oy

Question # 1
Find oy and dy in the following cases:

(i) y=x”—1 when x changes from 3 to 3.02

(ii) y=x"+2xwhen x changes from 2 to 1.8

(1i1) }-‘=\E when x changes from 4 to 4.41
Solution

i) y=x*-1...... (i)
x=3 & 6x=3.02-3=0.02

y+68y=(x+dx) -1

= Sy=(x+0x) —-1-x*+1

2

=(x+0dx) —x
Put x=3 & 6x=0.02
5y =(3+0.02)" —(3)°
= |0y=0.1204
Taking differential of (i)
dy=d(x*-1)
= dy=2x4dx

Put x=3 & dx=0x=0.02
dy=2(3)(0.02)

= |dy=0.12

(11) Do vourself as above.

(i) y=+vx = x2 ....... (i)
x=4 & Sx=441-4=041

}’+c'5'y=(x+5.r){f

I
2

1
= 0y=(x+0x)?—x
Put x=4 & o0x=0.41

1 1
Sy =(4+0.41)% —(4)?
=2.1-2
= [0y=0.1

Taking differential of (1)

1
dy = (—di[xj ] dx

Exercise 3.1 (Solutions)rage 123
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I

= —7 dx
2x“
Put x=4 & dx=0x=041
dy = l —(0.41)
2(4)?
041
4
= [dy=0.1025
Question # 2
Using differentials find dy and ? in the
y

following equations.
(1) xy+x = 4

2

(i) X*+2y° = 16

(iii) x*+y° = x* (iv) xy=Inx = ¢
Solution
(1) xy+x = 4

Taking differential on both sides
d(xy)+dx = d(4)

xdy+ vdx+dx = 0

xdy+(y+1)dx = 0

xdy = —(y+1)dx

dy y+1

dx ~  x
& dx X

dy  y+1

U U 4

(i1) Do yourself as above

2 g

(iii) +y = 2

Taking differential
d(x')+d(y*) = d(o?)
4x°dx+2ydy = x-2ydy+ y*dx
2ydy —2xydy = y’dx—4x dx
2y(1-x)dy = (y*—4x’ )dx
dy  y —4x°

dx 2y(1—x)

clx 2y ( ] - .1’)
dy y* —4x’

J U

J

&

(1v) xy—lnx = ¢
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Taking differential
d(xy)—d(lnx) = d(c)

= xdy+ }'ﬁ*%—dx = i)

1
= xdy = —rdx— ydx

(i— }’)dr
X

= xdy = [l_ﬂ)dx

X

pakcity.org
Question # 3
Using differentials to approximate the values of
l
@ 17 (ii) (31)3
(iii) cos 29 (iv)sin61°
Solution
i) Let y=f(x)= Yx

where x=16 and dx=dx=1
Taking differential of above

dy = d(iﬁ)
_ d(x)i
= = "iwldx

o lad

dx

HJL
LY
4

: s dx
4x4

Put x=16 and dx=1

dy = ——(1)

4(16)°
|
4(2*)’
|
= —— = 0.03125
(8)
Now f(x+dx) = y+dy
= f(x)+dy
oy = f(x)
— 16+1 = Y16+0.03125

— 47 ~ (2')* +0.03125

aftad

S S

Il

2+0.03125
2.03125

Il

|

(i) Lety = f(x) = x°
Where x=32 & Jx=dx=-1
Try yourself as above.

(i11) Let y= f(x)=cosx

T
— —@ rad

=—(0.01745rad

Where x=30" & ox=-1I"

Now dy = d(cosx)

= —sinx dx

Put x=30" and dx=0x=-0.01745
dy = —sin30°(-0.01745)

= —(0.5)(—0.01745) = 0.008725
Now f(x+0Jx)

!

y+dy
= f(x)+dy
= cos(30-1) = cos30°+0.008725

= c0s29 = 0.866+0.008725
= 0.8747

(iv) Let y= f(x)=sinx

0 3 T
Where x=60" & ox=1 —ISUrad

=(0.01745 rad
Now dy = d(sinx)
= COSX dx
Put x=60" and dx=0x=0.01745
dy = cos60(0.01745)

— (0.5)(0.01745) = 0.008725
Now f(x+dx)

U

y+dy
= f(x)+dy
= Sin(60+l) = sin 60" +0.008725

= sm6l° = 0.866+0.008725
= 0.8747

Question # 4
Find the approximate increase in the volume of
a cube if the length of its each cdge changes
from 5 to 5.02...
Solution

Let x be the length of side of cube where

x=5 & 0x=502-5=0.02
Assume V denotes the volume of the cube.



FSc-II / Ex- 3.1 - 3

Then V. = xx-x dV = 3(5)2(0.02)
= % =15
Taking differential 1 Hence increase in volume is 1.5 cubic unit.
ay = 3% dx
Put x=5 & dx=0x=0.02

o@pakc ity._o rg %"
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Theorem on Anti-Derivatives

1) J‘(;f(,t)dr —
i) [[£(0)%g(0)]dr= [ f(x)dxt | g(x)dx

(:J f(x)dx where c¢ 1s constant.

Important Integral

. d n+l n
Since o =(n+1)x

Taking integral w.r.t x
I— x"dx —I n+1) x"dx
=% P = (:1+1)I, X"dx

n+l
- J X de= where n # —1
n+l
If n=-=1 then
Ix"d.r = Il dx (herex#0)
X
: d ]
2 T
Since P nx Z

Therefore

[Las=tn| x|+ W

Note: Since log of zero and negative numbers
does not exist therefore in above formula mod

assure that we are taking a log of +ive quantity.

Question # 1
Evaluate the following indefinite integrals.

(i) [(3x*—2x+1)dx
(ii) _(f+T] (x>0)
(iii) I (\/_+l)dr (x>0)

(iv) | (2,1 +3); dx
(v) _'(\/}+1)3dr (x>0)

(vi) I[ﬁ——L] dx,(x>0)

(X) J-(l_\/\f) dx,(x>0)
(x1) IE TE dx

e
Solution

(1) J.(Bf —2x+ l) dx = 3_[ x dx— 2_[ xdx + _[ dx

2+1 REY
X

B . B,
2+1 : [+1
3 2
X X
i Pl A
3 2

3 2
=X =X tX*+C

el

1 i
= I .rzdr+J'.r 2dx
L —_1,+|

(ii)j[\/L—

?

X -

- +c

X
JEUTRNRY
g 3

bd | =—

X* X
=——4—%C
371
2

I
+2x2 +¢

I~.l|'..u

2
L
3

(1i1) I.r(xf;+1)dx _II[I‘]? +]}dx

—I( +1]dr

= j .rgd.wjmr

3
ik |4+1

X 2
3 [+1
2

+C
+1

Important Integral

Since —i(m +ef:v)“+I =(n+1)(ax+b)

dx
Taking integral

+XTC

Calculus and Analytic Geometry, MATHEMATICS 12

=X

“d
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f—j;(m#b)"“ dx = I(n+ )(ax+b)" -a dx

n+l

= (ax+b) :(u+l]—a‘|.(ﬂx+!})”dx
| ) B ({M’-]—J})"H
. J(m+b) dx = g e
| 5 S
(iv) I(2x+3)5dx :(_ix+3) +c
[§+1 2
__(2,1*+3)~+C

:%(2.1 +3)2+¢

(v) I(J}+1) = [(x)* +2Vx +1)dx

= j[x+2(,r)-_“l’— +l}dx

:J.xd.:r+2_|.(x)% d.r+_[dr

=I.rdx+j%dr—2jdr

=L2-+l]‘l‘.1'|—2.1'+£‘

dx

3A+2 IBJ:-!-Z
1/2

= [+ s
=I 341”'+2f”1)dx
= 3'[.1'”34:11(-1- ZJ‘x"de

Now do yourself.

(vii) j

a% pakcityfrj %

Y
'+ '+ 1
Jy
l 1 A
dy =||y*+y EJdv
vaerd
E ER |
y ? _yr Ly
+_l+1ﬂ _§+1+C
2 2 2
!
J0 — 9—2\/§+ld5
Jo
:J 7 —2\@+ : dé
Jo Jo Vo
1 |
=I[65—2+9_3}d9
LI Ly
:‘19_ —-26+ 91- +c
§+l —§+l
3 1
=§;—26'+?_+c
% ok
2 2 ‘
593 —260+20%+c Ans
J'l-2\f_+,1
:I(l \/“ J
AN PN
I |
"I[A -—2+1-]dr
—%+I %+I
= xl —2x+ f +c
—§+l j+l
1 3
_IE_ 2
y 33+3/,+f:
2 ¥,



3

21+§x"+c Ans

r~.+|—

2x

Important Integral
d (X

We know —e“ =qg-e
dx

Takin g integral
J.—e"” dx = _[a e dx

= 8= j e“ dx

o | femar=
a
{ ax+h)
Also note that IE“""+b’d.x =£ -

(xi) IE +E dr—j(€"+€;}dr

et e
:I E*"'-i-l dx
= Ie"fir+ _[ah:
| =e¢ +x+c Ans
Question # 2
Evaluate
n ,[ dx [.H—a }{]]
Vx+a+Jx+b\X+h>0
=i
11)
( I]+x

(x>0,a>0)

(m)fm_h/;,
(iv) J' (a—2x %d.i

(v)I ]+e

(vi) ISIH(H +b)xdx
(vii) [VI-cos2xdx,(1-cos2x>0)

(viii) Iln,x:x:x dx,(x>0)
(ix) J.F.il'l: X dx

l d.r,(—E-r: x-::i]

1+ cos x 2 2
(xi) [—Z L Y
ax” +2bx+c
(xii) _[Cﬂ*«‘. 3xsin2x dx
ey COS2X—1 ‘
(xi11) -[1+CU52.1 dx,(1+cos2x#0)

(xiv) jtan2 X dx

Solution

) _[ dx
NXx+a+~Nx+b

FSc-1I / Ex- 3.2- 3

B dx
IJt+ﬁ+Jt+

VX+a—~x+b
b Jx+a—+x+

_rra=Virb

I+ﬂ—1—b
|
_J- x+a)? - 1-1—1'})5 i
I
=a—b I(1+a )2 dx — I(AH’J) ff.l}
[ " 3 |
+a)? +b)2
=nib (Alﬂ) ‘(xl E e
§+1 §+l_
[
1 x+a): (x+b)2
i e e G
A 2

Important Integral

. d
Since ETHM X =

Also i(— Cnr".}:) =

dx

| d.r

Thereiore I

i 1
Similarly J
Vi—x*
]
Ix«!f—]

2

dx

@ Ji

1+ x°

Tan 'x

2
=j[—l+]+f_]dx

= —Ialr+ ZJ-

14+ x°
=—x+2Tan'x+c¢

3

- 3(;—3;)[(““)3

3
—(.I-I—b)f}%—(? Ans.

