ B
._.__.q[!'- ;]_SL 5_} = A+3 =2 | 3y-4 =2
- A=2-3 ,  3Y= 244

- (8 l:]_(é q] w= —| , 3"-"65:?‘
4 20 3 1S

§O w= —| GI'LJ 3:_-2_

Bhww.pakity.org
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i) [):,3 33'_,,) - [_1 2‘.&] QS Fi‘nd_:.;_j—;j‘.
sobtiom= (1723 Je(3 A) | [F 5 3o 1 2007

k-
w N+3 =Y —> e .SDlUtfon:-' 3
2 o % _l_[z. 2% zg].___[‘: "2— ,J
-l eix 133-) o 4 -1 -
LK —3Y4+44 =
~ 34 =0 . 1+2 ot2n A+1Y ____[‘1 ~4 3]
R Bk * o x+?~3) JON: 3]
—X-5=0 = -A=5 b J+4 | |
& AL =-5pobtin v - LXe -2 = —
Her -5 +35=3 = J=72 and Y+l4= 6 Y=6lt=2
S0 Xx= -9 and Y=-2 So %= -| ard Y=<
Ol ol 5 2) o |06, A-lotho s sbon
g Y | |
o 3 *\  find the 1T apa)= (AMA
3= : - p 3 5 an T QA3
- A= [ﬂu Qo 013]
following matrices, (D A(HA), ay Oy O3
A+ 3LBEA) qn i3
) L{A-.?)B ih) o\~ Q, @3
F . - C/:\v’ a})_ QLB
Sphftldﬂ:' ’ ‘lﬁ\\g\ﬁ na,, M an Apan Apd, AMAan
a:%f\‘ Y 3[° K Gy Maﬂ]-ﬂ' ARG, AWG, ARa,
b\A"sB: N ﬁ o L]“ ‘ M a,, KHQss ANQ; ARGy, Apay
g
= V‘ 8 'lJ' 3 P % 3'3.1 =(AWA = R-H'3
- {-u-o e ';_6] Hen ce Proved_
_ 0 +3 -
‘-l_L'B N 6} i) (7\-!'!"‘);\"" AA+ HA
hA-3B = & \ 3 2 Solvtion:~
‘ o= (A+HA
i) A+ 3 ( B A) - ) an Qn 4o
=(AtH &qn Qa2 aﬂ]
A+3(B"A)=[—' * 3} +3<{°' i t} ( ay Qa2 O
t o & -} 2 3 (?\‘!'P-)ﬁu (3""“)&\?. L)'{'H)GB
-(l 0 J.] = | (A WAy, C(ATH) 0 (A +H) Q23
[ 2 5]_,_5[& £ 3-2 ;-3] (A+ M) Q3 (AtM)Asy (A+ ) Q»3
-[‘ 8 % =1 =4 s i Adn+ MG MOy + Han ) Qi3+ KA;3
-1 2 3] _,_3[' - [AQ:H' MA,, AQu+MQy )Q,;+ KAy
_(_‘ o 2 o -l "] )Gz + M3y AQn+Mdn AQpntMap

4 2 3],[3 3 -3 _[aan AGn Aqg)  [MOn Man uay
= [ 0 T ] AQy AQ; AQ33 T “3“ M@y, Maa;
1+3 21+3 3-3)_[2 S © AGy an Agyy MO M Mas
= (. - Qu q"_ 013 all alt qu
1+ 0 0-3 240 I =3 2 = A QO an] + U |an Q. an]
a;l 03: Q;3 Qzy Qi3+ Q33

Jww.pakcity.org
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)

(in) AA-A Siia Q9 gf A= l = | and A = [; ?],
Hence proved =(-1A 4t ‘E?,_ I {- L
21 | find the valves of a and b.
Q7 9f A= [ChJ) and b= [b("]!.!;'a 53;';’
olyti10n,= y
A * -\ ;
Sh‘ow that NA+B) =2A+2AB - o plis [;_ b]x[a b]
Solvtion:- . o .
o A= [@j] e [ I Qyq F 'y .-|-b1]
2%3 Qu Qn_ Qa‘! - Q{-Qb _a.}-b
= . bll bu b i o So
B [Enj]zxg = [b,‘, by, bi} P [ ) '}
L-H 3= )\(A-'-B) [l-ﬂ- -l"'b,_}:['o 'O]

= A ( Qn Qu Q) [bu bin by il and - Sdnte
Qy, Q,, Q;; b;. ba 6;3 oy L B |
G||+l9u Qn+ by Qi3 + Bl?. ]

- {Q;.-}bu Qi+ by Qi3+ by
AQy + 4 by, AQu-H\Bn. /\Q,3+/\ B.;

_ [Aﬂn AGn AQ3 ] [/\L,, AL\@\% (P8 [l 2 -
A

1 t
Ay,  Aay, AQ, l{ (‘“’n (A+B)t = A7 b
_ [ﬂn Qr, au} . Al /,bq;/b,; z,.-,.J S,luffom'( B){-
Q,, Qu Q3 \\C> 4 Bzz b23 . S = At t
Q_REOH ¢ L.H y 3 0 ;
aee R
Herk/ng"ov“{' gl °

Qs if a=(q b] and A = [3 0] _ [m. s ““jt

find the valves of @ and b.
Salytion:-

A= AXA =, E]x[; E] . (A*‘B)t"’ [3 é]

A:. _ {H-?.Q- 1""-5) 8 e t . Bt
t
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QL. Fra g (s L 3] [+xg(2 )< [0 2]

o L ! o ¥ = | ! 3
Selvtion: As {s i 2} s X [ N _,]
-2 -| -3 \
‘o s ) -  }
AL-::AXA=[| ! 3‘“; \ 3J ii ) [_1 |]X [5 ,o]
s + 6 S 2 ¢ .
-) =l =3 L -] 3 50’”£'on:' ,
| 1+S-6 1$2=3 3+6-9 (5 7‘] X = [S l;]
Stlo=12 5+4-¢ 154 12-18 2|
“2-S+6  —2-243 ~6-4+9 AY =B
AL-.-:.[O 0 © ' -> X=AB—> ¢
= =) i Al = i 7|- _5§+4=9#0
| -2
ad) A= [1 P ]
Y A-, - O.CUA -
ON [ Al

Al = [-% -1%
Yy 5%
15. Find the matriX A i'f.n

‘ s -1, (3 -7‘}
(3 3)els

Ssh-d= 7}
Z b4d=2—20V)

WH) Bo = |o (D)4 (V)
_ya_,-.-_-la __.*d=52q 8‘3':'-5_
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Q6

at poge # 7 *

Qolution '~
L. H.S = AA - A

ap an 42
s '}\[Ou a2 4n

Q) Qiyr Q 53X (

———
p—

A Qu A ql\.
A aBl /\Q:h.

_ AGu-Qn AQn-Qun
- AQ3 - Qy AGy-Qy,

[}.a“ Aan AQis

AQ1
AQ;

3-[

+ Rema|n|n3 Part °JC Q,6

w Ga Qa

Qu On 0'3'}
3

Gy Gy Q33

)\ qij,' Qr_r,
AQy3- Qx5

AQ3 - Q3 AAn-Qyn  A05-05,

Please visit for more data at: www.pakcity.org

Q\'D O
(A-1)Qas
(A-1QAy,

(A-Yan
(r-1)Qy3
(r-1)azz

A-1) Qy
(A-1) Oy
(A-1) Q3

|

-sing |(rcesq

0
CDSCF r‘Smf
_[reosd+o+ rsing

o+ Ot+0 o+r+0

www.pakcity.org

O+0F0 Yreos¢singdto

- I"Cosfh smf-

rsindws+0-rsing ©s¢ o+o+o Fsing+o+res$
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PPOPCF'l'l'eS of Matrix Solution:
Addition, Scalar Mulbiplication | = . [i- ot | ( - o]
and Matrix Multipli cation - 2‘} T

3f A B and C are mxn maktrices [ +o0+1 -2+0-1 6+0+3
and ¢ ond d art scalars , thenr } ( o-U4+6
followirg proper Hes are true:

1 CommutOJ:lve. FroFer'l:j S T
addibion =~ A IBz o
A+DB = B+A BM[L : ....}[. o 1}
' ¢ wer-t ., -2 3JL3 ok
2' Assocmhvded f;:r.t:‘rl'p'ler j &2.-”; o—U+0 '-1542}
addition:= | y+3- 440 b
(A +8)-|- . — AT (B"I’C) ' o 2-249 oo__8+° =4 +18
\ -4 -
5. Associative oroperty of scalar | BA & R ] -
MUH:t'Pllca{'ron:— . \5inr

A + O - O . A ~ (T
s Existance of Mulé:plécgg ~. by Soltisnic A { : 3 }
TA= Al=A (I\@s"umf matrix) o -3 5 2 -
. AN TN ' -3
6. Dis tr;bu&%ﬁfg@?erlj N'r't-scélar i3 (-; 4 5} ’
ﬁ& ‘;'PII'Caban o -2 -\
2 1 -
(a,) c (A+ B) = cA+cB AAtﬁ :- -; 3 _:l -1 0 5
4A -3 5 2 -3 i &
b) DA = A7 o -2 "
Y D 4 _ [u+149+0  2+0+1240  -6-
A Assoaahve pr:oper&j Zr = [?_+o+|z+o ot —'5-:-5::::_
M’-’IH/)/’ cation “6-516+0 3404842 94251 U4
A(BC) = (AB) C ant = [ ™ 4y =5
I"Ofer('j"" Yy 2 7
8 Lef't d,5£nbu£:vc P -5 7 39
A(B+C)= AB+ AC | 1 2 (1 -3
k 0 Erl'j . -+ A = -1 0 S
9 Rtjht distriby ive prop 3 "7_ 2
- -1

Example 4. Find AC and BA 5 B s 1) A
. (ot
S TR LS T I B s
3 o 6 l -2 3

Please visit for e w.pakcity.org



www.pakcity.org www.pakcity.org

Exercise 3.2 - | »[% 3] .
QL g A= (04],,, . then snow thab | ¢ Lot a- (2 ;]

1) IaA = A 1), AI,_‘ = A A" 2 3 A“ . aﬂ)A » (V)
_ - | Al
SO,U*:O”:- 1) I3 A=A 'A' l-—l 3 = —lo+12 = L
=|l.y §
L.H-5= IBA s -3 so (i) becomes
. odjA= |u -2
_ O offau an aqn Qu 5 - ¥y
= le 1 of q, Q. q&B Qv : ' 5 -3 + ]
o © ' q}l a A- - - = 2 -]
. G ayy 2 | & Z
_ | Qnt0+0  Q+0+0 Qntoto  Qutoto 2 ¢ h
0+ Qu+0 0+0+0 642340 o+a+0 i) [ g -L']
o+ O+Q3| O+0+a_u O+G+a;3 O+0+ayy . : [2.( LJ
_ [  an a3 a jore Let Coo=t |
Q].' a]_)_ azs QL"I =A _|._ ? " H—’:’: ﬁlj_ﬁ_—% ¢t)
sy Q51 Qi3 Qyy el . el
20 , —-2(— C* L
Hence 13 A= A | 1Al = ] ' B (-;':-')
e A, fé) -, " e I =
ll) A IL, = A o '5§?M = —7-("') - ( ‘) 2+ 7
ﬁ.x\ } X ) __f . (i) be (_{JMCS
L- H -S = A If‘ O ”ﬁ\’g“‘f}‘\_\(/ adj A = __‘: 2.6] >0 . . .
| g&h : _t /3 -l/1
_ n Qn Qn Qu ' /9 L@ -~ |_ [ . 2 ¢
— qll all. Q.I.l q]_(' of\h'f [\:) -o ' A—-‘ — __L [__C z"- .-l/s /3
Ay Gyu Qy Qgl)} 5> ' © X = |
33 QAshJ 6
Q (?“/ o |

“ - L '
~H\ O W) [ 3 ]
Qu+0+40+0 6+a,,_-|:,%@w- o+0tapto otototq, &
A \ 7 d

2 ']
Ql. +0+0+0 O{WO O+ 040340 OfOfO'iﬂu' SO’Ut;an:" LQt A= [ & 3

g --‘\&E‘

0y, 30+040 “OF Oy #0+0 04040y 40 Ototordy, P At odA 5w
Qn Qi Q)3 Qi 3 J IAG,—-O
= {au Q. O3 Qy, \ = A Al = ' L 2| -6 =
Ay, Qs Q33 Ak itz o . A_| Joes hot ex|StS.
e AL, =A ' :
Hen Y ses of the Solve the following system
pind khe INVETR= v of linear equations.

Solution- Let AT L~ . | yr matrix form
F\-'_? A-'-'-' 3.?'_-1.-————7"’ s =3 [x']- [i}
3 '[ IZI ‘.5 L%
- 4
lAI'-'-‘-’ I?— | = 3+ A X = P ‘
| : <1 ;
odj A= (2 3] b B BREEE X = AB—7%
! Y r -
j 1l /s 5'.] . =3 [A|-.= 5 ’ ,
A =3 [-1 3] i ["/5 * Asls 'l |

'A' =2 +15-.-.:|'l 7"'0

so A exists.