3

1
1+ x°

or —Cot™'x

-1
dx=Sin"'x or —Cos'x

. 1
dx=Sec'x or —Csc'x

l+fﬁ

o
T

2

Vxt+a-x

_ d.r '
IJTI e

agpakcityﬂ%
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Jira-Vx

1+ﬂ' X

I‘JI-—

J
j X+ s
1
“a

(14+3e" +3¢* +¢™)

v

e

dx

(v).[ ]+E_’ d,rzj

1 3 3 &),
=_[ R e w1 -
e € € 4

= J' (E"“ +343¢" +e™* ) dx

—-X 2x

= E—l +3x+3e" + 2 +€
=—e  +3x+3e + -é—ez"' +C
Important Integrals
We know %cms ax =—asinax

Taking integral
I—Cﬂ’i axdx= In sin ax dx

— COoSdx = —a_[ Sin ax dx

COS ax
a

=% Isin axdx=-—

d
AlsO —sSinax=a-cosax

dx

SIN ax
a

jcasmdr =

Similarly

tan ax
a

,
ISEC' ax dx =

cotax
4]

)
Icmsec‘ ax dx = —

SCC X
(4

J- secaxtan ax dx =

CSC dXx
4]

Icsc axcotax dx = —

Also note that

cos(ax+b)
a

sin (ax+b)
a

Isin (ax+b)dx=—

Ims(ax+b)dx: and so on,

cos(a+b)x
a+b

(V1) Jﬁiﬂ(ﬂ +b)xdx =—
Do yourself

(vii) le—cns 2x dx

l—cos2x
2

:J.\/Zsinzxdr » sin’ x=
:ﬁfsinxa{r Z\/E(—CDSI)-FC

= _\/EC'DSI"F‘E

Important Formula

A o)™ =(n+ H[s] = 4 rx)
dx

= %[ I =(n+)[ 0] f(x)
Taking integral

[ L] de=[(n+ )] F e
= [ =(n+) [[fW]" f()dx

[f(}f ]n-t-I |
(men) | P "

= | [[f@]" f(x)dx=

d —____.
Also aln\f(x)\ 10 f(x)

Taking integral

]n‘f(x)l—j'fu)

f(x)

c% pakcity.org 9:



: "(x)
i.e. I;(; dx=1In|f(x)|+c

(vii1) Let [ 2_[11‘1 xx% dx

Put f(x)=lnx = f’(I)zl,
So f:.f[f(.r)]f’(x)dx
R 12
=[f1(i)]] dn =[f(;)] -
=(ln2.r) .
(1x) J.‘;injxdr=]. 1 —cos2x dx
l b 5 :

| _
=I[§—-—C{]SZAJ dx

—éjdx——jcnﬂuix

] | sin2x
-EI—E 2 +C
S ,
—E:m 451112.14—{.'
(X) 1 dx
l+cosx
1 2 X 14+ cosx
=j dx GO ==
2cos? = Z 2
2
t A
" sec? X dx al Hn2+c = tan >+ ¢
g’ 2 8 l/ - 2
Alternative
_[ dx :I ><:l—t.’:[:I*SJlrdx
14+ cosx l+cosx 1—cosx
_I I~cm.1:
| —cos” I
—Il_cmldx
sin” X
(S ax
sin“ X SN~ X

- 3 COS X
cosec” x—— , dx
‘ Sin x-sin x

= | cosec” xdx— Icasec xcot xdx

=—cotx—(—cosecx)+c
= COSeC X —COt X +¢

FSc-I1 /| Ex- 3.2 -5

(xi) Let [ :I ,,,H‘x”} dx
ax” +2bx+c
Put f(x)=ax"+2bx+c

= f'(x)=2ax+2b

= f(x)=2(ax+b) = %f’(.r)zax+b

L £(x)
2
So I = Jf(x)d

f(A)
If(r)

:Eln‘ ax’ +2bx+c‘+£']

= %In |f(x0)|+¢

Review
e 2sinacos f=sin(a+ f)+sin(a—f)

e 2cosasin f=sin(a+ fB)-sin(a-p)
e 2cosacosf=cos(a+ f)+cos(a—p)
e —25inHﬁiﬂﬁ={3ﬂ5(ﬂ‘|‘ﬂ)_c“5(a—ﬁ)

(xii) J{:us 3xsin 2x dx

| .
_5_[2{:135 3xsin2x dx

:% '[sin(3x+ 2x)—sin(3x—2x)] dx

:%:[Sin S5x—sin x] dx

_1 —Cﬂgﬁx—(—{:ﬂﬁx) +c

2 5 L

__1 EGSSI—C{:«; X|+c

== 5 .
(i) cos2x—1 1

| +cos2x 5

___I | —cos2x o gin? g =-—CoS X
~ITrcosax @ : 1+c§921

e 2sin’x COs™ X =——
=— - dx

Y 2cos" x

=—|tan” x dx =—I(SEC2 I—I) dx

= —~f sec” x dx+ f dx

=—tanx+x+c

(X1v) jt:anl X dx :J.(SECE .1'—1) dx
= jlsr::cz X dx-—_lld,r

=tanx—x+¢

L—% pakcity.org %




FSc-1I / Ex- 3.2 - 6

Important Integral

: d _ . 1 &5
Slncealn‘m+b‘—m+b dr(ﬂ'ler)
d 1
=5 Eln‘&r+b‘_’m‘+b a
On Integrating
-
=5 ln‘ﬂ‘r't'b‘ﬁa.[g_ﬁbdl
1 In|ax+b]

— Im dx r

% pakcity.org
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Evaluate the following integrals:

Question # 1

_[ -2x
J4-x°
Solution
Let fzj <X
V4—x°
Put t=4—x" = dt=-2xdx
|
So 1=[“L =[(e) 2
Jr
_1 !
) 2 2
—() +c :(r) +C
_1+1 l
2 2

Important Integrals

a

dx a

Since inur (£)=

By Integrating, we have

2 2
a +Xx

dx

Tant| 2 ===
an (HJIE -

g +X

.-

a

I
~dx
- = g

"

— J. 1 : {f.l“:lTﬂH_l[ij

a +x (l a
Similarly
frEE = st
\f a - —x° d
L = lSE‘E‘_I =
.r\/ e a a
Question # 2
-[ dx
x*+4x+13
Solution
Let [= _[ - X
X +4x+13
dx

=] -3+"(r)(2)

+(2)*=(2)*+13

_I 1+2 —-4+13

dx
'[1+2 "+9 jx+2) +(3)°
Put 1=x+2 = di=dx

ke Ir +3°

1 !
=—Tan  —+
3 an 3 C

1 1 X+2

== 3 Tan E

Question # 3

[sa
4+ x°
Solution

+¢

. |

_[4:: 2 dx 4+ .Il)f

x°+4
:j(l— . ,,de Bl
4+ x°

_Id1_4-[4+1

= .1'—4_[ ax

Question # 4

l
'[.l' lnxdx

Solution

Suppose [ = _[

So I:Hdr =1In|t|+c

=In|Inx|+c
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Question # 5

I ‘_E dx
e +3
Solution

Suppose [ = I dx

e +3
Put t=¢e¢'+3 = dr=¢e'dx

So I=’[%=ln r‘+c

=In‘.sf"+3 +C

Question # 6

_[ X+b ”

Bod | =

(.rz +2bx+ r:)

Solution

Let 1= e g

(f +2bx + r?)

b | —

Put f=x"+2bx+c

= dt=(2x+2b)dx = dt=2(x+b)dx

=(x*+2bx+c)? +¢

— ‘\/.1‘2 + 2b.1'+ L + ‘:l

Question # 7
-[ sec” X

Sﬂlutmn
J- sec’ x

Vtan 1‘

Put f=tanx = df=sec”x dx
|
cdt -
So j =_[r 2 dt

Let

! 3‘- {
= + Cc = 4+ C

= 2(tanx)2 + ¢ = 2Jtanx + ¢

Important Integral
IHECQ 10 - J- secf(secf+tanéb)
secf+tané
:Isecz 6 +sec@tan @
secf+tand

_J‘ﬁran;’:ﬂtﬂr.ll.‘:"r‘Jrﬁuz:{:2 o

secfd+tan @
Take t=sec@+tané

=% {di= (secz &+ secdtan E)df}'

db

dé

dé

SO _[secé‘ dﬂz'ldr
J 1

=HI|+=C

=In sec5‘+tan9|+c

— jsecﬁ db'_zln‘ sec@+tand |+ c

Similarly

Icnsec&' dé = In‘ cmsec€~cnt9‘+c

See proof at page 133

Question # 8
(a) Show that

dx

N

(b) Show that

=i ,1:+\/f —a°

= i U

)

a” X X
\/ﬂj—.x:zcir=—5m L= s \/uz—.rEJrc
2 a 2

Solution

(a) Lot T

Jii—a?

Put x=asecl = dx=asecftané db
asec@tané do

So I=

2 7

(asecO) —a”

B J- asecftané dé

\/ (*-_.Ec 60— l)

asec@tanf db
Ja*tan2 @
'+ l+tan" @ =sec’ @
Imec&tan& dé

atan @
5ec9+tan€|+q

= Isecﬁ df

=In|sec@++/sec? 61 ‘+r:1

n%pakcity.org %l



=
X, |X _
=In|=+,[=—-1|+¢, x=asect
a (- v
—=secl
v [x*-a’ ¢
=In|—+ — | =
! a
y 2
\/x'—a“
=]n|—+ + ¢,
a a
2 7
XN =G
=In J .6,
a
=In|x+ vV —a’ —Ina+c

=In .:I:+\/x2 —a’ |+c

where c=—Ina+¢

(b) Let I = \/ a’ —x"dx
Put x=asinfé = dx=acos@dél

So I=[va*—a*sin26-acosé d6
J

— J.\xﬂ'z (1—:a.in1 3) -acos@ deé

- j\/nl cos’@-acos@ df  -1-sn 6=ax 6
=_[ac:ﬂ56'-amsﬁ' d@

. g, 2 2
=G‘Icuﬁ“9f19 cnﬂ'9=]+czs 2
A J']"'quﬁdg =% (1+cos268)dé

a’ sin 26
2 (g, sn20),.
=a_1 9+25inficnsé‘ e
2 2 |
a’

?(9+51n9\/1—bm 6‘)+£ x=asiné
2 L. 2 % =g
=i{51"h‘]i+i i ]"'f' “ ne
2 a da a- x

sin” ==

5 R a
:H—[S.fn'ile\/ﬂ 1'1 +

2 a d a’ !

2 el a2 |

_i{Sh?' g2 X8 =2 e
2 a d a y
=£;(Su?_' \/ﬂ —x° )
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a” e
=—Sin =4+ = \/u — 2

2 a 2
Evaluate the following integrals:
Question #9

j' dx
(l+f)

Solution
Let T= _[ dx

(l+,1 )

Put x=tané

P | Lad

frdi | 13

— dx=sec’0d6b
/- J- sec’ @ d@

'%

(1 +tan” 9)

=I e Qd? "+ 1+tan’ @ =sec’ @

(sec’ 3)3
=j- sec’ 0doO

3
%ec 7,

= gecﬂ J'r.:ﬂsﬂdf? =sinf@+c¢

sin @
= .cos@d + ¢c =tan @-
cos @

+ ¢
secd

=tan@- ] =+
\/l+tan“f9

X

V1+x°

x=tanéd

Question # 10

I - l ——dx
(1+x°) Tan 'x
Solution

Let .

l= -

-[ (1+x*) Tan 'x
= ]
Tan'x (1+x%)

Put r=Tan'x = dt= |

dx

dx

—dx
L+X
So 1=Hm =In|t|+c

= ]n‘ TH}I_II‘+L‘

Question # 11

I \/E dx

c% pakcity.orj %n
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Solution

Let I=I 1!%1";51’.1’

Put x=smn# = dx=cosfdfl

_( [1+smé&
So f_j\/l - cos6do

_‘J-\/l+§1n9 l|4+siné
| —sin @ I+51nr9

~ \/ 1-|-'-3|r16l
I | —sin” @

) \/(1+5in9)'

_-[ cos” @

.cos@déb

-cos @ db

-cos@dé

_( 1+sin@ _ ;
= | — - cos8d6 = [ (1+sin@)d6
=@—-cosf+c
. 0 : .1'251115
=9—\/l—sm“9+f |
| - . sin x=6
= Sin x—VJl—-x"+c
Question # 12
j smﬁ': 10
1+cos” @
Solution
sin @
Let 1= —do
|+cos” @
Put r=cosé@
= dt=—sinfdfé = —-dr=sinfdé
§6 T _dr,, __I dt
1+t 1+ 1
——tan_ t+c

=—tan"' (cos@)+c

Question # 13

j X
2 4
'\/EI - A

Solution

ax
Let I:I \/u:—x"‘ dx

X
:ﬂj — dx
"

Put 7=x"

dx

then t>=yx"

dt =2xdx
l

IJH

=> %drz.r-dr

So I=a

_a dt
2'[ a*—t’
_ Q. B dx . ,4X
_2Sm‘ (a]-l-f : I\/:—sm =
—%Sm_l(%]+f
Question # 14
J‘ dx
J?—ﬁr—xl
Solution

Let

& dx
!_I\/T—ﬁt'—tz
—I\/ t ‘4 6x— ?)

- ..
J- (¥ +20) @ +67 -3)*-7)

_IJ ((x+3)° —16)

'[\/16—~(.1'+3)3
Put r=x+3 = dx=dt

So [ = dt J'
J16—1 J(«ir—()—
:anhi[£]+c
. 3
= Sin 1(%]+c
Question # 15
j- COS X =
sinx-Insinx
Solution
Lot 1= S8 g
sin x-Insin x
COS X
- s
j.ln:-;inx SIN X o
Pit t=Insinx = df= _I -COS X dx
Sin x
So  I=[+di =In|t|+c
I

=]n‘ln5in1‘+c'
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Question # 16

Insin x
J COS X . dx
SIN X

Solution

Let [/ =I msx(ln.ﬁmx]dx

sin x
_J'lnﬂ;m,x cuclat
sin x
Put r=Insinx = di=——- cosxdx
sin x
No do yvourself
Question # 17
,[ Xdx
4+2x+x°
Solution
Let ‘{:j xXdx 1
442x+x"
I 2x dx
"2 x> 42x+4
+ing and —ing 2 in numerator.
5 f__ (2,1-1-2) 2 25
27 x*+2x+4
:lj( 12x+2 e 2 de
29\ x"+2x+4 x +2x+4
,[ 2x+2 g 1 2
"2 okt 27 X’ +2x+4
d
fa(‘ +2x+4) e
5] di—3
2 x*+2x+4 X +2x+1+43
~Lin| 420 a|-[— &
(x+l)1+(\/§)
:lln f-l—’?r-i-él‘—LTﬂn r—+l+(:
2 “ V3 J3
Question # 18
J4 'r,, dx
X +2x°+5
Solution
Let [ = [———5—dx
X +2x°+5

Put t=x" then 1> =x"

— %dr = Xdax
—dr 1

dt
So [= =— | =
Ir"+2r+5 2Ir*+2r+l+4

at = 2% dx

= 2df=[i—l]{bf

Jx

So I:I cost -2dt
= ZJCGSI dt
=2s8int+c

Questiﬂn# 20

Su!uhﬂﬂ

Let I:I

x+2

o

Put r=x+3 then r—-3=x
=% di=dx
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- AR —-2Vx+3+¢C

3| i

3
Question # 21
J' \E dx
SIN X+ COS X
Solution
Let !=_[ , \/5 dx
SIin X+ COS X
=I 1 dx
—=(sin x+cos x)
J2
=| 1 1 1 dx
——SIN X+ —~—=COS X
J2 J2
Put cmﬁ— 1 —s.in—jE
"4 [ T4
So I:J' - l - dx
Sin —4 +S1N X + COS 4 ‘COS X
:J l ax = sec[.r—ij dx
Ccos r—f *
S| X4
= xec[.r—%]+tan[x—%j +c

Question # 22
J‘ dx
! V3

—SIn X+ ——C0S X

2 2
Solution
dx
Let [I=
Il%in t-l—-ﬁCD'il‘
27 2
T 1 T 3
LDSE—E & 51n3— >
"=I dx
| COS o Sin x+sin Ecm‘. X
§ 3 Sinx+sin—co:
= dx :_[ CGHEC[I+%:] dx
; T :
sin| x+ =
‘Sll’l[l 3)
=In cnsec[.r+£j—cm[x+£) +c
3 3

% pakcity.org %:
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Exercise 3.4 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

Integration by Parts
[f « and v are function of x, then

I uv dx = uJ. vdx — I (I vdx) u’ dx

Question # 1

Evaluate the following integrals by
parts add a word representing all
the functions are defined.