117
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T (i) 3%x-%] = °
J A ["5‘ 2 — 2 +J = -5
A" = ad) _ "'L"[_-'S i] 50'0&:0”1'

| Al 171 Ay .mal:r:x 'Form

‘ —5 — Z.I‘) ...._!__ {-16} A A - l -1 2 2 | -']
_ - - - B = 2 _ 4
13 [-—15 +29 | . > -31 0 2-] x i— ‘

_7_6 e -1 -2 3
[11'3:__ [ /’3} A-B = ;:_2; zl.—!_‘. éfl: -.:[z - ‘]
AL "%3 -1+l e-1 & -1 o -t 3
x] A T S
E B_A = ::' 3 Ll} -[3 2 1 5]
Wy = - | =1 L : - ° -
0 %= T2 .
_(1-) 141 -1-1 vz -3
B-A ‘:_3 3-1 Q-%’-[—z \ -|_l
-1 1-0 -4 6 2 =3
i3

Please visit for P@'ﬁﬂ%oég w.pakcity.org
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W) (A-B) —c Salvtion:= i) (AB)c= A(Bd

(A—B)-C-- ([‘3 ': ;}_F ;"—':D“C L-4-S = (A B) C
o o Y -2 2 . A(-¢

i | =2 -1=-| L+
3 - - o ~
-1 4] :;_3 i_t: - " - -I-QLL (+ 20 C
~C-2¢" - C
- | - L 3 \ 3 - L 3
= \ y B - \ - | = e ) _ kY4 L+Z(-') C.
o) - 3 3 Y =1 .-(-2.(." l—(
N LTI T S P ) [3(.4) (=2 } .
L4\ -l =2 =0 =
0_3 _1—'-‘ 2 4 ) -L—?.(_') ""(."'l)

W) A~ (B-=-¢)

AN T Ty X AR o X
- 2 . ..
- _ - LW\ oD T r-4i-¢ +(-1)-2(
A ce,-o..A-a,z ! g” > A} _ [-Zf £ 5)6 ]
=l 3 lapy) - - &
,f"'vfi\“& X :
i \z-—l -3 . 419 _ [-Qc-(_-f) 3-|--u]
= A= L 141 3\ y . .
~Yo>" 2L0-20-1) -24 3L
-1-3 1\’*\@& 141
RATAS i L
‘{\f@}% ‘ L pel [ruert 2 u‘] —> ()
- A- &(@, . \ L' 20+ -2+ 3L
& - Y -2 %

) (AB) c = A(BC) [2-—£+3i 204204 L )
1) (AB) C = : -
(b= =) -2( ~2¢
i) (a+B)c = ACHBC | (?--*-?—f 34'“"2]
_ [—qc+r —z(-l)-zi]
24 2¢ Z +2(-1)

Please visit for more data at: www.pakcity.org
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RRU5= ["’ ‘“’_ - 2“:} , () Qé 44 A and B are sguare

2+ 20 ~2+ 3¢ mal:r"l'ces o; sarme order)
By (D) and QD) then explain why in general;
L.H'-S:.- R-H'S ;) (A_'.B)l?_;__ AL'{'ZAB*BZ
i) (A+B)C = AC+ BC Salution:- .
( ) L. S = (A+B
LH- 5= (A+B) C - (A+B) (A+B)
:([C 7“'\ .4.[—(': |]> C. = A"+ AR+ BA T B
l - p X
ADF# BA in 3encrq| So
_ r..c u-u)(_ AB + BA¥ 2AD
P20 I - Now ‘ g
e y _ L.H-S& A +2AB+B = R-H:J
L 2 L
.I Hence (A+3) £ A +2AB 1D
i) (A-B) s A —2AB +B
] | alution:- )
“ s= (A-B)
- (A-8)(A-B)
D¢ - A - AB —BA+BL
RH 'S = £ C+§@\ . AB #BA o, genE.I"QI <o

. u} u‘\\”{ i V '“1: -3] _AB-BA # -2A0
' -5 U L l.f t i L
Now
LHS # A - 5 AB+B = R-H:S

. .
.L .L ' g —u -L £.+ ‘:

i) (A+B)(A-8) # A~ B

_ 0 _C-L}_'_ [7.-6 -
( 2L-1 A -3 -2~ &‘Uémniﬂ'

LLH-S = (A+B)(A-B)

:[04.2_-«: - i-?—*“} _ p4-AB+BA-B
2L-1-3 © -2~ . AB % BA in general so
R.H.S= L+ .L"?' } — (L) _AR +BAFO
2.0~ U 1=t
Now L
= R-H S

From (L) and I

L.H-S= R.H S | Hence (A +8B)(A- B) - A B

('-7) & "
2 pakcity.org Bk
Please visit for m y -' ww.pakcity.org
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(2 -1 3 o L -3 | & € -4
QZ Bf. A-\:% O G ".K) +3x=[5 & 'I]+[:-z_ 2 16

S y IR
then find. AR and AA. 3% = {’-“‘ 3+¢ 1-% ]
5-2 L4+2 -—I1+I10
Solvtion:- s % =
t [t -t 3 olfr -1 3 o 3 & 9
AA™ = | 0 4 [‘ 0 4 -1 2
-3 5 + 3§ o - Y = i 6 3 -
313 €& 9
| -l 3 o0 L -3 _3
Lorrdiny) [ % 7
- -1 - | 3/3 /3 /3
_[U+14+940 2-0+12+t0 =-6-5t6-0 2 ! —|
- [:...o +H2+0 140416+ 4 2404842 X = { | , 5
~6-5+6-0 _3t04+81t2 qi25404+4)

i) 2X-3A=06 if A"’{:-z P 2]

- 114 4 =)
ﬂﬁt - [nu :z.l 7
-5 T 39

Also

PR
""‘E“*W = &+4-4 6=2+>

5 40=I5 110425 140425, o-§
6+ L4— 6 -34+0+10 =Z¥otlo 0-8-L
6-2+3 o0-0-5 oO- g-2 ot4+!

) wy -1 4 !
AA = (-a‘? 2.6 7 -S‘K
Y 7 27 -1
; -5 -10 5

e followiNg mabrix

16
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Solvtion:-

(5 3)a-( 3]

se R~ exists.

[_. _q]' \Blﬁlz ?’_lz (-4 =250
+

y 3 ] r+2 -L|+3:, a adJB L [2_ -l]
(::. :_]A 3-1 §-2 b = Bl =3 -4 3
4 31 A = | ~! S50 (i) becomes
Y 2 4
- ! )_] . | [?. "'|]
-~BA = C . [’— 6] #L-4 2
- ) Here B::[L J_] l o ) |
#A:B C —r¢ .o [' -l] '.'.'"i'[ g é} il 3}
T Yy
lBl-—lZ 3}_ - - [2-8 —!+6]
d . g2y -2 413
\B\ =8-6= 1 #0 30 - cisks NG | S 5
[ -3 (2 [-zo 16
adj B = [_1_ 4 SC e
A\ -6 S/, -3 ¥
- dyB . ?{3} \ “+*A = [ /r =[ 2‘]
oo ciy becomes o> Determinants
| ”@ﬂ' 'LJ Minor of an element:-
AF "i[— \C‘E‘*\\/‘-i 7 lalls o. malrix 05- order

axn. 3§ we Jelete the (th row and

. A, then we get a
jth column o The deter minant

- -4 _ % = / kbrix
A = __;:[ Z '8] % [.6/:. _|3/J (n-l):k(n ) ma-n abrix i called

~ - \w } LEt A = [Cl('j] be

of the (N=1) ALr -
2 7 ‘f-rt-,or of the element & denotect
-+ A = [ 2 9] by My, For exOmPle.
an G Qn
“) A 3 1\ -| L‘X . PR O A -..:[Gu Car Q23
& L 1 3 1) a0 s O On O Qsy O13

- AR =C Here B:{i ;] MinoF of § =

-\ : 2
>A=CHh—>W ‘-""[z. 6] etc

B % pakcity.org i |
Please visit for mote-data-at—#wiww.pakcity.org



www.pakcity.org

Cofactor of an element:~

et A= [aij] be a square matrix.
then cofacl:or- of- a.'j 1S deno(:ed bj

A¢f and defined os

Lt+)

141 | @y

A= cofa ckor oJL an =(-1)

aql
Az Az

+
Ah.-.-.- Cofa(l:or a{. an_._._.(__',)z' 2:\
)

etc

Det'er minant Of a §quare
matrix of order n 3

The determimant of a square
matrix of order n is

TP
of prodvcts of each element of o

™ / f[ : r.(r::ﬁ 4
ks <cof
j N e

Qj3

Ry Oon0a3
)
Q3R“\E\ 12 @33 J3x3

or A
|A|== auA“ + a:-1.|A;_|+03| 3

(by exFanding Colurmm ,Cirsf:)

84 A is o makrin of order

n L=y
an Qi Qe Quy eeee QA
A - QA Q2L (13_3 et ali . B @ an
3 . n T
an‘ aﬂl O:n3 Q:,"j ae & OV am

an A, +0nApt A3 A3+ + 3 jAj

Al =
.+ 4 Qn A\t"l

(by ex panding e o
: row first)

o;-Al.-:auA" + auAL'.].ClM A3|+-.- 'i'qt‘,Afl 3. jj. o sq,uare

f (by X Pandinj +...QmAn|

colurmm first)

)

Please visit for mote

0;3 ‘

e

the sum -

For E?LOM‘P]C/ 5;- A &T{Siz)rﬁa-l;ri'x of order

www.pakcity.org

Examflei, Evalvate the .
determinant of A=[L_ s ‘?]

4 -3 L

Solution:-
1 =2 3
'A ' = |=2 3
L -3 2

Expandiﬁg by f_{.u Y
Al = 1 ..35 ;_\"'("’-)\-q zl+3|q —3]
=1 6+ 3) +7.(-tt-ll)+3( §-12)
_1(9) +2(-8) +3(-¢)

\A] = 2 - 16 — 18 = =25
F,‘nd_ the c_ofacl:ot‘s An,

v = 3
A, and A ifA':‘:"- 3 l} also

4 -3 *
¢ Al.
Salvtion:-
142 --Mn_
< A =(—1 M =
-1
-""A"-:"_lq Ll:—(-'-l"‘u-)=9
142
Ay = (-')+ M,, = Mz
{ 3 o -
- A = \q l\- 1z=-10
Asl — (—13+LM32. = — Msy
! 3
= = - i '-:'—(“"'6):-"'7
Now we find |Al.

5i'nce lAl: CluAl‘L'l" Qia An_ + aBL A31

= () (8t 3(-16) +(-3)(-7)
- ‘AI — —,6—30+21 '-'-'-25

Proferties of Determ‘:’nanfs
whieh Help their Evalvation
4, For & sq,uare mat %

A"
2. 9{- i a square ma brix A, two
oS or Ewo columns are interchanged,

the determinant of resulking matrix
s — |AN

nakrix A has bweo

i’olen’ci cal rews (or columns)

1%

Q-) PakCity.or g 8 -

-AVWW.pakcity.org
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Now i terchnangin and R
‘1, 9 all the entries of o row or ’ Jmy " -
lumn e : Q. W] q,,0,- a8
column fa. sqyua re wma krix A ay )" 21 Qi 4
are zero, then [Al=0
. = —( on Q- A all-}
5. 5} the entrres o)( rerv or o. lA‘
column in A Sqpuarc mabtrix A are =T
mulb‘Ph'ei by o. number K€ ?R., then 1 Let A= ‘:u ;n. Ou\
the Jo.l:erminanl‘ of the resuN:Fnj \ Qs Ay Q33
ymabrik 1S K IAL. Al -.:0\0“- a"-‘*\ _6|Qu Qas
STR Q3 aas‘

6. 9)C each enfnj 0f a row or a column
of a souare matrix consists of

Lwo terms Ehen its determinant Al = o

can be writlen as the sum o f e b e
two Jeterminan{‘s. H, Let A= [a b c_\

x Yy z
i 5 to each Q.n(:r'j of- a row (or | b
- s el gl- el gleels s
\

a column) °f‘ a sSquare mat”‘xﬁf”‘ ¥ |
P - a(bz-<y)-b(az-cx)+c(ay-br)

A is a,dd?.d . NoN-=2ero mU'O{:"ﬁL,E\\() =
of the corresponding ed’[@%  a bz acy-bazs bex 4a¢y- kX
another row (or ulurﬁﬂm}i%en the +|Al = o
Je ke rminant O,Cﬂik‘gijifsult-inj 5 Let A- [a“ au}
makrin S IA\Q}/ x @y Qn

Ao g in trian vlar

g, 1f a w@w ELE 9

then the value of its

is the ProducE o f

its main diagenal

|A| = G Q- An Gy,
now * i+ R, by H

\Kan KaQjp

a; Qu - kaq,Qn—-kKaya,

= K (all Q,,- 0%,

= K|A|
autby Qn r*,\q.‘ a, | |bn Qun
au'l'bl-l Oy = 10y O bay a“}

= Qyant byGyy — AaOur” Qi b2y

= Qy Q- Q2 Qy + by Q. — An by,

— l Qy Qin bll Ay
all QIL b}, alL
] = RMH*S

SRww.pakcity.org
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T

L-H S

o
C

a- b
ka+c Kbt+d

=
<

Please visit for '

www.pakcity.org

EX,AMF’( 4, Withoul exPanSI'an,

show that \x a+x btc

X b+xX ct+al|l=0

X c+xX a+b

Selution:=

y MG L& a-+ X b+C
| X btx ct+a

X 4k a+bd

L bta-x c+a| Cr-C

= lx' A+X- 2 b+ C
x o O T & a+b

| * &  b+c
1l * b etq
% asb

X a+btc  b4c
X a+btc cpaf Gt C3

X asb+c a+b

Take %X Common from ¢, and

(a+btc) as common from ¢,

' | b+c
I 1 c+a
] a+b

- x(a+b+c) (0) /= Ceand Co
—06 =R H-5 are identical

Hence Frove_d.
EﬁﬂMF"S- Selve +the ecvuq{fon

= X (a-" btc)

P (o] | | |

O { -1 =] _

\ -2 3 4 ) =0
-1 x| -

Selution:~

> & O | |

O | =1 -] _

r -2 3 4| = O
=2 N SN
C.3+C.:_ Cq-}-C‘L
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% | — % l— 22
: o -
—* 3+ 34

=, | =22
3+ 3+ A

\I-'ﬁ(. | =2

3+ X 3 4+ X

==y (54"1) (I-X) - (':'H' 7()( (=2lA)=0

(3-!—7{){ (1—N) — (1-21()}:' 0

._'-
.