(i) J.xﬁin.xdx
(iii) [xInx dx
(V) _[.1‘3 In x dx
(vii) jtan" x dx

u=Xx
Vy=s8Inx

(ii) [Inxdx

(iv) _[f In xdx
(vi) [x*Inxdx
(viii) jf sin x dx
(ix) _[.rz tan~ X dx (Xx) II tan~' x dx
(xi) _[.1'3 tan”' x dx
(x1ii) fsin" xdx

(XV) jE"' Sin xcos x dx

(x11) _[.3:3 COS X dx

(xiv) | x sin”' x dx

(xvi) | xsin xcos xdx

(xvii) I.rmsz X dx (xviii) j)f:q.in2 X dx

(x1x) '(111 x)*dx (xx)fln(tan x)sec” xdx

-
.« [XSIN X
(xx1) = dx

| — x°

Solution
(1) Let [ =I,r5'1n3;d1'

Integration by parts
[ =x-(—cosx) —~I(—ms.r) (1) dx

= —XCOS X+ I Ccos X dx

= —XCOSX+SInx+c

(i) Let fzjln xdx

u=Inx
=j‘1n,x-l{£t v=1
Integrating by parts
1
I=In A‘-,I‘—I,l‘-— dx
X
= .rln.r-:[zir
=xlnx—x+c
(iif) Let 7= [xInx dx
_ u=Inx
Integrating by parts V= x

X T 1
I=lnx——|—-
nx 5 5 th
z P
—ﬁlnx—l-j%:
-2 2 2
|

(iv) Do yourself
(v) Do yourself

(Vi) Do yourself

(vii) Let I=|tan"' x dx
: ]
| Hu=tan x
= | tan x-1dx v=1
Integrating by parts
E 1
[ = tan '.1'-.1:—_[,1:- —dx
l-l—x“
=xtan~ X ——_[
[+ x°
d
:xtan_'x——[ dx
2 | 4 x°
5 ] g
= X1ian II-—*EIH‘ l+x"+c
(viii) Let [ = I.rz sin x dx u=x
Integrating by parts PRy
I =x*(—cosx)— J (—cosx):2x dx
=—x’cosx+ ZI X COS X dx =X
Again ; . V=COSX
gain integrating by parts

[ =—x* cnsx+2(.r sinx—jsinx (1) dx)

=—x’cos x+ 2x sin x—2(—cos x) + ¢

& | s
=—x"cosx+2xsmnx+2cosx+c

: T N
(ix) Let [ —I.x tan  xdx ey
Integrating by parts y=x"
3 3
o X X 1
[ = tan '.1:-——[ : —dx
3 3 1+x°
o | 3
=‘—tan*',r——_[ ——dx
3 3914 x°
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3
X |
—-?tﬂ_ﬂ I—§I1d¥+——

3 x (1+I )

-
=—tan .1——+——_[ dx

3 6

3 By

1+ x?

~ 3 6

(x) Let [ =I.rtan‘[ xdx
Integrating by parts

=3 | | .
X——X+—tan x+cC

-2 Sl S
(xi) Let [ :j.x.ﬁ tan~' x dx

Integrating by parts

4 4
> : 1
I = tan 11._.1 |
-[4 l+_::“

Zﬂtﬁﬂ I——"—j
4

X ~1
=—tan X
4

1+ x°
| 2 I
= X" =1+
4'[( [+ x°

]dx
_.4_

i % .1'~—jl-_ffdx+£-v|'dx-—%f

= —tan

. X
tan 'A’——+—Eln‘l+f‘+c

i=tan Xx
V=X

Ans.

1+ x°

4

=2 tan™ A—lx—+1x—ltan x+c
4 43 4 4
—itan 1—r—3+1x—ltan 'x+c
4 12 47 4 .
(xi1) Do yourself as Question # 1(viii).
(xiii) 1= [sin”" xdx .
| —

:J. sin”' x-1 dx
Integrating by parts

- ]
I=sin"'x-x—|x- dx
R

_1
= xsin~' ,1'—_[(1 —x°) 2 (.1')(11‘

el l NS

= xsin .1+2I(I x“) 2 ( —2x)dx
e =] | 7 _E d _

= XSin I+EI(1—A) —(l X )a’.r

L
1 (-5 2

= Xxsin~ .I+— +C
.
2
1
5o 1 (1—x°)?
= XsSin  x+-— +C

=xsin" x+v1=x" +c

(xiv) Let [ =I.r sin”' x dx
Integrating by partq

[ =sin” x*——jz f
=~?1@1n A+2jmd1‘
_;qm_]x+%j ]—f;]dx
—;sm_] r+%j[ - }dx
Z—zfsm x+2f{ 1—x" — de
I

=—51n A+zjxfl—.1 fh——IJ:

n%pakcity.org?a
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Where 1, = [V1-xdx
Put x=sind = dx=cosfd8b
= I,=I\/I—5in19 cos@ dé

=I\JCDSEH cos@ db

1 1 |
2

'x+=I ——=sin"'x .....

=Ic053 8 dob =I(]+C§52€J

=~ [(1+cos26) a6

| g Sin 26‘}_(?

2 2

- 2sin 90&59}
6+ 5 +c

| — | — 1 —

Using value of /, in (1)
_Tr

2 2.2

-

5 1 |

x> . _ o =
=Z_gin" x+—sin  x+—xJ1—-x" +

2 -+ -+

A e 1 i l 2
— [="——sin" x——sin" x+—=xv1—-x> +

2 -4 +

(xv) Let [ :IE"' $in xcos x dx

| O
—EIE 281N XCOS X dx

6 +sin 6v1—sin> @ ]—H}

sin”! x+ xvV1—-x° ]ﬂ.‘

l

(1)

dé

X e 1117. _
[ = —sin ',1’+—~[—(51n ' x4+ x l—xz-l-c)]

|

—Esin_ X
2o
2
—lsin"x
2
1 ®
EL

— %I e sin2x dx -+ sin2x=2sin xcos x

Integrating by parts
1 [E"' —CoS82x __[ —C08 2X

=7 2 2

E'dei|

] iy ] L
=—— ¢" CcoS 2.r+zj.er cos 2x dx

4
Again integrating by parts

L .4 A« osin2x
f——EE CDSZA+4[E’ 5 I

SIn 2x
2

J

FSc-II /| Ex- 3.4 -3

ot e cos Zx-t-l & e
4 ‘ 4 2 2

=—l e’ cos 2x+l[€"' SmnZx —IJ+{.‘

e’ sin 2.?;]

4 - 2

1 . ] . ]
=——¢e'cos2x+—=€"'sin2x——1+c

A 8 4

| +%I :—% e' cos 2x+%e"‘ sin2x+c¢

S ] :—i e’ cU52x+lE'“ sin2x+c¢

I S 3
I

| 1 . 4
=——e'cos2x+—e*sin2x+—=c

- 5 10 5

(xvi) Let [ = stin.rms xdx

| s

:Efx-zsmxmmdx

U=Xx
=sinZx

| : s
=~§I,r-51n2,t dx

Integrating by parts
_ 1| [—cos2x ) f—cos2x
1= (5 (55 o

(xvii)Let I = J..ECUSE xdx

z‘l--r(l+cur:2x]dx
2
| .
_EII(HCGSZA)dr e
:%dex-t-%jxmslxdx V= cosix
x> 1] sin2x psin2x

=——4+—| X - (1
22 2['1 i (m}
:I_2+1I.Sin2_r—lj.giﬂ2xdr

4" 4 47
mx—z+lwl:-<;11*12?r:—l — TC
mx_2+lr-'§in21'+l{2ﬂ'§2x+£‘
T4 47T

(xviii) Let I = '[.xsinz X dx

a@pakcity.org %‘o
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_ —I[l—cgﬂx]dx

s jx(l—CDHQI) dx

H=Xx

=%I_1‘ d.l’—%-[.li CoS 2x dx V=C0S2x

Integrating by parts
L% 1 [
I=—— ——| x

_ sin 2.x _[ sin 2.x

2 2 2 2

(1) dx ]
xsin 2x+lfsin 2xdx
4

]

4

| | ({ —cos2x
E.rsmz.rJrE[ 5 )Jrr:

. |
xsin2x——cos2x+¢

1
4 8

(xix) Let I = [ (In x)"dx
=I(ln .x): 1 dx
Integrating hy parts

I=(Inx) 1—_[12 (Inx)- idr

= x(Inx)’ —2_[(][1}: ) dx
Again integrating by parts

VUG M [, (e
I =x(Inx) 2[1111 X Ix de}

* _2xIn ,1'+2Idx

"=2xInx+2x+c

(xx) Let I= Iln(tan x) sec” xdx
Integrating by parts

tan x - .sec” x dx

[ =In(tan x)- tan x —
. tan x

= tan xIn (tan x)— [ sec’ x dx

= tan xIn (tan x)—tan x+c

xsin ,1
...
/ U=Ss1m x
—x° |
| v

(x)dx =(1-+") 2
1-x*

(xxi) Let I =J'

- _[sin" 15

_ X 2\ ,
=2 sin”' x- (1-—-.1) (—2x) dx

Integrating by parts

I
2y 3t
!=——l= sin”~ .r-(l_'r )
2 —1+1
d 2 )
——1
_J(l—,r) ] e
_54_1 l—}fz _
.1 (I- x)
=7 sin”' x- T
L 2 )
1
. A-x)* 1
1 =
2 o
1 9 = I
:—E 2(1—x7)%sin” _1'—2_[ dx

=—J/l—x"sin”! x+ Idx:

=—Jl—=x"sin" x+x+c
—x—+1l=x'sin" x+c¢

-2x)

Question # 2
Evaluate the following integrals.

(1) _[tan‘"1 xdx (ii) jsec’" X dx
(111) ‘[E"sinz,r cosxdx  (iv) jtmﬁ X-secx dx
(V) Iffﬁ‘dl

(vii) _[ -cos 3xdx

(iv) ‘[t:an‘:L x-secx dx
(vi) _[e*""‘ sin 2xdx
(viii) Icnsec']xdr

Solution
(i) Let I= jtan*‘ xdx

:Jltanz.r-tﬂnj.l' dx
=Itan3,r(sec1x—l) dx
_ j(t;an2 xsec” Xx—tan” .1‘) dx
ZIIHHEIHECEIfﬁ—ItHHEI dx
y d 2 =
=Itan x— (tan x) dx—f(sec x—1) dx
dx

2+]

= tﬂ;;l’r—].s.ecz X dr+_|.(£r

|
=§tan3x—tan.x‘+.x+r

a@kcity.urg %o
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Again integrating by parts

‘e = e il u Sx
(11) Let [/ —_[.sec X dx i :éxiﬁ,ﬁ,f _;{Iz : 1?5 _JES '2*}‘.{&}
- J.(EECE x)-(sec” x) dx
. 7 2 :l‘xifﬁ'r —iIEESI +£ IE'SX dl‘
= | (I4+tan” x)-(sec” x) dx 5 25 25 '
= [ sec? x dx+ J' tan? xsec? x dx Again integrating by parts
* I , e 3 23X
,, I=—x¢e" ——Xx"¢
= tan x+j(tan x)‘i(tan x) dx d 25 5x 5
T +£{ L i‘.“m}
=tan x+ tar; v 25 S .
:l_,;-‘ i 3 2o 4 6 " E:s_t_i S d
o 5 25 125 125
(ii1) Let !=Ie sin 2x cos xdx | 1 '3e5'*—i I;;Eﬁ_._-_i_ixeﬁ.t‘_ 6 _f’h s
:lje"(zsin 2x cOS X) dx 5,,- 25 - rade
2 _E’hi(ﬁ 311+6r 6]+C
1 _ . Ty 87 Tt 18
:;Ie‘r(51n(2,r+.x)+sm(Zx—x))dx 2 : w2 18
| T . . s
=—Ie‘ (sin3x+sin x)dx (vi) Let = _[e tsin 2xdx .
7 | u=e
Integrating by parts V=8I 2X

=%I€" sin 3x dx+%f€‘ Sin x dx

I I . _ -z =COS2X p=COS2X _:, . 2
2511+EI: ********** (1) I=e 5 _[ 5 e (—1)dx
Where [, =_[€"' sin3xdx and /, = _[E'” sin x dx : 1
Solve I, and 1, as in Q # 1(xv) and put value of =% e CoS 2.,1:—§J'€""' cos 2x dx
I, and 1, in (i). Again integrating by parts
)i :_le—.t coS 2x_l|:g__; _ S 21‘
(iv) I = jtan3 x-secx dx 2 2 2
. [ sin 2&'. 1)
= |tan” x-tan x-secx dx _[ 5 C (=1) dx

af (F’ﬁch i l) ‘sec.xtanx dx = ﬁ%e"" COS 23:—%9"" Sin 2.r~%_[e"* Sin 2x dx

Put t=secx = dt=secxtanxdx l ] |

So I= j‘(r:’. —l)dr = I=—Ee ' cos 21‘—16“"' sin 2A’—Z!+c
=L e [+]=—=¢™ cos 2x—~&" sin 2x+¢
_gmH[ =5 2 23 Ccos 2x 46 sin 2x+ ¢

sec” x =5 2 I = L e 00‘521‘—13_"’ sin 2x+4+¢

=q—sec+r; 177 ARSI
= I=—%€_"' COS 21—%9_"’ sin 2.—1‘+§('
(v) Let I :f,r-‘ef“-*fa- u=x : §
Integrating b}; parts V= E-t — =—~§ E’_'r (2Cﬂ5 2.f‘|“ Sin 2.1‘) “1‘*3 L
I=x- e _[& 3xdx
5 .[ 5 (vit) Do vourself as above
:lxiﬁﬁ.t _é Ijt‘?ﬁjdx = If 1
S S v=e¢ (viii) I = _fcnser x dx A———
Y =cosec” X

D% pakcity.org %
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= J'cusec x-cosec’ x dx
Integrating by parts
I =cscx(—cotx) fj(—cnt x)(—cscxcotx)dx

e .
= —cosec xcot x— | cosec xcot™ x dx

u 7
= —CO0Sec xcot x— | cosec x(cnsec’ X— l) dx

" 3
=—CoSecxcotx— (L‘DSEC' X —COSEC I) dx

= —cosec xcot x— | cosec’ xdx+ Imsec xdx
= —cosec xcot x— I +In| cosec x—cot x|+ ¢
— [+ [ =-cosecxcotx+In ‘ cosec x—cot x[+ C

—= 21 =—cosec xcot .r+ln|cnsecx-cot .1:|+r:

| | |
= [ =——cscxcotx+=In|csc x—cotx|+=c

2 2 2

Question # 3
Show that
Ief” sin bx dx = 11 = e™ sin (b.r —tan” E) +c

Ja? + b a
Solution
Let T= [ ¢ sinbx dx u=e"

y=sin bx

Integrating by parts

ol COSDY cosbx ) . _
A S s

e™ cos b.x a ;
= — e cosbx dx

b b
Again integrating by parts

{Lx . .
e cosbx al| . sinbx psin bx L
[ =-— + . — I “adx
b b b b
ax 2
E CG‘Sb.]: ﬂ iy = (LY '
= p +—¢" sinbx e" sin bx dx
".I
_ e cosbx
b
a’ e““ coshx  a a . ,_
= I+—=1=- +—-¢" sinbx+c,
b~ b b-
bl _I_HZ m‘
= I =£_(~bcosbx+asinbx)+c
b b’ |

= (b +a*)1 =€ (asinbx—bcosbx)+bc,

Put a=rcos@ & b=rsiné
Squaring and adding

a>+b>=r’ (f:,:::ns1 @ +sin” 6’)

= a+b=r@) = F=\/ﬂ2+b2
Also
b rsin@ b
= —

a rcosé a

S0

(b‘+a )I " (rcos @sin bx —rsin @cos bx)
+b°c

(b“+n' )I " r(sin bxcos @ —cos bxsin 8)
+b’c,

= (ﬂ2+b1)f=e“"rsin(b.ru6‘)+b2r,*]

Putting value of » and &

(ff +bz)! =e“\a® +b* sin [bx—tan" g]*kb:r:,

= ] = \/{: _HT e™ sin [bﬁ:-tan" E]%— ,,bL —C
(a“+b") a) a +b°
I = ﬁl = ¢“ sin [b.r-—tan_] EJH#
Ja* +b? a
Where ¢ = jb- =
a +b
Question # 4
Evaluate the following indefinite integrals.
(i) j\/az—f dx i) [Va?—a® dx
(iii) [V4-5x" dx (iv) [V3-4x dx
(v) j«Jf +4 dx (vi) [x2e“dx
Solution
() Let I=[a’-x" dx WO o
7 ’, =1
=: I\/a“ -x"1dx '

Integrating by parts
|

I:\/ﬂj—f -x‘jl'-l az—f)_i
—r\[ﬂ - X" _I

(—2x) dx

(f—i)”




r

2 g
3 5 g =X 4|
—wa'—x —I - - | dx

|
2 2\2 2 2\2
\ /

=X\/ﬂ1—xz—j \/az—f dx-i—]\/ fz = dx
a —x-

= Iz,):\/aj—f e i

1
I\/az_xz ax

9 e e
=5 f+f:x\/ﬂ‘—,l’2 4+ Sin T S

7
o
— 2]=x\[a2 — x> +a’Sin 'E-l-c'
1 5, 1 |
o f—“l’\/ﬂ Sl T R B
25 2 a 2
Review
dx >
» I - - =1n .x-I-\/x“—aE +C
\/.r“—ﬂ"
dx \/ > 2
-I - 1:ln.1:+ X +a |+c
\/.t“Jra

U= \/IE = HE

v E— |

Gii)Let [ = [ VX —a® dx

=I\/x2 —a®1dx

Integrating by parts

I-rl—

Iszz—az-x—fI-l x*-a’ ) -(2x) dx
=i —a’ —J. |
(¥ ~a )"'
=x\/x1wa3—j f—ﬂzﬂf dx
f )

(- (e

=x\/.1'3 =g —~ \/f —d" g~
J

a
I\/xz_az dx
l
.[\/xz_ﬂz dx

X+t —d

— J=xNx*—-a?-I—-a*

F=ts !+I:.r\/f—aj—alln +C

=In .1:+\/x2 —a’

o dx
' I\/x:z_ﬂz

2 ) X' —a’ a’
Jr\/x"——a* —_[ + dx

+C

FSc-1I / Ex-3.4-7

— 21:.1‘\/,1[2—{13 —a’In JE+\/I2—H2 +.&
= I=yx -’fz—ﬂz—ilﬂ VP —a? it
=5 : .
i) Let  [=[v4-5x" dx
= [V4-52" 1 dx
Integrating by parts

|
Fii S Jxs L (4=5:2)2.(<10) dx

:J4—5f o X— —5x° —dXx

(4—5x7)
=\/4_ij - .[4 5.1 _4

(4-5x7)

( j \
=\4-5x° -x*'[ il e 4 - | dx

L(4=5x")2 (4-5x7)?)

[ A

: 23 4

=45 -,r—_[ (4—=5x7)% - - | dx

: (4-5x%)?