Ad]aint

Matri X of order N7

4 A= [cuj] be a square
05- order ry, then

matrix

[At] iS5 matrix OJL COJCactOY'SJ
J S deroted bY

d C]efiﬂeJ a

adjoint o5 A

ade aln ) =
ad] A = | ALJ]

An An An
(10|J A = ‘\A:-l An A2
An Ay An

www.pakcity.org

Inverse of a Square
matrix of order n78é

f A is Nmon- simqular makbrix
Oj- order M kthen i Es imverse IS
Jeroted by A~ and defined as,

All = (" |)
1+3
Az (—— 1)
3 +1
Az = L—-l)
A!-l (_ l'3)-!--.-.
343
A!o?. = (-l)

: xamfle

o= |

A

|

2 _ad A
[Al

§. Find A if

o
2 !
- :

l'l ,l =1 (1-2)= -1
, f,l--l(—l-—d):i
- ‘.,_._1_(0-(.)-.--(.,
2 |
R
| °© [ 1 (2-0)=2
r 3

-4 -1 2
6 2
e i
O c;_ 2? \ Rg-— R|
o -\ -\
, Expanding

Please visit for more data at: www.pakcity.org
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\A\-.: \ (—1,4-|)-_= — | l Hence L.H-5= RHS

adj A= [ 7] Exercise 3-8
Ql’ Evalvate the following

determirmants.

S - L odj A
A
-1 _ 3 =L - | S -2 -
A ——_' I = - £ o -1 -c!_:,
‘ ot S T 3 -2 | 2
G _[-3 2 jomi- (s >
5 A = [—l ‘ l: 50’0{ s i O
2 -\ -2 i -2 ! p = EZFdni;nj w
I

¥ = |- el - 3 -3 -
E%Oﬂ’ﬂéz _J' A [i Z} and -SL 3 +2.I {-q " ll
) T _¢) -L(3-
b= [I 3\ , then verify that 5(-243) +2.(€=6) -R 03 Y
_ = 5(1)-1-2.(0)-(«(!)-: 5+0-4= 1

-l
G \ \L -y

N so'u‘tlbﬁ‘- f & =
> b -2 Expanding by
S C N . . _, R,
= Sl L ) I (_3)‘
= 5(1=1) -2 (-6+2)-3(3-2)
=5CN=2(-4)-3)=5+8-3= 10
1 Badll=3
o K
- YE (
4 g | | L -3
Solufmn, :,l s i
> ¢ E)trancl;nj Bj
3 -4 R,
= | -2 -
!5' ¢ I l'” 3"-1 5
= | (18-20)-—1(—(4-8)—3(.-5.;-5)
= —2-2(2)-3(1) = -2-4-3= =7
. o+l a-1 a
(V) a a+t a.-Q\
q-( a a+t
(AP e a+ L a-1 a
sﬂltftlon; a a+1 a_q_
a-¢ o a+lk
ExFandinj by R,
a4+ q-L a q-1L
S I
a a4+t a-L a+l
ra |° ""‘1’
a-2 Q

2L

Please visit for more data at: www.pakcity.org
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16 7 B
+q[a‘—@.-l)(a+ﬁJ] L.H>%13 ¢ s !
= (Cl-l- U[O.l'l' (l'l' ld-d}ﬂﬂ- (Q-Q)[Qz-}qq- O.z-ﬂ'. alle L'
£ 'l‘lq:l = g 7-6 87 C,-C,
L L 2 -
rafa’- a +°) 1 g g_:;_ 5&-‘; C3-Cy
i
<« (a+)(t+3al) -(a-¢) (302-L) + al BT
L 2 3 L Lo 2 1-_ L A3 _\3 ' '\ <+ € and C3
_ al+3d 0+ 0% 3al-(3a A-al-30a8 +Ql)‘ = ( are :dent.caQ
ta = 0= R-H-5

- al+ 3/a" {+% 1ql - ala?{l ral 38’ ~#al

L
= 9 QL (‘i) L % =3
| ! ol| =0
(V) )_', T : =3 =
X+ oy - Solutlon:~
Solvtiom:= |+ 2 -2 L H-s= % 3 7
-l 1 =3 Yol g
2 & -)| Exponding by r 2 =3 5
=3 L -3 N P N ”
_— -2 o W2 3 1 43
- lﬁ -] |2. -1 +(-2) 2 4 <\ </~i / ; ' o+ C3+Cl
AN T -3 §-3
. _ ol ) 0O
= !( l+l1) 1U+ 6) 1( ' /?:)Lix@/\ :l- :13 :l_ d
SV ES = . C
— -2 ~2(-6) N\ \ -3 2 i il
= 1(11) (7) C C—%{@”’ . ( are. i‘denl:fcal)
=14 +12= O Sg\- fe3
He nce FFOVQCJ-
v |13
L S 6 =0
7 8 9
ion:-
y 1 3
,c. 5 ¢ ]
7 8 9
\ | C-J.-' C
G | ' -
r | 2T e
_ (i.‘ Cq_ aﬂd. C'3
= 0 =R-H-s are idenl"i'cal)
Show that
Qn. aAp+3| [an Gn Q3
Gy Q. Qay + %), =-\a,,. Q. Q| +
O3y QO3 Qa4Kyy | 13y Oy, Qs
an Qn d’]
Qy Q3 Py
@y Gy %9y
0N~
Qn Qpy ql3+d"3
L.H:S= lan Qu X3 +%a3
Q3 Qi3 A3y + X33
2.3
Please visit for ww.pakcity.org
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Openimg frem C 0 o Expandin
.Z 3 ' ::(3&4‘0.)[' lo Ql"'O'f‘ O] bf; R| j
_ ) Q a
_(a|3+o<|3){a3' qli _ (q13+0(11)) ] ql:.‘ - ﬂl(SQ.{. E) " R'H'S
32 a,. a‘Sl Hemce Pr' oveé J‘
+ (Qy3tey,) \qu 3"'( (V) ;'(_ g 'lz ‘-.-..- IJ. .‘; 2 j
o W e 4z zx xyl It y* 2
= Q3 ) :I.!-l _a lQ“ Qs a Qn QL ,
Q3 Ay, = Qi) a51\+ » N Qu.' sall’tmn:- | ! !
Q,, a H-S= | J 2
+o('3‘ 1) u\""(u Qn Qn Qn Q) -
J- X
Qi) Q3. Qn Q3. » Q. qlll iz e 7.3
: 3 Y -~ [ xC,
— all Qn_ 013 a" qlz 0(" T — x.l 31 Zl j Cy
Qi Qa, Q3 | + Qun Qun o4, o Ko xyz sz rye ks
Ql\ q31 q33 aal Qi d33 - 3 > Take common
akKe
- R.-H-5S : = % * 9* zt ny2Z from R
Hence FrOVQCL J | ' '
®x Y 2 | Interchange
&gzt e B
I 1 1 pgain intercharge
x zz'.\ R, and R,
x:. '_‘]1 7 2R
R.H-S 1
Herce prove
L 'a..
cC+Q b \ = tlabc'
¢ a+b
borw

ExFath by R
c+a b i L b +CL(E & J2|

) w.pakcity.org
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Vi) a b 4| = (154"‘93 ExPoﬂdmj bj C,
l o b = (a+b+C) [l ::t i__:':" - 0+0]
lon - )
50':: b -1 & _ (arb+0)[ (a-b)(c-B)- (c-a) ]
L.R*'o = b 0 L
\Cll Q. b‘ _ (a{-HC)(QC a[,-bc-l-b‘_(ac-c-a:ac)J
= , L.
EXPGnd b‘j R,\ ..LCI-I-'::"‘ c)(g’[_qb—bf_'l'b _9.{4-(.4-5\ )C
= bt
] b\b i\"("')la‘ ol*’"’l?' cl:.[ _(arbtc) (o + b-+c=ab—be" A
O ) b Cf+b5+c_3__3abc. = R H S

- b'(b-0) +1(ab-0) ta(a-b)

3 .3 Hence FrovecL
L34+ ab+ oo-ab = o +b=RHS

- _ E.
) ’ G‘- %) a‘qt) bi) C. = 7% (Q-‘-ID""C‘\‘A)
Hence FI’OVE " A o
Vi) |reese | -sing Solution:=
o- | ° =F a+rh b c
r51n¢ 0 C55+ L,H-S = Q. b+)‘ C \
Solution:= | AN a b ctA
L.H:5= r-;oS‘P 'l ] '-';'f"' JP A C\)\"’ {atbectr b =
| rSing o usc‘) v>if§\</ = la+brcrd ben ¢ |G+ (Q+G)
AN btct+A b CHA
d L R A {\g Q4+ b+
E K Paﬁ j 1." %f’;ﬂ\;’fr\y _ ,i‘(&.*‘ l:-l- C-+A) ! b C T(ltinj
= -0+ | r-coscpi{ o\f%ﬁmcp - ' M2 © larbeerd)
v Sl?\gx\\% ' 'COSCP l L C+A |cemmon
RO from c,
S g
= rco§x$;/ﬁ‘yi‘ S'h‘% = (Q +B+C‘|‘l\) | ; C R Rl
N : 2 db) = 0 2 o] f”
= r (ces 43'-!-5!{\ CP) Q1) ] Re=R
- = R. H 5

Expanding by ¢,
=(Q+E+C+l){l ‘é il_. o+ a}

:
\Jlll) b c+a. bt C ._-_-a?-l-b!-l-c—sabc. )
C a+b ctra = (atbt+crA) ( XA —0)
Solufn'on:- = w(a+b+ct+d) = R W5
a b+c atb Hence Proveol
LHST |\ b ct+a btc 2 T
C a+b c+a % 'I::" z,_ = (a-b) (b-Q(c-2)
_ |a+btc b+tc atb Sbluﬂon:"
o+btc Cta  bt+c| G+ C, : l ,
b a LH:S=\a b <
o+b+c atb ct %3
l b+ a+b| Take ( 0 o _
-_:'(a-'l'l‘.)-i-C) | +:'- (0.4 b+¢) “la pea " CyL—Cy
- b+C 1 ¢ ommon B e i CG-C,
| a+b c+a | fremc¢, |
b+4c = ' . o
:
= (Q+b+C) 0 a-b :_lb R]_"‘ Rl Q_,L b-q C—Q
0 a-c c-b Ry~ Ry a. (b-a)(b+a) (c-a)(c+a)
li 25

@
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(Take. Common(b-a)from C,.,
(c-a) from C3)

{ (8 O
Qa { |

O.L b+ c+a

= (b-a)(c-a)

— (;,_q)(c_q)f( c+Q)- (H—a)j
= (b-q) (c-a)(c+a-b-a)

= (b-a)(c-a)(c-b)
=[-@-b)Jtc-a)[~(b-0)]

= @-B) (b-C)(c—a)=R H-S

J Exq:malinj -
- (bﬂa)(c'—a){'lb:ﬁa c’+a,"°+°j :

www.pakcity.org

= (a+b+C)(b-q)(C—Q)( c-b)
- (a+b+c)[—(a-b)](c-aJ[_(b-c{]

=(at+b+)(a~b)( b-c)(c-a)
R.H-S
Hence Proved

L, - 5 -2 §
Q[, 5;‘A=ﬁ> -2 o]and B-13 ¢
g ' 2 1 =L
, then f-fr"\cl: 1) An, A:_z_, A;z_ and |Al
'.'.) Bu) Bu; Bz} and |Bt
’ -3
Solvtion:= i A=[o' it OJ

-2 I

Ry

Hence Proved )A]= ! "‘i_ ?l - '-?:_ f[ﬂ"”lo -;?_-)
, ’ T
X)) |b+c a at
c+@ b B (arbac)(@-b)(b) A1 (-2+0) -2 (0+0) =3(0 ~.4)
' c th))‘iéﬁ -2 —-—0+12 = |0
Solvtion:= e\ wila &
btc a a RSV Ap=(D) |\, 1l =" (6+0) =0
o -5 ot G, b b N\ IU\@\/
a+b o o ﬂ//éﬁy An = (ﬂl’.).‘-l _:2_ -?l - (1-6)=-5
a+btc a g |- 342 =
= la+b+c b gf\i\{q RSN Asz = (-1) \' 3|2 (~-1)o-0)=0
b+ C ?_\SY\\ - ¥ i
Q-+ A C -3 5
Q™ iy B = {g | a]
Ta lke (@ + b+¢) common -Fr'om C, -2 | -2
N 5 -L S
| a o 1Bl= | 3 Vg
= LQ+ I:H-C)} I L R =Y | iy
3 -
! & - - 4\ /.. >3 4 +sl l
= [ R.-R bt ! (1)]'1- ~ -2 T
- (atb+c)|! a i B
( ) o b-a "i_a,_ Ry~ K =S (2-4) +r(-6+8 ) + 5(3-2)
-Q
0 emx € B) = —10 +4+ S5 =-]
L i 61‘ o (_ ) ] -2 -
l lb_q b;ql' ~ore 141
:(a"l'b'f'(){ C-Q c-Q B;_L=(,.|)+ S5 5|= (—\O'l'lo):o
b-a (b-a) (b+2) =3 =%
=(a+b*C) | o (c-a)(cta) B, -=(-|L)+5 __:;- 2| _ _(5-4)=n
Talcie common (b-a) fram Ry
and (c-a) frem Ry
b+
= (a+b+c)(b-a)(c-0) ]| | . g
— (a+b+C) (b-q)(c""){c*a—b-q}
28
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5 withoul expamsion verify \ l a a
* that = q—];-: | bt b"[ -
: ol ﬁ+Y | L 2
) \5 y+ex 1| =0 ¢ ¢
x+P = A
= — (0) = .H-
Solutfon;- abc (0) K *
H =< PB+7T Hence Pr"ovecL
LH-S=1p ~vy+ox | w)[a-b b-c c-a
Y oc.,.P | b-cC C—Cu o —b -0
c-a a-b b-cC
_ |x+p+7 BT ,
o+ Pt7T v+K 1\ i+ €y &'Utlﬂnﬁ-
oH-P-I-'f oq-P \ a-b b-c c—-o
L.HS= |p_e¢ c-a a-b
Taking (“*P“) common fromC, c-a. a-b b-c
I +7 Cy+ (Ca#Ca)
-.-.-(a(.,t-P-\--r) \ Yrox | _ a-b+b-Cc+C-a b—c C—a
! o(-f-P | ~ |b-c+c-a+r~b c-a a-b
. c—a+a-btb-c a-b B¢

..-:(04-]-]34-7)(0)::6
Hence proved

i |t 2F
’ 2 3 4x] = 0O
3 5§ 9%
Qelution:-
y L 3n |
L-H-S = §2P
p TR :
Ta ke @yﬁmon from C
| = !
= 570 | 2o 3
> '~ 3
_zx(0)= 07 fir =
Hence prove
iy | o 9/be
i | b bYeal| =©
| ¢ ¢/ab
Jtion:-
SOI \ a.’.' a/bC
L-H'S"' l b!' b/Ca’
v Yab
= ." abf--)
—_ . b
abc . Z
s
| r clabe)
ab

Please visit for more data at: www.pakcity.org
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G.mn f— 0.3 E. R]
ban ™ ﬁbs m Ry
N R

common from
S|

2 Cu
a+b
a+C

2b
2 b
btc

Solutiom-—

2.0,
o+b

a+C

2. C.
b+ ¢

2C

Vit )
=0

2 b

> o
L.H-5=

2b btc
b+c

b <
b+ ¢

2 C
i
AR
Take 2 Cémmom
A
'fﬁ?’[@l
\ &~

N

Toke common b
from R, and <
from Rs

j ! f
_ 2 bc (O)—R H-S ( R,_Clnd Rz

are nden{:cca

Hence P?'OVUL
2 &) (7 7 7 -l
viii) 7 ;_l 6 3 5|+le 3 —3/
-3 5 | 3 5-31 1.3 5§
Salufionr_’ a7 -
R.H-s=|¢ 3 s |*+|¢8 3 ~
4 5 -3| 1.3 5§ &
7 v+ T-1}| add C3sf
=6 3 s-2 beth
-3 S -3 +4

17 2 6
1\ 6 3 1\._,|_.H-S
-3 5 !