:J4—5.1:3-.x—].\/4—5x3dx+4.[\/ | = dx
4—-5x°

= I:J4—5I1-x—f+4f l dx

- 1+I=J4-5f-x+4]' l dx

5
= 20 =V4-5 x+7| 12 dx
RO

=J4—5x> x+i Sin”! [

v

2/;FJ+“'

g X
=Sin' =

".\/.{IE—X d

=’ r\/ﬂr 52 +— Sin™ —\E—{ +-l—c,
2\/5 2

a@ pakcity.org %n
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Z%\fﬁi—Sf +-2_Sin™ [\BX}+C

J5 2
Where ¢ =%C,
(1v) Same as above.
(v) Same as O # 4(ii)
Use I iﬁ = In‘ x+vVxi+4|+e
Vx© +4

(v1) Do vourself as Question # 2(v)

Important Formula
d

- (ax ST . 4 d d (y
Since -—(E f(.r))—e Ef(x)+f(.r)ae

i
=e“ f'(x)+ f(x)-e“(a)
=e“[af(x)+f'(x)]

On integrating

_[di(e”"'f(x)) dx = j‘E“" la f()+ f'(x)] dx
= e“ f(x) —f “laf(x)+ f(x)]dx

— je‘“[af(t)-t-f (x) ] dx=e™ f(x)+c

Question # 5
Evaluate the following integrals.

(1)_[ [ +1nx]d1 (11)_[ (cos x+sin x)dx

(iii) | e“| asec”™ x+ dx
I | xvx -1 |
Fapes = -
(i‘-”)J‘E’h 35111_.1: : C’DSAJJX
. sin” x
(v) dx (vi) dx
'[ (1+x)’ '[ (1+ r)
(vu}fe *(cos x—sin x)dx
;:-ndn I-r
(wu)j dx (ix) sz dx
| + );' | —sin x
(K)IE (H'l)d.x‘ (m)f[]_qu ¢ g
(2+x) 1—cosx
Solution

(i) Let [= j [—l—lnl]dr

=[e (mr+ J

Put f(x)=lnx = f’(,r)zi

So 1= [e"(f(x)+f(x))dx

=e' f(x)+¢c =e'lnx+c

[=[e(
j *(sin x+cos x)dx

Put f(x)=sinx = f(x)=cosx

So I= fe (f(0)+ f'(x))dx

(ii) Let COS X+ sin x) dx

=e' f(x)+c
=e' sinx+c
- 1
(iii) Let I=|e™|asec” x+ dx
I : xx =1 |
Put f(x)=sec'x = f'(x)= 11
xNx -1
So 1 =Je‘“[a FxX)+ f/(x)]dx
—E'mf(.l)‘kf
=e“sec” x+c
(iv) Let 1:[.?3"'(3”“5:““”}1.1:
sin” x
j- (351!11‘ cm.r]dr
sin~ x sin
o COS X
(3';1111* sin x - s'm.r]d'r

‘h

(3csc x—csc xcot x) dx

Put f(x)=cscx = f'(x)=—cscxcotx
=5, = fe'*"'(3_f(x)+ f'(x))dx
=&* f(x)+c

',‘.
=e ' csex+c

(v) Let 1=_[ **(—sin x+2cos x) dx
—I (2cos x—sin x)dx

Put f(x)=cosx = f(x)=-sinx

e (21 () + f'(x))dx




=e™ f(xX)+c
=e™ cosx+c
(vi)  Let I= I - dx
(1+x)°
_ (1+x—12€' o
(1+x)°
=_[ E"'_ l+x | |
(1+x)° (1+x)"

dx

[ 1 1
s X - fil
I : (1+x) (l+.r)3J

I 4
Put ) = =(1+x
ut, i) |+ x )

, 3 1
= — l 5 o i—
= f(x)=—(1+x) 27
So I=[e"(f(x)+f(x))dx
=e' f(x)+c

(vii) Let I= I (cosx—sin x)dx
_j ((—1)sin x+cos x) dx

Put f(x)=sinx = f'(x)=cosx
So I=[e™ ((=Df(x)+ f(x))dx

=e  f(x)+c
—¢ 'sinx+c
Emtun_l.t
(viii)  Let I=| — dx
l+ X°
_J' J'H[ﬂﬂ Ax
I+_1.
) I
Put t=tan" x = dt=——dx
|+ x°

So 1 =I£"”dr

mi

e
=—+C

m

| =]
— __pMmanTx .

m

Important Integral

FSc-11 / Ex-3.4-9

Let I=|tanxdx

* SIn X
J Cos X
Put t=cosx => di=-sinxdx
= —dt=-sinxdx

dx

So ] = j-—dr o dr
In|z]+c
=—In CDSA‘+C

-1
=1In cnsx‘ +cC  mlnx=Inx"

= In

+c¢ =In|secx|+c
COS X

=5 J'tan.xdrzln\secx\-l-(?

Similarly, we have

_[cmx drzln‘sin.1“+c

(ix) Let = J.]_qudr

2
:J- :1 ‘1+a}nx{h_
|—sinx l4sinx
J- 2 x(1+sin r)

1 —sin” x
- 2x+23.5m.1)dr

3

COS X

[ 2 x
—
‘' { cos® x

Z2X 2X8In x
= | —5—dx+| dx
COS™ X COS X-COS X

= ZI xsec’ x dx+ ZI_rsec.xtan xdx

[l

2xsin x
dx
COS” X

Integrating by parts
Ie= 2[.1‘-‘[311 x—jtan .r-ldx]
+2[.r—secx—jsec x(I)dx]
= Z[J:-tan x—In| secx]]
+2| x-secx—In|secx+tanx||+c

=2xtanx—2In|sec x|
+ 2xsec 1—21n|qﬂm+tan1|+c'

(x) Let I= .[ E(Z(j-_:;i) dx

:@ pakcity.org %”
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B / - \
=_[€ ek 1) I 25in%cns% |
(2.]_ 1)“ :.[ — E.’l d.r
( 244 1 25in2'—r' 25inIE
_Ie‘((z ')1—(2 ? Jdr X 2 2/
+x)° +x
i :_[ [lcmeczﬁ—cntf] e’ dx
=[e*(@+x)" - (2+x)7)dx - 2 2
Put f(X)=2+x)" = f(xX)=—2+x)" :_[ e’ [ CDt%+;CDEEﬂ ]dx
So !=I€"'(f(1‘)+f’(-l‘))fi1 X 5 X 1
- Put f(x)=—cot= = f'(x)= cosec’ = —
=e' f(x)+c | 2 2 2
=e"(2+x)" +c = _f’(x)z%msec %
e'
2 e So I= I (fO)+ f(x)
] _ =e" f(x)+c
(xi) Let Izj[l hmx]ﬁ"dx RAL
| —cosx . X
=¢'| —cot= |+¢C
( , X x) [ 2]
1—2sin=cos =
— 2 2 X d- X >
_j . e’ dx =—¢e*cot=+c.
2sin® 2 2
\ 2 J

n@p&kcity.org 9‘:
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o
‘;—}q.

X
Solution:
J- Ix + 1
:{:—x—fmd}"
_ [ 3x+ 1 dx
T Y X 3x+2x—6
' 3x + 1
= ) X (x=3)+2(x-3) dx
I 3x + 1
“ x+2)(x—3) &
Let
3x + 1 B A ; B |
x+2)x—3)  =x+2 'x—3 —W

Where A & B are constant of partial fractions which are to be determined.
Multiplying (x +2) (x — 3) on both sides in (1)

3x+1= A(x—3) +B(x+2) (2)
To find A
Put x+2=0
Xx=-21m(2)
3(-2)+1= A(-2-3)
-6+1 = A(-5)
-5 = -5A
A = _-:j
-5
A = 1
To lind B

st —_———



3(3)+1
0+ 1

X = 31n(2)
=B (3 +2)
= 5B

10
10
5

B =

From eq. (1)
3x + 1 B
(x+2)(x-3)
3%+ ]

j{x+zux—3d“

| | 3

—

x+2  x-3

dx J'
x+2

= nx+2[+2Inx-3|+c
S5x + 8

Q2 I(x+3}u«-1)d‘

Solution:

dx
X—3

Ans.

j SXx+8
(x+3)(2x-1) A

Let
5x + 8 A N B
(x +3)2x-1) x+3 2x-1
Where A & B are constant of partial fractions which are to be determined.
Multiplying (x + 3) (2x — 1) on both sides in (1)

(1)

S5x+8= A{(2x-1) +B(x +3) (2)
To find A
Put x+3=0
x=-31n(2)
5(=3)+8= A[2(-3)-1]
-15+8 = A(-6-1)
-7 = -TA
sl
A =3
A = 1
Totind B
Put 2x—1 =10
2x =1

a@pakcity.org %:




|
X = 5 In(2)
| |
5(_;]+3 —B(5 +3)
5 1+6
g T8 = B( > ]
5+ 16 7
2 =(§]B
21 7
) =2 B
21 2
2 X 7=8B
B = 3

Fromeq. (1)
5x + 8 | N 3
(x+3)(2x-1) x+3  2x-1

Integrate

- TJ‘ X—18
T R =-3)x+5)

dx

J‘51+3 {h._jdx ___;j’zdx
(x+3)(2x=1) “‘x+3 292x-1
3
- Inix+3[+5Mm2x-1|+c Ans.
j‘ﬁ+3x—34
Q.3 C+2x— 15 dx (Guj. Board 2006)
Solution:
If+3x—34 i
xX+2x-15 &
! x—19 ) I
—_— + ¥ A
'(_[ <rox-15) & x> +2x — 15/x> + 3x — 34
- j x-19 X, 2% 15
— S ; - -Sa - F
O 53— 15 &
x— 19
B _j x—19 d
- A X(x+5)-3(x+3) .

%pakcityﬂ%n



X+ 1 (1)

X—19
vT '[{x—'ﬂ}(x'*ﬂi &
Let
x— 19 A B
(x—3]{x+5}_x—3:—x+5 (2)
Where A & B are constant of potential fractions which are to be determined.
Multiplymng (x — 3) (x + 5) on both sides in (2)
X-19= A(x+5)+B(x-3) (3)
To find A
Put x-3=0
x = 3mn(3)
3-19=A(3+5)
-16=8 A
-16
RSy
A = -2
To find B
Put x+5= 0
X = -5 1n (3)
-5-19 = B(-5-3)
-24 = -8 B
~ 24
B = 3
B =3
From eq. (2)
x=19 _ =2 -
(X—=3}(X+3) H—=3 X+
Integrate
Xx— 19 dx dx
j(x—.!)(x+5) g% = 2'|-:-c.—3 _3Jx+5
I = 2In|x-3/+3Mm|x+5]| tc¢

From eq. (1)

= X—2In|x-3|+3ln|x+5|+c | Ans.

a@pakcit}rﬂ%ﬂ




04 j‘ (a-b)x

(x—a)(x—bh)
Solution:
(a-b)x
j(x—a}(x—b}d"
Let
(a — b)x A B
(x—a)(x—b) x-—a TX—b (1)
Where A & B are constant of partial fractions which are to be determimed.
Multiplying (x —a) (x — b) on both sides in (1)
(a—b)x = A(x—b)+B(x—a) (2)
To find A
Put x—a = 0
X = ain(2)
(a—b)a = A(a—-Db)
(a—b)ya
a—b X
A =a
To find B

Put Xx—-b =0

X = b mneq. (2)
(a—b)b = B(b-a)
(a—b)b

b-a B
~ —(b—-a)b
B = b—-a
B=-b
From eq. (1)
(a—Db) x __a_=b
(x—a)(x—b) ~ x-a x-—b
Integrate
(a—Db)x B dx dx
j(::: a) (x b)dx _ﬂ'[:f. a_b’[x b

= | alnjx—a|-bmhx—-b|+tc Ans.




5 I J—x 5
Q.3 1-x—6x
Solution:
3-x
jl—x—t‘axldx
- 3—X
= I ok rax—eld E
3—x
- a-meax(1-3x) &
B J' 3—x 4
(1+2x)(1-3x)
Let
3—-x A B
(1+2x)(1=3%x) 1+2x " 1-3x (1)

Where A and B are constant of partial fractions which are 10 be determined
Multiplying (1 + 2x) (1 — 3x) on both sides in (1)

3-x = A(l-3x)+B(l+2x) (2)
To find A
Put 1+2x =0
2x = -]
x = in(2)
_.1 _1'
= A[r—:{?)]
I 3
"‘"‘E _A(I-I_E;
6+1 2+ 30
> - AT
3 _ (é]
3 T~ g
7x 2
IxS§ A




To find B

Put | -3x=0
x =
1,
X = 3 1In (2)

L

|

|

o
T,

_|_

I~J
.l"'-'._‘-\""..
U2 |
I-\..\_‘_._'_._._;'
e S

Q — 2
3 =B(l+3l]
8 B (3+2]
3 = Bil 3
] 5
3 h 3]B
8 3
3 5= B
B_E

5

Fromeq. (1)

7 8
I-x B 5 . 5
(1+2x)(1-3x) 1+2x 1-3x

Integrate

3J—x 7 dx 8 dx
j(1+2}~~:)(‘ — 3x) dx = 5 J-lJerlx +5 ‘[1—3:-{

7 [ 2dx 8 J’—a
|

= 52d1+2x "5x3 1 _3x X
= il Jif=2 El | =3x |+ A
- 10 n | .}<:|—5 n|l—3x|+c ns.
I 2x
Q-ﬁ xz_azdx
Solution:
2
j 1x:d}{
X" —a

2X
(x+a)(x—a)

||
C———y

dx



Let
2% __A 4 B
(x+a)(x—a) XTa x-—a
Where A and B are constant of partial fractions which are to be determined
Multiplying (x +a) (x —a) on both sides in (1)

(1)

Zx = A(x—-a)+B((x+a) (2)
To find A
Put %+38 =
X = —a In(2)
2(—a)= A(-a-—a)
—2a = 2a A
—2a
A ~ Da
| A =1
To find B
Put x-a =
X = a n(2)
2a = B(a+a)
2a = 2aB
24
B T 2a
| Be= 1}
From eq. (1)
2x i ]
(x+a)(x—a) Xx+a x-a
Integrate
2X dx dx
JA{:-:Jrn_}(:va-.zl) dx = Xx+a -l_'l‘x-a
= Imjx+al+mjx—al|+c Ans.
7 I : d
Q- 6x" —S5x —4 A
Solution:

J’ 1
6x- — 5x _4dx



’ |
; ; x2+8}{—3x—4dx
|
T 2x(3x+4)-1(3x+4) ax
|
- J{2x—1_;{3x+4)d“

Let
| A . B {
(@x= 3 Bx+4d) 2x=]  3Ix+4d ¥ 7] (1)
Where A and B are constant of partial fractions which are to be determined.
Multiplying (2x — 1) (3x + 4) on both sides in (1)
| = AGBx+t4)+B(2x—1) (2)
To find A
Put 2x-1 =0
2x =1
]
X =3 in eq. (2)
(= afled)
= A 5
3+ 8
BINCS
2 = A(11)
)
T
To find B
Put  3x+4 =0
3x = -4
—4
X = 3 ncq. (2)
—4
1 =B[2 [3—)— | ]
l = B (_—E I
— i



e 3
11
From eq. (1)
2 —3
i __ 1
2x-1)3x+4) 2x-1 3x+4
J‘ dx 1 [2dx 1 3
2x- 1) Gx+4) 11 72x-1 711 3x+4 ¥
|
= ﬁ.’nEZx—l|—ﬁc’n[3:{+4|+c Ans.
2 = 3x’ = x =7
Q3 2 -3x-2 &
Solution:
jEx"—Ex:—x—?_] X
2x-3x-2 O 2P 3x =242 - 3P —x— 7
X —7 jﬂ- 2 o)
h _I.(x+h:_h_2)dx Bk sl -t
X—7
. X—17
- 'l-xdxﬂhj-ﬂ:{:—ﬂrerx—E dx
I S
; 2 2x(x — 2)+ 1(x — 2) A
R x-7
B 2 2x+ 1) (x-2) &
I S .
= 5 (1)
Where
I X—17
] T 2+ D) (x-2) Ux
x=7 A B ,
2x+ (x-2)  2x+1 x-2 (2)

Where A & B are constant of partial fractions which are to be determined.
Multiplymg (2x + 1) (x — 2) on both sides in (2)



x—7 = Ax—2)+B(
To find A
Put 2x +1 = 0
2x = -]
X =i

—1-14
— = A

27 - a3

2x + 1) (3)

— 15 -3
7 " “(?]
1§ -2
2 3 T A
A= 3
To find B
Put x-2= 0
X = 21n(3)
2-7 = B[2(2)+ 1]
-5 = B@d+1)
5 = 5B
_ =
H 5
B = -1
Fromeq. (2)
X -7 B 3 4 —1
(2x + 1)(x - 2) 2x+1 x-2
j x—7 dx 3.[ 2dx J-dx
(2x + 1) (x — 2x+ 1 x-2
3 .
= | 5Mm2x+1|- m[x-2|+c

3Ix*—12x+ 11

0s |

Solution:

G- (x-2)x-3) B

n@ pakcity.org %o
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j 3x*— 12x + 11 ;
(x=1)(x=2)(x=3)™
3x2 = 12x + 11 A B ¢

k=D E-)x=3) x—-1 "%x-2 "x-3 (1)

Let

Where A, B and C are constant of partial fractions which are to be determined.

Multiplying (x — 1) (x — 2) (x — 3) on both sides in (1)

X - 12x+11 = Ax-2)x-3N+BE-DE-3)+Cx-DE-2)—(2)
To find A

Put x-1= 0

x = 1 m(2)
=12 ()+11 = A -=2)(1-3)
3-12+11 = A(-1)(-2)
2 = DA
A =1

To find B
Put x-2=0
Xx = 2 m(2)
327 —12(2)+11= B2-1)(2-3)

3(4)-24+11 = B(1)(-1)
12-24+11 = —B
-1 = —B
B =1
To tind C
Fromeq. (1)
3x° = 12x + 11 ! 1 1

K—Dx-2)x-3) x-1 x-2 " x-3
Integrate

I —I12x + 11 dx _j dx J‘dx !de
x—1)x-2)(x-3) *x-1" |



Inix=1|+ njx-2|+m|x-3 + ¢

Ans.

2x -1
&R0 Ix(x-l)(x—s)d"
Solution:
2x -1
j - 1) (x—3) X
Let
2x — 1 A 3 B " & (1)
x(x—1)(x—3) x x-1 x-3
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying x(x — 1) (x — 3) on both sides in (1)
2x—-1= Ax-1)(x-3)+Bx(x—-3)+Cx(x—-1)——H2)
To find A
Pt x = 0 mneq(2)
200)0-1 = A(0-1)(0-13)
—-1= Al-1){=3)
-1= 3A
—1
A=3
To find B
Put x-1= 0
X =1 m(2)
2(1)-1 = B(1)(1-3)
2—-1 = B(=2)
I = -2B
=]
B= 73
To find C
Put x-3 =0
X = 3 1n(2)
23)-1 = C3)(3-1)
- = C(3)(2)
5 = 6C



_|_
x—1 X—3

Int . ,[ — d —i.‘ld_x l.‘. = +§I
ntegrate x(x — 1) (x = 3) X T3 x 2 x—-1 6

)
-
|
4]
|
=R RV,

dx
X—23

5
_T?n Xl=5 Mn|x- l[-’—afn x—-3] +c¢ Ans.