-.a 0 C
IX) O Qa. _b\ = 0
b ~-¢ O
Selution;
— ) C
L.H-S= | ¢ a. -b
| b —-C o
. |-ab o bc | bR
- 6 oac -bel cR
a.be ab -ac ( aR:

www.pakcity.org

- L -ab+ab ac-ac be-be Rl-l-(R;_-l' Rj)
abc | o ac -—bc
ab - CLE o
~ | © o o)
- = | © ac =-bec
abc ab —-AaAC (o)
= ’ (o) =0 ('-' Ry 15 Z'erﬂ)
HQRLC
SR H-S
cﬁ‘/

Qé Find values of X ' f

\ ! 3 4 =30
*x 1 e
Solution:=

2 W %

-1 3 L = —30

w 1 o

- -)

e I IR R A

— 3% -]-'31-!)--!'30—0

P B HIE =0
— XL.... p § = 0O

.x_""__ 3‘;(_4.2..1(—6=6

o x(n=3) +2(x-3)=0

o Cx.-3) (X+2) =0
X"B': 0, LT L=

=y 7(':‘5) )(-..:-2-

U Www.pakcity.org
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DR |
-1 o+ 2| g Q7 Evaluate the followimg
2 -2 x| deter minants.
# 3 4 2 s
Solution:— o2 & ]
. x-1 3 ' 2 3 5
/-—: X+1 2| = 0 et o2 6
2 -2 ‘
- Selvtion:-
-Hl M e[ ls+3l_' Moo .
- ) 2 X 72 =i 3 5 0 3
pA b & | - 2 A c R‘— RL
o (o x4 &) = (x-1) (- X4 ) +3(2— 20D y v -2 6
p 8
* ~ (= —~Oax+x+4)+ -61-—,6/'-'-'0
L ( ) / _ [ -2 4 | R.~-2R,
12._'_ 4_/4/4-114-41-7(7'(—61:0 0 'g -: -5 | Rz-R,
0 > U Ry-UR
lxt—21% =0 o 5 -0 -lo |
yx ( -1)= 0
47 -4 -5
2e=0 , *IF X¢ \.{3 -S ) \ ~0+0-0 itié'nd
= x =1 Ry 9’) s =10 -0 J ~
I
RO< - 3 3 -5
‘”) | » | Q IU@/\\/ - l \_ (i + C'S)( /
< . 1|l =o0 AN -10 -lo S -0 5 -lo
3 S ' A,xﬂ@,f/
\\;\}\C — -1(go+lo) + 4(-30-5) -5 (-30+25)
+ ¢ PR bl . |
2 »H. fix | = O ¢ 1_ 3 \ -
3 ¢ X ii) \q Y iI 8 ' \
pd ¢ Q- &
ll)(. l‘_zl)- 2—\+_|I {\:‘o 3 o | > -y
3 X | D
©x Solution:~
LL.__l)_)-'L(Z?{— 6)+ (n‘—?ﬂ():—-O o T \ -1 R+ R,
o 4 3 3 o | R,+ GR
$l12-32 =0 3 :
- ..);/- ln(-l',V{ 7 20 § o |Ry-2R,
e & =
s ;. 2 3 . Expand
L - Un-3xAI2=o - —(—r)\,_, T Ly
(- ) -3 (x-) =0 4 - 0
6 3 3
(x-(.()( A—3) =0 = \1‘1 Lo §
- -2 = =1 13 0
%= 8 ° 4, XT3 £ Expand
A = H= =3|7 05 > 40 by S
B ’ =3 it -13 -1 =13 J

Please visit for more data at: www.pakcity.org
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Kl PO = (x+3) |21 © 5
O o - 2. O ~ =\ o ok B
2 7 -1 e
-2 0 1 m d t t
' - 3 — | by deterrmmnan
saiu“an" = (ELS) (2=1) (J FroFe"{;ﬂ)
- 2 | ! R "I'R! F Cl ¢ ; i
-3 X o 3 RZ+R| 9. ind |AA") and |A A) {:
é ,6 : z Rh- Ql
\ -9 6 N
= 83 i Expa )
16 -~0+0-0
l 9 -’;. ‘F‘I"OMC3 3‘]
= - (6 2 T 4 y
3’-9 -2 | =2 "I'S,

_ -3 (-14) 12 (-1u)+3(-70)

S 196-25 =7/
ot | ! V1T
R S
' {TCQVx
y “‘:3; O\
iv\@'& L
[LH-S= | 400 e 1y
| i X '
] | l |
x4 +1+1 | l ,
“ 1+ +] X ; ' C1+(C,'j-(5
Vv | F+A+) , X '
1+l 14 P Y % _13(56-1) - 8(80-3) +3(8~15)

- 637-‘6,6— 2] = 0O
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25 1o T 18 Find the valves 6{ A i
ARtl= |0 & 3 7 ii- | - s 2
‘ A ond B are s:njular‘,
1y r S AN Y
> B A=736];E’=3 2 5
2 3 | 3 2 o |
- (25 10 7 I8 2 2 -t 3
o s 3 7| Ryr'hs Qolotiom= D
7 3 1 g Griven ma trix s smjular SO
5 o 7 8 b 3
|Al=f7 3 6]|=0C
s o (.: RlQnd th aQre p 3 |
Iole.r')lrl'ca') 3 6.3 7 6‘4-3‘7 3}
- U |3 , 2 1 12 3
Ata - [3 Sl ?-] >4
“ v 3 4(3_,3)_A(7-az)+3(?—'-6)=6
2 3
4 QS = 0
:[9+Q+l+4 12424146 -~ 66 + SA ] .
I +2+1+6 16+ 1+]+9 A -15=0 > AT |
Atﬂ = ['8 2 | "(’9\
A EH) ' r 30
* ’-'7) | )\”Eﬁvm makrix is sirgvla
21 27 ”\i\f |1Bi= (8 = 2- } =0
10, % A5 o swsre :
* of order 3 \@)éﬁ show R3- Ko , Ry -3k
A OND
3 1A) 5 1 2 ©
that ]KAl . ﬁﬂ\ﬁ\? Mia § ll=o0
/&’“‘iw wdy -5 o0 - -5,'6 0
Qelutiont=-" Wt e °
an Q. Q3 d by Cyq
Let A=la Q 03 Equh
Q31 Q3 Qa 5 2 |
an Qi Quz -0t | -6 O -5 \-—-04-0 = O
KA= K [Qu Qra OuJ -1 2§ =16
Qi) @3, Qzs
_& comman from R,
4 = [ Kkan kay Takny= :
K Kd,, KQ,:» KQa; 5 S l -
KQ;, Ka; Kaxn ' o ' | =0
- -6 =16
KQn KQn Kdg A A
-y 'KA,:: KQy KQu KG3 Eqund l"j R’-
IKQ3; KQizy KAQj3 | i ‘l '3‘_,_0._ 0} = 0
Takin "5{ A6 6
K Ay Qnn Qs " :!m |
=R KRy an s TR o (g 43(A6)) = o
c‘!l Q31 Q!3 FEJ RIQ:&J 5(6 +3A s '8)__: 0
3 3
- K |Al=RHS s(3)-12) =0
Hence proveol aA—12 =0
ZA=12 = AT
3l
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‘ th lovvirs I - A
Q i v V:"n}.:z:'czf ° J‘-onou l; j = \C" = ! pA -1 -3
5 are sinquiar L 3 l .
and which OJC therm are NoT- 3 - 3 4
—-5injolar?
Vo2 ) Ra-R
l | 9 3 = _ _2 ' I
) [3 L o " Rz~ 2K
O 2 4 0 L -‘;’ (:’ R,‘_ BR,
# o - -
Solvtion:-
Let A= ['3 o 3 IR . o
o 2 7 -jtu -; _C; -0+0=0 bj C,
| .
1A] = s, 3
: T = |t -3 -2 | R
°c 2 4 "l o | - 2,
| - 3 l‘ g | Ry 4R,
= '\2. q"‘0+3lo 5 'S I
(us2) 306700 Ul P fn] ~oto Expanc b
— A 1S nonNn- sinjular f\,&.\g\\ N = o+ 90 = 90 # o
n) L 3 -l RS\Q\/\\:}{: > C V5 ﬁot Slﬂjulq"
\ | 0 f“f\r(g/ﬂ F\r']d _&}')e ,ﬁVerSC 6}
=2t L Qi 3 » 21 1 0 h
<O A= {, | O.J and show
Let B= L@ﬁj\f’ 0 } that f‘\-‘ A= I3
Gb =3 5 ta |
2 3 i SOh, 'O"’a“’
= B 2 I 0
2 "'"3 5 5 _‘3 6‘
i o] .| ol R N ‘ k- ‘ o I 0 ‘ l !
2y o2l sl L2l el
- 2(5-0) -3(S- 0) -1 (-3-2) _ 2(5-0)-1(5-0)=10-5=95
-15+5 =20 J+1 | ! ol_ b= &
IB' = 1|0 s- l A" - (__‘) 3 5 - (5 )
-y B 5 sfnju ar = T :
aiss { | PR - | A}l'—" t—') 9 S.l-':' —(S."'O)" """5
i) . 3 = -3 .
2 3 ' 2 . Il /2. 3)=-5
3 -1 3 4 Pp (1) |, _5|=C3 )
@ ) A _ _1—"" ‘l 0 = S""' 0): _
SOIUt'onr" . & = 3 = [~ a e (
Let €= 2 -1 -3 24212 0©
% 31 ; z Ay = D) |, &g |= (10-0)= |0

Please visit for more data at: www.pakcity.org
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3& _ (—' 816 ""5/16 _ [ ~ !
- 3
-1 6 26 T %

Hence L.H-S= R-H-S
s 1[4 Verify that (AB)=B%AS
ec[D10) RIS AT
G 'f
-c B=[3 i]
3 '] ’ o -

(A B)t

37t
S
2 7
-3 s
Bt A’c

Please visit for more data at: www.pakcity.org



www.pakcity.org

adj A = [_'3 i] P,.e_mulh'plginj by B
- -l-: -IA-I
Ths p' = adid uf 1] 6T B(AS w5 T
1A (8'8) (AB) = B A
A—l - ['/5 '/5 X I (AB) |= B-l A-'
5 s -~ (AB) = B'A”
-P(A-l)t:- {/5 "3/5' —_— (L) He nce Pro\/(cl.
'/5- 1/5 N
W) (AY) = A
Now At - \:" 3'] we know that
1= AA™
|f\t|= - > 2+3=5S . —')-'
\-—l | I - ) Posk—mul’c'PIj'”j Ay (A
-\
ty _[v -3
adj( A%)= {1 7| '

By (I)ond (I),

L.H:S= R.H-5
017

show that
—1
i) (AB) =

The following three opcral:-i'

oL matrf‘x. ar
row opero!:fons-
i) dnterchange ©

5f A and B are Mmon-
simgqular matrices, then

B A (A" = A

non -zero Number

siy addition of any multi

PI'E- mulHPla,‘nﬁ bj A-I
A (AB). (AB)_'-:- A I

gNns orl

www.pakcity.org

ssociative
Law )

e call ed. elem entary

5. qnj tvwo rows.
i) Multiplication of a row by 9N

P'C Of- oneé

. _ N ciabivey | column |
(A 'A)B (AB) '=._ A A55L_:“: ) i) Iht?_l"ChQnge o)( Qn:j {-_wc c_olurnns_
I8 (RB)—'.— A~ 1) MU‘UP”CQHOY\ oJC o Column bj a
BC A B)"'-:. A-l nonN -zeéro nNnum ber.

35

25 Q)
O "i'

F P
> "R 7<)

Please visit for 2 WWW.pakcity.org
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i) Addition of any multiple of
one CO'UW‘"\ to anol:her c_glurnn. e'j')A,.__: o — Y !
; . ' 4 o -3
upper Tt'mnjvlar Matrix:- ‘_-—I 3 J

A square matrix A< faij] is t (0 4 - 6 -4 |
‘ . A = | -4 0o 3 — U o -3
c.d"Qc'. uPPEr trnanaular mqtrlx

www.pakcity.org

— e — o —

if all elements below the moun ..yﬁt A

(;Ll: I Y 2ero. -l A ’
‘?"”“;: " ) oo Hermitian Malrix:-
(e, Qif =0 for all (7] A square matrix A is said o
€3+ ['0 1'- :2'] be hermitian matrix if
0 o 14 (ﬁ)t = A e.j.,

Lower Triangolar Matrixi=| _ o w] Z_[ —C
A—[ ] ’A=(Hf 2

A Square matrix A--[Q&‘j'] iS

-¢ 2

called o lower T""a”julm— (ﬁ_-)t: [,|C 1-:(.] _

matrix if al

| elements a beve

éﬁew- hermi"han Matrix:—

the main dc'&jonal qre zero-
-e., Qij= 0 gorall 6419<§§.\0 A Sauare natrix A 15 said to
-- - @ hermi kian matrix
e, ! RN be sken-
]2 AN it (A . A &
-3 4 ﬂf'} - , (ﬂ) = - '3'.)
T e 0O )_-3(: — 0 ?_',‘3'-
Triangslar Matrix (R el P e
eaatrix A TS Sax‘al veo . .
A sq/uﬂri A\ ;| ; ' O -2+3¢ o -3¢
briz if i€ (;:,‘)‘-: . -.-.--[ .
24 3L 0 ~2-3t O

vhile both vPPET
are called trianqu

lar matrix | Z&FO Row!= Jf all enl:r:j
'S

ow are zero then

# Diaqonal ' 0+ OL |
jo Y _m“,‘:r'ces il row i3 called- zero revw, o ther wise
vpper triangular and lower

' noM-2€ero row. €.9.,
triang vlar- =
1 R e g zero Irov
symmetric Matrix’ [% TS
trices A=[ai] 3J Ryand Ry are MoN
" I Inxn Zzevo rows.

A savuare. m O

s called symmetric matrixif 1) aading Emtryi= dn any

_zero row , the Lirst non-zero

t
A=A ej., ‘ non
3 A= .; i] > A= |4 i] =A element is the leading entry of
£ U‘)Q‘t row. e-j.
. atrix /
SKQW ngmctrlc ﬁ:‘{f -~ s 5 -4 InR leading entry is 1.
A sauare matrix A= (@) [Z o @ ?;}I” Ra leading entry is 2
s called  skew-symmetric In Rz \eqdn'nj en{:lj 'S B

Please visit for more data at: www.pakcity.org
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Lcad;na 2eroS:= The zeros

before the leadi‘nj entry of a
called. leading zeros:

row arét
e:q., il o 5 4
o 2 3 g
2 % & ;’}
T~ R there s no |ecu:|in3 zero.
In R;_ on|3 one 2ero IS \mdinj

2ero.
two zeros are

In Rq on,s ohe.

In R}
‘ea‘d;“j 2eros.

2ero is leading 2ero.
EChalOH for'm;- af
a Matrix
A matrix IS said ko be

if

Echelon ferm

1) 1 is the |ead?na entrv of
8N
each non-zero o W, AN
) In each rovw l:h%?&m er of
-l R“\ i/
leading zero® .sf/\,fgg}, cyreater than
%
the reclﬂi}ﬂi r row. €:9%
a= [0 ! -2
o © | 2
0O o O 0
o2 -3 4
B =lo O | 2_]
O 0 O )

D = [‘; ! ]
o © 7
¢ 1S not in Ec helon for™
IEad:‘nj 20r0 18, Rl 7 lea_dmj
2ero 18 R)_
D IS net 1N Echelon form
ieaﬂfnj enh':j in Re and R3
' S nol‘.‘ i

Please visit for 1%
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ReAUCeA' Echelon -Form
of Matrix

A rnatrix 1S said bo be N
deduced. Echelon for™ if

i in Echelon form:

mn Of lea.cffng enl'.'r'_t]
o.bove and below
j(_i) nusk be Zero:

iy it
i) In the colu
A1l elements
leading ent’

&3 Aﬁ[‘é 0 q
0O 0o o ©
1 2 O
B:{o o l 00}
o 0 o |
Aand B art 1g Rcoluced. Ec helon
-4 - L
: gAX 3 D"'[O v o4 7}
& 0 0 0O o o
G o

natriXt to
reduced. (roW) echelon form.

{

I3

2 3 -1 9
= L -
3 1 3 <&
Echelon formi=
R -l 2 -3
~ | 3 - = R <> RL
3 | 3 9.
) - 2. __3
~ 11 3t -4y Qg Rl_z_R,
3-3  1+3  3-6 249 Ry-3 R,
| -\ 2 -3
Rlo s 58
- 4 -3
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' -] 2 -
0 | -| 3
o 6 .

This s Echelon form.

Reduced Echelon form:-

! "|+| 2-—' _3+3
R o ! -1 3

R+ Ry

' 0 -1 o+ | AR
,B/ 0 I -14)  3-] S O
0 Ry +F3-
" : PR AL
R | o o 11 7D Ly
: 0 10 )~
1o l iLz\ ‘)
o o \“ \ 2
AP

Lt

This 1S R\@%gﬁl’
R (- |
E xample 2, Find "—ff A

' A= 4
0f the matrix S\w VA

oPer'a Fion

" oPem{ZIOH

www.pakcity.org

Expanding by C
_ y 2 5 -l 5 -1‘
-2 \l _7_\"5\?- _?_\4..)“ !
- 2(-8-4) -3(-1042)4 (10 +4)
= 2(-12) =3(-8) + ()
o —24 a4+ 14 = 14

- |Al=14 =0 S0, A" exists

By Adjoint Me thod

NERL 21- (-9-4)=-12
Ay = (-1) 12 _ \- (-8-4)
142 _
A"""("') ll ._‘"l-_-_--(-é-z]_ 8
3 .
Al3= (—|3+ ? 2 = (6"‘" ‘{J_.:_.p_ '
A= (—-12)'“ ¥ l=-(-lo+z)=<3
D) L -
(¢ ) L4+L _
(\S j%n' = (") :. -211-1 ("l +1)=-3
243
A)_'Bg.("l) :- _52.’ - = (Q-S')-.:- i
A'Jl = ("3+' f ;_| ’-:.-.. (to+ i) = 14
342
Ap=(-0 [z 1]=- 4+ =-7
3+3
AB?’:(-') ’; il-.-: (8- 15)==-7)
: -2 8 14
adj A= ( g -3 -7
L 1 4

- LadjA
A M,f’-l

a __,_[-:az. g 1y
LN B
By Yy "YUy

Yy Yy T
LM - Yy e

we [5 Yq
a 4/ 7 =37 7’ -
" 14y %)

38

Please visit for more data at: www.pakcity.org
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55 ROW operatmn 1 s 2| o |
= I 9 3l ! o |(-VC
As A= A 1 2 2 |\ ~\ 6 &
wpy A= X 5 - ! 0 0 o ’
{3 q 2. 1[; OI Z PC_',’ (_.)_ ”_1 | 3 . ‘ o‘ CL‘5C|
Uz 2 Jle o , 8 alla s 2T
(
& 3 ql -;?. ?: 0 O ;- © » o |° i '
S |o ? Riess 51 % R oo &
5 Sy *
t Yy =21(o "
) - < | 0 oyl ¢ !
r& {g ?l- :][a \ 3 R,-3 R, c {-:u-l ! p\{% ':?. %, C+26,
o )RR RN | RS Rl
5 L 7 PEE AR
ERE [ L P PR L
. o C _
o ., 8JuU o' -3§ Sl 4 ° 7 Ny 4
= 3 VJU%hH 5 -4
Q 1 o -8\[-2 o § 7 <
~ 0 i 3 ! 0O -2 R]"Z-RQ_ l 0 o ?:6/3‘, fﬂ%—? !
s o au)lz 1 SRtk & o 1 o ||¥F VT A
h\\‘?’;\-ﬁ--ﬁ- 4.4 1l 2= -}
) 11 7 7 T T B

i
1
R :9 f cO) -qi/-’ :/1 ..; .~ Echelom form or reduce d Echﬂon
~ \lo o | 1 ..IL .Form of-o. motrix 'S called ran




www.pakKcity.org
www.pakcity.org

NOtﬁi' i we redvce it into

orm then
‘n the rank

Make in C,
First Oa3=1 then Q=0 and ‘O‘?':O reduced echelon +
A-‘ bﬂ CO!UH‘"‘ OPe!'ahOﬂ no c.hange. ocCcCuLrs

For aa non- .anjular matrix A ]

‘ S T, L =14+l 2+3 34

If- A = ! n 13 R RI"'R;_
a,, Qd; On Lhen we ~ |0 ' 3/7_ "J’z_
Qy Qs Qs O - o &

find A" using Colomn opere kion : [L ° % A

as = 1% ] “w A

Make N Ry - ’ e 0

~hich is in redvced. Echelon
for'm. No. 0f non-zero rows=72

the moatrix |2 o 7 "7];3’“’?‘5:?\ j
12. \'{f" ; {\‘/q_,.. A+B i'S Sjmmetrrc )

3 | g =5
(v tion: b ,
56 V 10N = ﬂ/’;&x SO'Utmn:-
-230)~ y
. R S - 3 1 =2
2 9 1\\\‘%}% | AtB=l2 3 alF| ! ° T
3 1 Q& ($/ al 5 -1 O -2 =1
QE\/?. =3 1=3 -2 ] S5-2 -2 =1 3
R | '-‘+ 7-4 =746 Ro-2 K AR = Loy 30 VU [F T -1
- - T - - 3
L L L) 2y 38

which s in Echelon form.

No. of non-zero WS =2
so Rank = 2

Please visit for more data at: www.pakcity.org
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¢ & 5§
A+H ':.‘[s\ q 2_]
_' ?— Ll
- ft_fr s -9t
(A+AJ'[5 4 2
L T 7
t
t _ L g - )
(A+A)_ [5' 4 2 | = A+AT

dence A+A'is symmebric

i) A- At s skew symmetric

+ l ¢ O l 2 0 t
A-A = |3 Z -l1|-]13 2 -
-l 3 2 -1 3 2
l L 0 l 3 -
=13 2 =)=l r 3
- 3 1 0 - P
_ |- -3 0+
S 3t 2-2 -1-3
“1-0 341 2-2 R
Of%\w\.}l.\i//
RS2
¢ _ |9 -1 V0
A-A = [ l o & /)
t ! ‘(q%?%;/o F
0.\ &GO
-+ (A-A%) = ﬂ[@/@,@o —‘9}
PN Pl 4
\/' 0 ! -t
= -] 0 q
-} 0
-?(A_At) = [ | 0 -4 :—(A"'A )
= 4 0

Hénce A—At 's sKew .S_'jmmel'rt‘c

QS 9 ">A is any square matrix

of order 3, show that

i) A-mt is symmt tric  and |
me krl‘C

iy A-At is skew sYm
SOIUfi'oH:- iy A+At is symmetric

We have to prove that A+At IS
symmetric.
t .t t .t
(A+A) =A +(A) |
At . S;nce
— + t
t (A") =A

= A+A

Please visit for r >

www.pakcity.org

t

Hence A+A

iIs symmetric.

i) A-—At s Skew - Sjmmei""c

Qolution:-
We have to prove that A-At IS
skew symmetric.
t .t t.t
(A-A) =A - (A")
At A Since
= t
A) =A
- —A+A (A7)
- 4A—A)
Hence A._At is skew symmetric.

q

S Ww.pakcity.org
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ol

4 the matrices A and B
® are sjmmetr""- and. AB = BA,

showw that AB is Sﬂmmetn'c.

Salutioni=

Guven =
vow  (AB)'= BYAS
= BA
=p (AB)t = AB

05

o f order 2X3

A= A, Bt= B, AB=BA Solu{

t
Show that AAt and AA are

Sjmmel:n'c. f-or anj matrl'y_

Salvtion:=
By the def., of symmetric matrix,
O\
t _ RO
A=A A\ ILI‘;@/\\/
(AA') =(A") A" O
AA \\:«‘ﬁ/ OV (AY) =A
— H&/ v
Hence p Al i Symmetric
Also,
t t -
(ata) = al (A") e
(A") =A

= AlA

Hence At A is symmetric.

www.pakcity.org

1y e iy A+(A)" is hermitian

- 1=
=\ :

A

£
(ﬁ)t': (.l-f.' L]
. = ‘
= SERE A Y At ]
A"'(A)t=-'[£‘ * ]+[|_L 3
~t (-t .4.('+-l] =[o 2.-:1}
A+A) - [m-c ~{+ ¢ Z

— A 212 A (A)
(a+@Y) = |oi o
so A+(A) IS her i tian

i) A'(F\)t s skew= )
¢ 1+ 3 -t 1- ]
A= L \ ] , ‘ :
L 5 -t n_]
- (A)= [I—C L
; ] j
=t L t+ (| _ -l_ )
* Ar (A) -::[ ' i } [I-L /
. . ,
Je ol VEL-TL [?-L }
A-(B) = [1-14[ -—L-L'] L -2t
———r -2l -t
A-(A) {-—L’ zi]

tence A-(/'-"\')t is Skew-hermitian:
mmetric or skew

£ A is Y !
| Q '_S;Cmme'l:rl‘c) s how that A" 'S
SjmmetrrC.
lutl'ﬂn:" X t'-'-"--A
50 Griven A=A or A t

Now (A" )t..-: (A-A)t Alse (Al)tf(ﬁ-ﬂ)

42

Please visit for more data at: www.pakcity.org
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- AA or = A By Adjomt method
= A A or =(-A)(-A) i °l. (~440)= -4
r 3 6; Att-'A) Al (:fiti-A) A" ( ')+ l
= A or = Au_: -;)2- ?1 0 _ _(O'l'ﬁ) o
b - ¢ - A is skew - : _
= A 15 SYmmetric symmeteie |Ag » (- ';5 2 3, (o 0o
¥ —\t
9L A= [|+L] » find A(A)
Qa. Jc L -f- AZI-.:.'L-:;;' . 1& — —(q ()-—
'31‘._., (2-4) ==l

- l.; ~(—2+Ub)=-2
-
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N L R
Al= |, 5 2
{ 0 v
T
|Al= | © - | 3 Ra-R,
o L !
1] 3l.6+0 ExFQYJd by C,
=l 3

-l .
1Al = 3+ 6= 3F 0 0 A exists

By Adjoint method

11t 3
All = ("") 0 2 ‘

= (-2-0)=-1

i+2 | O 3
AILE‘ (-—l) ' 5 |= — (0_3),_,__ 32
'y A — H I
~< '+3 la _'
5 &@c -9 i = (o+D)=1
A = lo - 0 “ %’“ ! 5
-2 -2 A "‘“\1 \6 A 24 92 .
p ,\ 2] = (..|) . , } - - ( bp ) e
I 2-L =343 " . -
- 5 \ | o -
“ o o NN lt 2 l"’ (2+D=3
-2 -2+4 2-6 )<
1 o @
"'--“‘“El
=l W
-2 2
. | o
— o \
2
i O
cC\|o I
'—‘
-2 I
l (o
¢ |© I
P
-242 -\t
( | O
C|] O |
f_’
O O
-
- _ 3.
- A [o
-'/?-

Please visit for more data at: www.pakcity.org
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" 1431 —x I o o1\[”" :/3» 7
= (1) 5 - "-7- (-\+0) = 4 RBle "’ Vs 3 73
& @ h s Y
A _ _3""" =3 b3 A ys }, _2/
WD = G v =['=/3 " '/'_J
A31=C“') L_ . |=-(0=-4)=4 3

mn Operation
A= Al

di A=1|-2 :(; _ -3 2 |1 0 O
o JA L?_ “ '1\ - A t‘j _f| i}[g :9 ?]

=143 2-u| {1 o+3 o~} ¢,+3C,;
1+6 o-u| |O | o C3— 2C,
O

o B T
A = i
{"/3 s Y

Yy Yy s
By Row Operation

l
| 2
W) 0
P\ '\ 6 o | -1 -2
= Al A\ f’by -l - | 0
AN S ; i |o

I 0 o U B ]
< io o [ (R -y
-3 2 '\ o0 ¢ L
R [c: -] ] ] &o ° ' ] 2 -1 -3 4 -2 -7
~ lo 7T k T Y - L TPt L
140 .34y 23} [ © o3 clo v o 2 -l by ;<3
[o ! "|) o © =] 2 -1 | 4 - '7/3
M8 777 —y37) e 1 o : . a _l+l% =Yy~
ARl B DA A Clo 1t of |- 1y ¥ i::g
K . >, ¢ 2 ) 2-2 -1+l | = "73 -?-+"/3, V3
~lo o 3\ 1 7 . , ),
1 0 o 3 3
! c o 1} ol [-2s V5 U3 }
R (l o| —:] (o t:) -} — o O | -1/3 l/3 1/3
~ | O e
"= : & 'l"_; l/3 -2./
0 ' 3 3 3 -1 3
0 ,3_ > 3 -» A = 2y Y, 4,
AR T I S B YV
R |° | =]+ °'.’§. o+.i. -1+7, 3 13 3
e B Yy 1 7
46
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Qi Fimd the rank of the
e following matrices.
)

t =\ 2 |
L -6 § l}
3 5§ 4 -3

Solvtion:~

NO- OF nor‘\-zerﬂ rews = 3

S £ 4 Raﬁ k = 3
( -4 =7
“) 2 -5 !
{ -2 3
3 iy ¥
Salution:=
| -4 7T
2 -5 !
! -2 3
3 -7 &
! """l -7 Rz_" 2 Ql
R [2—2 -5+8 | R, — R,
Al IR B Y
3=3 =7+ Ry~ 3R

Please visit for

www.pakcity.org

s | ks
10
25
-4 "; Ry-2 Re
ZLl 10 =lo Rq— 5RL
156725

rank = Z
3 -
- -2
7 £
..2_' 3
-1 -3 2
3 O - |
y 2 (51 R
-2 -3 | 3
N "39 AL
"RVAVE 343 017 16 PR
I-4 442 1+6 S+ 23 zé
242 -349 334 ) 4T
2 -1 -3 -2
=] 6 9: S
-1 & 8 9
t 0 2 9
2 -1 -3 =2
' 0 3 7 R
-1 6 g 9 1 &4
o 6 9 5
l -1 -3 -2
| o 3 7 R3+RL
-l¢1 640 843 9+7 R +TR,
S £ o B4 9420 S5+49
2 - -3 &
! o 3 1
0 4 (| /16
0 6 36 54
2 - -
| 0 3 T
o & I 16
O 4 5 9

w.pakcity.org
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are called sjsl:em Of mnon- ho’"@eneous

2 -1 -3
o | o
3 : ; ;
8»- 0 o : & 91 R;(...)c‘ linear eq/uahons in three variables
o O
§ n 6 x,Y Gnd Z. '
L2 A -3 -2 55 Ky, K, and K are Nt at. 4
RQloe 1+ o 3 7
~le o | s 9 zero. 47 .
O O g6 n-3o0 Kg-s4 oy X -+ by + o ke then
L2 = -3 -2 Q,x + b, Y + C,2=0
£lo | o 3 7
~J g 0 , 5 9
6 o -9 -38
) 2. - -7 -
E g | O 2, . __l_ R
5 ° =) 9 | 19 ‘
O o ] 2

which s in Echelon f—orm
No . O-f- oM - Zero FOVvWS = 4

Rqr“-k..-:- C'

29,

alx.}- b)_j =0

and Y .
9)‘- oL -X--l-bj — o +then it is
c.a“ecl Homojenwus linear
eqluah'on.
1) The ea,uc\’cions
ax+bid = K'} are called-
A, A+ blj = K, .
Sjsl:e.m o non-homojeneo ! "
lir eal” eq,ua'ln‘ons in two Vﬂr‘l&t |
% and J 2] Ky, Ky A7 m° A Sj.stem of li . '
poth zero °" at least ©NE T s soud ko be conslSFent . .
: n-26ero. iy 4t has unque solubdion or
v - i) ot haqs an ur'\li'rnl‘teal num ber
9{ a,x+ by = 0} then of solutior
IhCOHSIStEHC:’ Of a SJStem

& s called syster of

erm of limear eouuah‘ons 'S

h omo g&neous linear eq/ua'l:i'or\S- A SjSt | o
i) The equations said bo be incorisitent if it
Q, %X + by J + €2 ﬁﬂi‘ has yr o SO‘U l-l‘cr-\ ‘
0, X+ bry+&é = o
Q, X + b3yt & " .

Please visit fo¥thore

48
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*RCMCMECF Some * ExamF’e,,(queﬂ:nB)
"MPal"taﬂt hOte Solve )_-x_+5|j-2=_-5-

3 4+ Uy+2z=11
. +2Y=-22="3 by

www.pakcity.org

redvein 3

Lo

) 4f & sgsl:em of linear eguations
s comsitent and has vnrigue

$O|U tiom then
Rank (A)= Rank (Ab)
ii)3f o system of linear equa tions s
is consistent and has unlimited [3 y 2
5olu{:|‘ons- then .

the O-Ujme.ntEJ- natrit
redvced echelon form-

SO‘U'HM'H-' The a-Ujment&;L matrix
of Lhe system is

[

Y ow -

N &N
N
b=
-
»
:

Ran k (A) = Rank( Ap)
A) L No. o variables )
also Rank( vsed {n the sjstem 1 6
| 2, -2 1 -3 0
iii) 3F a system of linear K 13 46 246 it9 | Re— 3R,
eq/ual:ions is incons'i’cmt H__\e 22 5°4 -1tq Is+6 | K3-2K,
(—e-, it has No 5°IUL_;Gn'f\/>ﬁ\k§\*9éJ o2 -2, -3
NS | !
Trivial Seltion. IR
&‘be%m and. ,@ (o L -u 1710 [ Ra
,, mx\h“ var"ables) 0 | 3 | I
| _thg STU:,;O: > e cl) 1-'2. :1;6' |i:-:o Q,—ZRL
o 1 :
trivial solV O 11 3+4 jutlo Ry - Ra
Lion |Al 70 ) 5 ,
4 L
{l A Y 7 I-lo
al Solvtion | “lo o 'q la
M which ot leﬂﬁa e o |1 iy
riables has f: o 1 -4 |-to] 177
© o0 13

A non-thwal Soluf.'lon R{' o 66 18] R, ‘R,
\ Hon ~ 1o | “Uth -roin
r nOh-—truvual solutic Pl i R, +UR,
also e L 1-
ajf VOLrIOlblCS 5 o 1 i .
vse 18 the SjS{Cm 0 0 J 3
2, 2=3

Thus x =-1I, Y =

ion
. system has uUNfYUE solu t

so system i's Consitent.

Please visit for
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Ezmp/z Sy (Page # 130)

Selve x-Y.+t2z=1
2 =g +72=1 2 -84 +52=7
3% +5Y+4z=-3 | I +5Y +4z=-3

8y redveing the avgmented matrix. | gy redveing the avgme
i~ bo reduced echelor form. i~ ko reduced echelon form:

ExGMFIe:r (PQSC #'2_9)

Solve  x+Y +22= |

nbed matriz

Solué:'om- | So’u{:l'on:-' ” X ;
nathnx @
The augmmbc_d. matrix o the
S‘jsl:ern 'S
tt 2 vt
A=l 1
3 5 -3 R, - 2 R,
vt 2 T R,-2R R3 -3 R
F@ 3~ -\=2 7--‘.,' =2 R:_B;\
3-3 §-=3 4-b! -3-3 ' ]
U
| \ p 3 .~.
R o -3 3 | 9 A
~ 0 2 -~ | - 6 Of\/f\l\
RO AR
(D" '5/‘:1 A
P Ly 2N
,@% S g L )
¢ 2 -1 -BiC "=\ R+ R
! _,Jx\&/o | 57‘1 ) 2
Tl 1+~<\:}1 3 H-l: Ry~ 81
R qxf“égw Rr" R‘L
=~ | O l il I -3 Rz R |
0 3.2 =242 ;-4+6 3 J | =Yy
!l'z" O | -\ i -3 4
& o © ’ —l —y D
\
» %+ 3z= -4 —7 s i)
g -22-3 — i
oZ = 0 —7 it
Th vation iii) 1S so.‘;l'S{'l‘ecl. The e_c:vuql:for'l i is not sabrsfred
e € )
:/mj valut of Z- . for any value O-f 2. So Sjskem.
i R then oy and (Y Ly
Let z\_-::.t, tE€ has Mo Snlu toN -
s ., syskem is inconsistent.
becom¢€
«4+3t=8 y-t= 3 Ezamfle:-' (Page ¥ 131)
= L!-3t / 'd::‘l'."?J Selve Lhe sjste_m oj— Hamageneous
L 3t 3__'__: t-—s) z:_-t “nmr QcyuaEfOﬂS
°° e ’ 2 GL 3(|+')£)_-[- Wy = O -—‘—)'L'-)
o Sjstem nas unhrﬂlt‘f ) Al Ay +3X3=0 — (1)
solulkron so sys kem 1S X0 43xy- %3 = 0 s

\ 6-0

Please visit for more data at: www.pakcity.org
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Examfle:- ( Page # 152)
Solve the ngtem of Homoacne,bus

linear egqua Eion s

50,0*,5"':" b makrix form

7f-|+7{1‘f' x,-.:o-—-—? 2
o, — o+ 3Ng=0 —
xX + 51,_-?.7(3.-:0 — (h.;)

:' . 3:| \ Solution=

¥ 3 -2 ba C.’ | 3 _2 13
""7\ Al = 4-4 = a o l
lA"-'-" ‘ v - 3
|Al= o So sysl:em has \e@» -
Nnon l:rivlal 5olul:f0 . . </_ ) oo ; R-:."Rl
' " Oqf\\ o ~% _.7-; R3- R,
Now WE€ solve b anoL Qb h'(gf\\/J o
nd N A nd % NS -2 : .
{_' | ifﬂﬁy = | \ L \_ 0+0 EZFande bﬂ
. e \,.NQQV, 4 - ¢
By ) + () =-r 17%@ 3
AONN ~ _
] Q‘\\/; .":'--'2.13 \N = | (.6 L')
MS
\A/\l/w . |Al £ 0 Thvs SY3 tem
L *i _ L s |
Bﬂ D) (1) =p 2%y _+Z'13.._o {:rIVI'CL‘ SO'Utlor‘“

ot Wz-2% and A=Ay in G0
-LX3 +3[-z3)--‘:(3 = O

o +3x p—p (o . e f
3 A4 3 By ( 1) = (1) mp =2%q +2A4=0

then %,=t and A,=-2EL
<o -)('.;..7_{;) ')(;_-:.-t ) 1’(3'-:{:.
Hence the 53sl:em has

unlimi ted solukions:

- Ay = Az
ot Ay =-2% and A= X3 " ¢
~2%3y +3(A3)-2%3=0

- 3Ny = O

-y A3 =0
Eq L1i1) is 1ot satisfied. it is
only 50&1‘5{-1'911 £ Ay =0 Now
if w3=0 then =0 and A=0

. valves of all variables are
zero, so system has trivial

splutior.

51

Please visit for more data at: www.pakcity.org
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. Ll =2 |
* Haw ta SO!VC N’"'. AJ.I= (=1 o 'l = =(~2-2)=4
homogeneass Linear | hu, ™ | e
Eopuations * ani b
. Ax = (1) \ I.,:-(z+c.)=-b
Non - homogeneous linear eqyua kions 2 2
can be solved by following three | Ay (1) |5 ) | = cue=-
e thacs, '- Azy = -|3)“'\ ' ' \: ~-(2-2)=o
1) Usfna matrices (C > N ¥
ii) Using Echelon and Reduced A, (_?)+3 \‘,_ :é - (-344)=
echelon form | . &
mi) Using Crammer:s Rule odj A = iz ) o‘X
; o0 -6 l
EX-GMFle 1. Use matrices |
the system Now : A= 1- adj A
Le solve the 35Y | Al
Xl"" ?_'Xz_+7(3=-‘l -:" , -7 h_,
2 A -3, +23=" 6 9@\A = [f'o :.; f
L'lg'l'?_'&)_"' 13=5 M;A-'-‘ -lz -4 l\
] . N e = | 0
Solvtioni= n matrix N Llo 6 -
! -2 ; Ay ~4 F _ _
- -3 > 8 Ay :&\ ’: . % A X—| E)
X 2 \ 'y \"’Fk wyY = A B
\\*\i\\ S\ o (-
A X\(é\\ﬁ where =) X — K"‘Z- l O\\" 6-\
V=2 el -4 MY |
A=, _3- 2> X= [1(;_ B=|-¢
s 2 )7 %3 | 5 ) - | -8 t2u+S _ [
Xx,_ . g~ 6+0 z;
NoW, I - 1 A3 Lo ~B6 -5 -
|A = ) )
\?z-' | \ . Wy,= 2, A3 =—1|
& g A SO‘Ve Ehﬂ S'jSte-m
| TN, + A3 = »
= 4y +5% -3 43 "-:2
2%, - 2% + 1 A3 = ;
Al = | its avgmen ted matrX

- |Al="-I # 0

141 | -3 )
Au=(-D |4 l:: (-3-4)=-7 lso
An - (':-51 :-_ 7;\-:: -(2.-‘1):7_
3 -
A|3.=(-—'|3 ]; fl_: (q+6):_ lo

42
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1 3
-—l-l 5-12 ~3-8 \l-'j-n. RL-L\R|
3-3 29 -6 ‘67| Ra- 3R,

v 3
-7 -1\ \ -15
-1l " 33

ConNst der Qa SijEm

| . - | - 8-\ 2 + G Xy + ap Xy = b
Rle + 1 | A
] O O 18 \—3 \ all X + al?.xz_-f- Q,_g 13 = L
1 @y %+ Q% + Qs G = bs
3 3 v 3 3l
l
'@' o ' -t | -3 Tn matrix ferm
° © 1 \"’““xr Qu QA a|3 A, _ b'
y \4\? Q; Qn Qi3 %, | ~ :z
=y A, + BAH +{2—\§§l\/\=§ | qu a‘”_ 033 A k|
4 MB * [\gps 4 ng iy BJC IA] £ O New
~ N\ . o5 ol o P
- 1= N " Qn Qlf Qe:r-'s A by
k! 1 % = b
PUt Aa=2 11N U') and ‘-‘.'.’ A= Qa,, Qi a3 /i- [‘K:l-'g (b;
> Oy Q3p Qa3
xz-— 2—#""3 d 12-':--' An AA“. AI\'B
Makrix of cs actor:= [All 2L 13}
Put Ry =2 ,K=-1 "7 (') f Jc An  Aw An
Au A A
By & B a3EE S odj A [’“" A A |
=y A -3+ 4 =35 Az A,y Ag
~ = z <t A-I = CLdJ A
]A l Ay Ay Ay
A"'l — L [Au Ay ABI)
|Al An Ay Az
\ Al Az) A_" bi
R0 Aw Al A A qu ba
l AB A13 AJ" b3
iy X | b!Au-l- E_IA;,'-I- 53 A3|
[:1] = ‘m biAn 4 by A + b3 A
3 bi Az + by A3+ by A

www.pakcity.org
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b Q Q
i W \bl Our a':,\ Al = 3(-1+4) ~1(-1-2) =1 (24D
by G5 %3 _ 3(3) -1(-3) -1(3)
Al
\ l:: Q. Qg IAI _ 9+3_3=9;¢0
or | Ay e | b b=t
'xl = \A‘ ) AI"‘ b.‘! Quy 31 Y i
_ -
Now |A | = \_Z L \
alse, x, = brAn +ba Antb3An = -
(Al o | -1
sra | Cligles
= 21 Y 1] . -
- Gy bz 033 L | 6 (2 41)= =9
' - o -2 1)= -
l IAI an bl a"' lA.l: 0—0+9l| =%
_ (Al | = \an by qz)\
or X —'—‘IA] ) lA'I. Q3 b; an X = ‘A‘I . -__?_ - =)
- (Al 7
and % = M 3 -4 -l
| Al ALl = \' -4 - \
:ll Qn l:n\ - r-
= a a b 7S
% \as.l Qs by | —-\9\3’”\ \"' -4 'g \ ci +Ca

Please visit for more data at: www.pakcity.org
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‘A}!:‘ ; __?;_ 3\)
Solve the Follows P
Q ve e fc ownﬂj Sjstems oJC
@ lir'\eqr eq,ua’cions bj Cramer's = % \—‘1 | N \2‘ ;!-‘-3‘; _]2]
p

R ule.
T ‘.".’;3.‘."2‘:.’: = 2 (~u—1) -2 (4-5) +3( 3+10)
- =2 (-5)-2(1) +3(13)

' SX + Y-32=2
SO!Uthﬁf' 91 matrix form (A3l = —10-2429= 2]
! _ )

[; 1 -"'}[’;] . [?J St ‘IAJI‘ “ 27
5 1 -3 y 2 "
Hence =1, 3= 0, panll
F\'-:'-[Z —25. -‘?. X = p R=| ¢ i) 2% ~ Ay A3 = 5
o X=rJt, : 4 %, +2%, +3%3=6
3%, - qx}_ -7(3-_-3
So’ytian*'"' In matrist form

i " < 2" -1 ! Y 2
R T O SN I G\ R N N S

=] )
,:‘\ 1: ol
33Mﬂ\</ A X =06 W here

=__2(6-l-2.)—l(-9+|6)+'( {'\
,Pf;\/f r M : y & 5
= & (8) -2 (1) + (‘3){'-14"’[}& A = [f-( 2 3 X:{m\ Br[s J
o r-\;:’ y S
Al = 16 -2 +(3 =;}=x%¥0 ’

x> SO\U‘E"onq\\%‘gﬁsts' NOW 3 -1 I
o ‘\\R/ ) |Al= ‘L' 5 2 \
\Al = \? Lﬁfﬂ 3 -u - R
2 Q/F/— = 2 3 4 I—I \ + 3 \" ) ‘
-2 | - ]-‘t » , - . 3
=3 \‘2 “a| 2 ‘1 -3 -le |l
S = o (-2+1) ~u(r+4) +3(-3-2)

g) —- + I(S
- 3(8) —2(1) + 1(5) so solubion exisks. Now
\A\\ = 24 -2 +5 = 2] N s '
(A .2:1 = | v (8 L =
*NF Ty 271 3 -4 -
A 2. 3 \
2 \ """'5l l—ﬂl— | -t
\Azl-:: 2 % -2\ -4 - o _\|+3'2 3'
= % =B . 3 =5 (-2412) - 8( 1 +4) +3(-3-2)
v o ~2\.z |3 "-’—\-l-‘ _ _ §) +13(-
= '2..\1 _3\ 3\5. -2 \5' 7.\ _ 5 (10) - 8(5) +3(-5)
(-5 IAlz §0-40—-1S=-95
= 2(-3+q)_3(—9+lo)+’( )
v X = ...._.--—.-’A'| = if o
= 2(1) -3C1) 4+ 1(1) (A -15 3
Al = 1_34—[:—"-0 ,A)_"'-: . 5 o)
lAl' — ..9— = 0 q 8 3
. l.j = TKT - 27 3 3 -1

Please visit for n



www.pakcity.org www.pakcity.org

=218 3 P 5 i s | - =8 2 2 _ -1 ] -\ §
3 - q\‘ﬁ -||+3\¢9 3| -2 -II‘L?- -\‘“\1' 2
= ?.(-8—9) -Q("S"3) +3(!5-8) = g(-2+4) -6(1+2) -f'l("z"?-)
= 2(-1) -u( - 8)+3(71) _8(2) - ¢(3)+1(-4)
|AL] = — 34 4+ 32 +2] = 19 |A|l= 16 - 18 -q=-.---6
s Wy = !__A_}_!_.: _!_?_. v N, = J:_Q__I_L - -__g. = 2
1Ay -3 |A)
2 -\ S ~ |2 8 :
|A3! = \c, , S \ Azl \‘ 1
3 -4y 3 | : -]
L g -l 5 -1 5 =?-‘6 21 _,18 V]gr | 1
i z\-q 3\-1‘\-“ 3\+3\z al | "l ,' "', ‘f z,

= 2(~¢-2) ~1(-8-1 +1(16-6)
- 32(-8) -1(-9) +1(10)

—

= 2 (6+32) -4(-3+20) +3(-8-10)

= 1(33)—‘i(‘7)+3("|9) |A1\ —— |G ,'.9.*.]0:3
A3l = 7€ -¢€8 -S54 = 76-122=-4¢ A s
= — = = = - |
X, = VA3l _ 46 _ 46 PN " A} ~3
1A\ =15 ' 7 S -
\ i ')‘ A 3 l Cony 3- 2 8
.y =-11 g & N ' I
- "ﬁftxlﬂ = 2 | & £ -1 \" 3 \ 3+ | \—‘ B |
) - Xk K e 8K IR e I A P
1, 2y =6 -
LT 3\0\6\‘) = 2(2+12) ~1(-1+16) +1C-6 16)
& lotion "% e ~ 2 (14) —1Q15) #1(-22)
0Ni= T matrie form = -
elviiom ﬁh\]t/}.yma F 1A = 18 -15-22 9

A
p I | W 5. 8 v IA3| ~ '_'_'_j.... -3
| p3 2 A\ = [ C Xy = —;\-r_ —=
U= -1 ) Uy ' ‘

=3
Use matrices o solve

A = (’,’ -.:_ .;_] x__,{x{c',_\ Br[?] QZo the following sys tems:
/ Y i

A K B HhEr'C

- y &
- | 3 ') 1"2*:] +Z=-\
A |22 By bt
T Y-z = |
% 2 l"l l \+I \';_ Z‘l SO,Utl.OH:- Tn matrin fﬂr‘m
- “'2- ) l-' T \ -2 \ " 1']
| =2 Y -
- 2(--2,-!-(4) -l(l-l-'l) +l(“?_—-?.) [3 l -|][ z] [ '
2(1) -'(3) +|(FQ) where

50 S
-2
Al= | &8 7 ! A=\ 0L, \
| 6 * - o 1 -\
| -2 -

56
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_ 1 1! -2 1% ) 2%, + %Xy +3%q = 3
\ | -\l 3| | -\, +8 ) |

P OO e, OF "7-7(3 = 0

= (-1 +2) -3(2-1) = 1(1) -301) ~3n, =Ky t27, =-4

lA‘ - |\=-3 = =2 * 0 S0 SollJ{:fﬂﬂ exis Salvf""n!' In matrix f‘Ol"’m

&R

= 2(2-2) _1(2.-6) + 3( - +3)

= 2(6) -1(-4) +3C3) |
Mé 4+ 6 = 10 #0, solution exists.

AB -;.-(- :;'3 :3 _ o (-l +3)= 2
1+l () 3 _ )
Azl = (-—I) -\ 2 ‘ = (2-""3)

242 )2 3. (u+9)=13
PR il A P

14+3 | 2 | -
Al ___:(__') 5 - l:"("2+3)- '

Azl = (-'3)4-!\\ : \ _ - (-1-3)=-%5

\ wd
3+2 ] % 3 __(-4-3)=7
A?J-"—"(-",) i _.z\ . (

313 | 2
An= () \ C

o 4 2
Matriz O)C ewfactr= ks 13 -1}
-5 7 |

adj A= (‘maf:ri‘x o f cochbr)!:

adyA = | 4 -lg -:_
2 -1 '

Please visit for 12
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5 O.A'A [ _ - 343 || i _ = -
A lAjl ) Té'[“ 5 ¥ Ape(-) o o]z o) e 2
2 -1 - ;- _53 _‘*z
so (i) g | [2 —g -5][—3] Matr® o{- cofaC‘:Dr-.- . f .
= To0 12 7 (] o
l
Lot A odj A= (matrix of cc.f«:actm')Jt

p & 2 1 3 -
-v["lx= [—“ y W=E, W=l e LooadjA=—- g -3
X3 - Ay =~} | A 0 y -2 °
+ 3 “Yrx
i) %ty =2 e x = ’é"h s -'J[-:J
LN -RA = |

+ 1 }
[4 8 -2+2 & g |

7 Solve the foHoWI'ﬂ3 systems

' 1 o x 2{\S * ®y redvcing their avgmented

e \1 ¢ ') ’ x=[9 y Bn \ij\ matrices to echelon form and
@ % " N"’Lfi(j the reduced echelon form.

Voo «Fﬁy o W= LA, =LAy =]
|A|=' A O =) \“"(\;)U 1) % 2 3
o 2 -3 oV 13X, +%3 = |
0 =1 |maY o 5% - Y1, - 3% =1
= | l {.lﬁ{ r + 0 ' £ .
: ng\ii 23 Solytion:= Solytion by Ech:lfn form
Al = (0+2) -2(-3-0) = 2+€6=8+#0 The. U.Ujmente. matrix s
S0 50|u4:l'on EXI'S*.S- Ab o ; ";- "|2 """l
Ax o B 5 ""L| _3 * \
- X = A B —> b e T
- R |- 3+ I+4 2 1+2 R1—1P~|
| P SR
For AL 110 ) 5-5 -uilo -3+16 : 4g5 | R3-5™
Ay = ( t) ) -3\:’ (04—2)::'7. - - 3
fe - Rlo 1 & 3
Ap = (-1) l: _b.l = -(-6+0) = § - L’ & 9 ¢ \
ol Q 1 -2 -2 -1
Af3 = (—l) o 5 = (‘f—-O) = Ll B [O 1-6 5-71 -6 R}_- Ra
A FYREY 6 o 6 7 4
= | r -3 | ° ~(-3-0)= 3 | -2 =2 -
" R, 6R
142 T, > |0 | -2 : 3 3 d
Az e(-1) "o _03 - (~3-0)==3 [o -6 T+12 : 6+IB}
143 \ =2 -2 .
Al3rt') ! ==(2-0)=-2 ,@- (0 ' "‘L + «3 ]
34 i : i L 24
Agp= 4. ! o t =2 =2 c =]
M= [-1) \o . =(-1-0)= -| R [0 | -2 s -3 } % R,
o O Y
A32 = (..- |3+L \'1 '?l \ ':"'("l-O) = | ! I/I‘I

58
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=, Ny - 2, - 2= -] — ¢t ii) -;(-l-?.j +X= 2
X, —2%3 = =3 — U 2% +Y +22="
2 U i) 1% +3Y -2=9
XB:-' — —
" ' lsn form
by 24 in b Solutioni=Solutier ".‘f cheln f
v e T
qlg _ .34 48 The a03mented-
-K)_ -26.:'-3}‘:"3 =p x}_— l9 I 5 ‘
A = | & !
-9 b 2
- Y. - -57+48 _ - 7 [ 3
' 19 19 - TR
t x3= }",i‘ and 11':".?. n b i 2. I 2
PU 3 S S ; B’ L
- -9 dh \ - - -2 3-4 -I-1: 9-
2
X, ] llga_% +l=0 B[O o 5 -5}
|%—L{3+|9 0 a - | "3 5
w A S =
| 19 | 2 | p R
|1 _ 1l R 0o - -3 5 2&6~> 3
+ Ay - — = 0 - A, = — —~ . e

s
(e
3
™
g
X
|
3
-
N
r)
|
_ |
ol
-
by
w
i
:3'\.,...
‘s © Li '
-
w .
|
B N
\_—-———"'J il
™
v
N
P
™~

Solvtion bg Reduced Ecm\xg}.\
form o0 Jefh ) la) e
~e reduce | . % --‘:)%b-, . '
HYRE R

2 e @\ 1
redvced et Exlon form = 10 gy \|5 -9
AR o 0 9 -20
| =242 =2=4 P 3
R - E,-'-?—R;_ 1a92” /A 2 :
~lo 1 =2 .3 Rlo v 3 . .5s|3h
o o { % 0 o -1?/9
i » -G * .
R0 1+ -2 ; > X2yt 7 ¢
~ 1o 0 | 1y Yy +32=-9 r LN
19 _ —20 __y(};;)
\ 0 ={+¢ =74+ 4 (??‘) R|+6R3 £ )
2+ 1L 1
S N Al Lol IS PE LR
T.é -0 - = -5“"'5.9
. 0 O o =133+l J +3( _5..).- > ) 7
R _T_; 'S 5
~ 1o | O : s+ 4” 3=—£¢5+6o=__=_3_
o o | ® 9 ? |
! o o 1:3|9 put 2'—'-“'.7'93 and J= % Sl
Rlo + O * -9g
L 2419
Vi .+ M="7
sy )(' = l9 ’ g ™ l9
Ay = 3‘-—-[-'-
ST
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Selution by Reduced Echelon | (' 4« 2 : 2
Form AR
We r‘educe[l L 1o Ly 2 .
o .1 3 :_ :
© o | f-?fs} r@’[o b2 -3 }-;_;;R,
0 o -2

into reduced echelen )Cor-m.
l 2 =2 o ‘ i
2 K (-6 ?_HD\ R,-ZR,_ ‘ X + QI,_+ZX3= 2 —> ()

; 3 -] t .o
'  ae oyt 2Xy=-3 —> (1)

R {; o -5 l19 Ay==-2 ——> ity
| - g
a 0 & 3] i -fﬁ P(Jt 7(3:.--2 i (D
~ k] 22) - _ -3+
R ; 0 S+5 . lz+5(-%°) 7(,_-!-?.( ) 5 w» 'J(-,_.- 3 (f
o’ 5 lo 3—-3 _5_3(_2-;9) 7(2.":: i
] -?:9; put %x,=1 and Az=-2 17 ct
E [; ? : ' \Dﬂ;lob -)(l + QCI) A ?_("7—): 2
O 0 | . - lﬁ_%éf 7(, + Cl - Ll = 2 w» ‘X., = )
: o
R(l o a . 8/9'6' @ce X, 2, Xp=1, %3=-2
po O | O . {:i< g/
6o o o S0l olution by Reduced Echelm
%4 (ffs\/\j :Fd!'m
AL {1 ¥y .
+ U, = _g_. , )(2 _:__5_ x\\%h}.éo we r'ec‘UCE’ (; ‘: ; : _; in to
?\:E@M o 0 | . -2
i b o 4 e cchelon farm
2%, t % "}-{*‘\5’9 v b4-4 -3 : 1+ 2 R-4R,
3N, -I"Z.’.'JE,;Slﬁ A= 12 E— g | o
O | -2
Qolvtioni= Selubion by Echelon a (V72 -¢: 4
for-m a hre 2 1 -3
' 0 o l -2
The augmenteal matrix
Ly 2 2 R cla ? “8F6 -2 1R+ 6R,
A | -2 % 9 v e Ll N Y
LS | 2 - 0O o i —3 a— < K3
3 2 -2: n
R [' o O 2.
Vo4 - 2 _2 0 1 o '
R |,-2 -8 -2-0 =l FSRL 31::3' BRCECEN -z‘
a3 -1 -2-6112-6) 3TN
LY T v 2
Riog -7 -6 5§ [‘ Selve Uwe following  systems
—~ o -8 ¢ -oj: homogeneavs Iimear
. A e ual:TOf"s
R \ Y :"3 . -15 ("3)R1. WI »* + 'j LZ2=0 \)(l)
clo » L Ta | 2R D ax + Y +52= 0 —y (ii)
o -20 5x+4y +8z= 0 — wi)
Solution:=

A\~

v 4 2 %\ 0
-3 1t R3 '
\2 -‘o -7. : ll\ In mat rix form
. =% \RﬁzoRl 5)‘3 1o
..zoi-zo —|6+(IO' 12-6° | 5 4 8 ‘

e

Please visit for more data at: www.pakcity.org
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' L -2 2L
where A'-'-[‘)_ | 6—] ,X'—'-' 5}
9 4 8 rd
0""'[2] Now
o
! 3 -7
lAl"’\: \ I3
° B
' 5 L =2 2 _7_,
=l B R
_ 1 (8-20) -2(1648) +5 (10 +2)
_ |(-|z)-1(24)+‘5('2)
|Al = —12~- 48 +60 =0
-y |Al= O =» We cannot find A’
Hence SYystem has Mon- trivial
i) and (1)
‘orn. Now WE Solve () an
$olubion oand X

' - W+ 3"'12:0

= -4t and J
Z2et
o w=-4%, 3"’3&'4
.. the system has
Hence ed solotioms

i) X, +UN, +LA3= 0 —r Y

41
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(-12-2)

= 7.”"" 0""'2:0

= 1(-6+6)-2 (- 16-4 )+ 3
5 —2(-20) +3(~14)

=» We cannot find A
arn-trivial solution.

and D to f—"nd-

O
So S'_-]SJCEM has ™

Now we€ solvc )
P and 7(3_

—

a( Qs i)y X
e, 3\3&‘ ~ QL ®y,=12HKy = 0O
%V By + %714
—_—

-y .xl = 2.7(3

1%, + X =3 =0
— —

..--711_"" 1‘7{3 =0
LS

* 11 n ave
W, =—X3 ' (rl)
Clr\.Ol 1 =

PU‘L Ny = 243

3(AN3) +2 (-%3) - 423 =

Ay — 113 - Q'K; = O L
7 Ea‘,(ih') 'S Sa{"S-f-.eol.

e Dt

o

*O:‘O
te R then M

Z.‘L) 'x,_-_-.-.-t, 7‘.3=t

Wy = |
- | i ted colution.

‘. sﬂstem has ubh

_ —-———)'EU
||') 7'(‘ - 2-')(2.-'}(3 =0

Hy 4 y, O 4'5-7(3:6—'—” (;').
i
2%, — Ko + UXy=0 — (i)

Solutiom- In matrix form

)R-

' }
-\

Q

S ww.pakcity.org
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.where A= '| - - X
L_ _.‘\ i-l , X7 [_:.3] SOIU£I‘OH:" In matrix form
O = (-%\ . ‘ L o
- 2 1 =A ‘:l]_-_— Lo]
3 \ K! 2 #Ll& Z o

Al = \‘, ‘ 5\
-\ 2 where . e o
+ i
Aot

S U L B R

- (4+5) -1 (8Dt 2 (-10+1)
JAl. q +4-13 =0° so  |Al= O
i ! \
- lAl;_—o Hence Sjjtem -> v S .
has M n_tr:wal solv Eions | 2 -1
4 v o £ind.
Now WE selve ) AN 7 | —J\'zl l\-&-'\' = o
%, ar\cl Ay 2 -2 2 -2 1 -A
gy (1) + 2 (11) AN — LA~ X3=0 _2 424 2 (-—1-—2)+r(-,\—-l)=o
Relal Mniiiet it ae S PYCH B2 P
3X) +q13=‘-° {’f “‘)w S A -} 5‘-.: O muby 7\:-—6
A AT |
- X = =% AN\ © . |
‘ ’ ¢ \/>>\ For A=-5 Fwven SjSEEm becomes
2XtY +Z=0 —> )
114—3-}—52:0___._;- cii:)
'{{&@‘/67‘3 = 0 p, Sy 23—22-"‘-’- O —? cut)
W : - :
3',2:*}327(3 | we Sd\VE () an.ol. cit) to -F-'V'\-d- K O.nch
put _ 2% and %= 278 NG g G- > 2%+ Yyrsz=o
- | 4 w +YyYyt+tz=0©
Aq = - - —
'2-(-3"‘3)"("29(3)_'- 3T\ w +Uzeo
EAn 3+ 23 +47%5=° = x=-4z
- 050 By i)—2C) s 2x +Y+S52=0
Eq, (i) 13 satisfed. 2% *2Yt2z=0
v X3 = k Hhen ‘X,::-—'5t and- -Yy4+43X=o0
Le ,LeR x:.':"lt -w J= 3%
Hence .7(':-'3&) Ay=-2 %, xa-—-—f put x=-Uz , Y= 3 in Cirn)
~hz +2(3z2)-2z=o

S g \imited. Sol u bons
-4z + £Z -2 2Z =0

mb O = O
Eavtiii) 1S Sa‘l::'sf-l'?ol..
Let Z=t , teR then x=-Ut, y=3t
Hence A=-4t, J=3t,6 A= ¢
;. sYstem has vnliv bed
solubions.
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n) +4x,+AX=0

X, +%, —3X3 =0

3% +2 A -4 A3 =0
50’5"';0!‘15" In matrix j‘-arm—

s E )

—3
-4

14 A x
where A-—(?_ L -3 X:.-[x: )O:[:]
3 A - U - X3 -
Since the -sgsi:em has DOh—trivl'a)
solution se |Al=o
| A
=g 2 LI! -3 ‘ = O
3 A -y
I =3 4 A 4 A
l -2 _
\>~ "‘fl \z -n\*‘"| -3\"
p I

www.pakcity.org

Eqpiii) is sakisfred .

et A,= t ’téﬂo 50 x,:zt
ond. x1$‘t
g A3= b
dence N =2E, Ky=- %3

we solve

| Bﬂ (i) — QC“)—))(:?"((XL"Z?%:O

87([ +¢7(3__-;-”.7(3 =0
a— —

4')@\ -7‘)(’ + 10X3= O
6\)\, «"’-* N P
By (if) - 2 (1) = 2%+ %~ 3X3=o0
2% + 8){1;61 A3=o0
= =
~T§y 4+ Xz, =0
=+ Ap= L X
7 3 ® a®
- ')
put % =12x anJ-xr--!?" 3 '7 2

; v becomes as
given SYs ' 3( \Y. ).— 7_(_1_13)_ -
7“""({11-1%350——9’ e 7 3 T
1%, 4+ Ay - 3T3FTO— () §$x3_%u3—éx3=o
TA) + 22X - UX3 = 0 —=2 (1) 30%3-2X3-28%3 _
e solve d» and iy to find N 7
= O
ond Ha g GL
e j s 41 ¢€
By (i)-4Lii)=* Xy 42y +2%3=0 £q (ii1) 1S 2° t 0p Yzt
%, +4*3=0 ,t A
| 10 ¢ X,_:-"'-:,Lf?, 3 =
> A = 2%3 Hence X1 =3 =7 ll
T, Solotion
. . — . Systern has unﬁmzfe.a(
By (ii) = 200) = 2% + Ay - 27370 i)
LX) +8x2_+ q';‘;#O
__'-___-#-"‘:l'_—_’_
"711"'713=0
|
PUt WA= 2 A3 P A= -"'13 1¢ C'“)
3(2%;) +2(-%3)-4%3=©
6'13-2.7(3-'({’)(350
=p O = O
63
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IMFOFtaﬂt note:- For n= 6 (A) be comes
9f o system does not possess . A Y
unigue solubron it means that | ~|° ! 24-_2,(6) L
it has Unlim;tEaL splytions. O O 6--_'__7__6 o

Unh‘mfteal' solukion _3_{- l

e know already a system has NI
~— 10 2
(A) = Rank(As) ancl 0 o o

Ran I ia bles vsed
0 varia :
RQTI k (A) < no ' N H-)( SSStﬂm ")(| e l{x}_ - 6x3 = & —> V)
Q6 Finod the value of A for whic h Ay +2% =~}
« the following system does nat & X, = —1=2%3 Potin @)
possSess uNiqrue solubion. Also
5olve the Sﬂstem for the valuve Uf- X, +C‘(_|-—?.'J(3)+ 67(3= 3

N .)LI+(_‘-,(2_+7\7<3=2_ X, - .;11—81'31'-67(3:1

20y + %y - 2 X = w2 =6
~1%; = 16 ()
A f““«.{ CJ
' W =2t +
olution:= L0 [ Let Xa= b, then X, 2+ 6
- ,téﬂ. Ono‘ xz-.:.--?.t—l

v 4 20 = ——2t-1
A= {2 ! -2 % %% - Hence »,=2t+6, % t
98 and A3=1t

o limited.

o O =2 :* o

! 4 A S X
E, o i ..2;‘-.-.0-!-1) s =1 |723‘1-|0Rl
=1 2 (A)

t’cm does not PoSSeSS

0 lubion J‘-or

6"'7‘, = O

=
-y 6~
miy AT

: 5YS

unfavue

},::0
&
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