—

Sx" +9x+6
&A1 I(f— ) 2x+3) &

Solution:
j §x3+9x+ﬁ
(x“—1)(2x + 3)
_ J 5"+ 9x + 6 4o
(x+1)(x-1)(2x + 3)

dx

Let
Sx+9x+6 A B _C )
(x+D(x-1)2x+3) x+1 x-1  2x+3
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (x + 1) (x — 1) (2x + 3) on both sides in (1)
Sx+9x +6 = A(x—1)(2x +3)+ B (x + D2x+3)+Cx-1)(x-1)—(2)
To find A
Pt x +1 =0
X = 1 1n(2)
S(=1)Y +9(-1)+6= A(-1-1)(-2+3)
5-9+6 = A(=2)X1)
2 = =2A
2
"=
A= -1
To find B
Put  x-—1 =0

X = 1 in(2)



51 +9(1)+ 6 =

B(+1)(2+3)

5+494+6 = B(2)(5)
20 = 108
20
B =70
B = 2
To find C
Put 2x+3 =0
2 = =3
_ =3 .
% = "3 in(2)
= 3Y =3 = =
5L2)+9(2 e - ==C£2-+[ 5~ 1
9\ 27 ~3+2) (-3-2
5(4)_2 £ Z:C( B > }
45 27 ) (ﬁ'-l)[—ﬁ)
s 2 70 =CG)7
45 — 54 + 24 5
4 = 4
15 4
g =K
C =3
Fromeq. (1)
5’ + 9x + 6 _-1 2 3
4+ Y E-1)2%+3) x+1 " x-1 "2%43

Integrate
I 5x° +9x + 6
(Xx+ 1)(x—=1)(2x + 3)

4+ 7x
Q.12 I[I+x}1(2+3x} X

Solution:

d'n:

x=-];

. j dx _g[ i;d“

3
= | In|x+1|+2n [x - ]|+§c’n 2x+ 3| + ¢

Ans.



J 4+ 7x

(0 +x)7 2+ 3%
Let
4+ Tx A B C L
C+30( 4% 2+3x T1+x T +x)7 (1)
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (2 + 3:-;) (1 + x)* on both sides in (1)
4+T7x = A(l+4 x) + B(2 + 3x) (1 +X) FC{?+3:{}—{?)
44+7x= A(1+x"+2x)+B(2+5x+3x")+2C + 3Cx
4+7x = (A+3B)x"+(2A+5B+30C)x +(A+2B+20)—— (3)
To find A
Put 2 +3x= 10
Ix= =2
X = —:TZ in (3)
4+T(?2J=A(l—%}:
14 3-2Y
=g = P‘( 3 ]
12— 14 1Y
3 A-E)
—2 1
3 —3A
—-2x9
3 = A
A = =6
To find C
Put | == B
x = —lin(2)
4+7(-1) = C2-3)
4-7 = C(-1)
-3 = =C
C =3

To find B comparing the coefficient of x* in (3)
A+3B =0



Definite Integral
Let _[f(.x)dr = @(x)+c

b
Then [ f(x)dx=|p(x)|,

=@(b)—¢(a)
Also

o iif (x) dx = —T f(x) dx
a b

e j;f(r) dx = j f(x) dx+ j[ f(x) dx

where a<c<b

Evaluate the following definite integrals:
Question # 1

j. (f +1 ) dx
Sﬂluric;n

-

I(f+l)dx

|

=jf dx+_[dr
| |

;]

X

3

D toq 29
3 3 3

Question # 2

i1
I[ﬂ —1—1}&:
il

Solution

(o)

= I.x3flt:+ J- dx
] 3

[l
|
_|_
=
_—
1
F O
o "
|
%Y Ryt
, N
_|_
A
)
I
s

I
+1

-
Lad | e

+ %[

3 |

| b=

Exercise 3.6 (Solutions)rageiss
Calculus and Analvtic Geometrv. MATHEMATICS 12

Question # 3
0

1 :
;[(23'—])2 clx

Solution
0

dx

2):—1)::1

I-2

t.—..:...-"""‘-.

(2x- 1)_3 dx

2

(21_1)—2+|
(=2+1):2

0

I

(2x-1)" n

(-1 2

2

(2000-1)"  (2(-2)-1)

I

-3 -
C(0-1)" (—4-1)"
T = D
_ (1) _(—5)_I

D -5

] I
(-2)(-1) (=2)(-5)

112
2 10 5

Question # 4
J\/B—..rdx
—6
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Solution

I

] (z@:)i y
) \/(2\/5—1)5 1

5 S

Question # 6
Js

j xvx*—1dx

2

Solution

NE

va‘ £ =1dx

s

R

L |

(ad | —

_1
3
1_
=-|8
3L

Question # 7

X
'ff+2

Solution

_3\/5]

dx

xX“+2




Question # 8

E

Solution

2

Question # 9
|

=
Solution

— —

_%j] (xj A+ l)

d

) dx
(3«

Il

R L i 1© [, S—

-2

5
%+

X dk’+il‘_2 dx—Z}fh'
2 2

Now do vourself

j (x+%j\/f +x+1 dx

[x%-%}ff +x+1 dx

X TXT

' [2x+1 i ax

fod | =

(2x+1) dx

5 d
=— (‘r3+x+1)3 (2x+1) dx
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Question # 10

2

I dx
”xz+9
Solution
i- dx =i- dx
Uf+9 UJI:24~3n2
] 1'3
12 -1 A
= 3Tan 3|,
1 a3 _ 1. 0
3Tfm [3] 3}""z.arn [?)
1

Question # 11

7
_[ cos tdt

7

Solution Do yourself

Question # 12
|

I [_1_-_,_l_JE [l— ldex
| . X

Solution Do yourself

Il
|
-
b
+
-
+

b | tad

—(D?+ D +1)

—(1-1+1)2

} =%[3\/§~—1]

b | Lad

Question # 13
5
jln X dx
Sﬂiﬂ!ﬁln
Let I:IIHI dx :]l]n.l:*l dx
| 1

Integrating by parts

2
Iz—j,r-—]—_dx
|

I:‘Inx-.::
X

=| xlnx

)
T—Idx
|

(2:In2-1-In1)—| x|
(2-In2-1-(0))—(2-1)



FSc-1I /| Ex- 3.6 - 4

=(2:In2-0)—1=2In2-1
Question # 14

)
[
|
[ o

e

X
:2&': +2|e

1/2 . }/2 0 0

[l
{
I

|l
)
N
|
41
=
e
b
—
I:.i"::‘tl
I
R
=
S—

|
(]
Y
™
|
_+_
o |
|
b
|
2
A,
™
_|_
o |
|
2
N o

_ [ E+1=2¢) _ 2(&-’—1)3
e e
Question # 15
7 .
I casﬂ+sln9d9
cos20+1
Solution

b3
f cosé@+siné

Let =
R cos 26 +1

dé

¥4

“f cos@+sin @
2cos’ @

4 | +cos 26
> co8 8= =

 d—

dé

0

[ cos @ o sm? ]dﬁ
2cos> @ 2cos” @

¥/ 3
10+ f sin @
2cn~;9 2cos @ -cosé

T/ T
N/ N/
=5'[[ secl d@+— 5 I;[ sec@tan @ dé

7
g
:
=1

de

=é‘ In| sec &+ tan 8| ‘:A +%] secﬁ‘fi

=%[ln

sec%+ tan % ! —1In | sec(0) + tan(0) |]

2\ "4
1
5(\/5—1)

|
(In|V2+1 —0)%(\/5“1)
(ln \EH +\/§—l) Ans.

Question # 16

7
I cos’ 8 dé

0

+ l[sec & sec((})}

In|V2+1|-In[1+0])+

ok
2
L
2
-
2

Solution
% %
_[ cos 0 df = I cos~ @-cos@ dé

fy 0
- J (l—%m H)tzmﬁ do

% 7

- J' cos 6 d6— f sin® @cos 6 d6

/6
:I ginﬁ‘? - I Sin” 9{—!11119 dé
0

de
. 3 %
=[51n£-5in(0}]—- By
0

6 3

(1 ol 3 Z _

—[2 U) 3[51n 2 sin (U)]
I (TR

-2 3([2} (0}]

Loy 11
2 3(8 2 24 24
Question # 17

VA
_[ cos” @-cot” @ de

7

Solution




% )
j cos>@-cot’ 8 db
7%
A
= I cos” ﬁ(cmsecz Er'—l) d6
7%
% o)
= _[ (cmﬁ‘ 0 cosec’ @ —cos’ 6') dé
e
74 1
) 2
— I(ms 60— G0 H)dﬁ
’7 sin” &
6
i/ o/
= jcmza da—f cos’> 6 d6
77 s
7 7
—j cosec’ @ — 1 dé — I[IJFCGM;J do
‘% o/ '?V 74
=jcsc39d9—jd9— jde— IcmZHdé‘
7% % A A
W/ 34 1 511129%
=‘—cat9‘iy—§]‘ o= =
6 % %
5 Z\_3)o%
—[ c:::t4+cm6] 2‘6‘]%
1 sin 2 %) 5.1112(/6)\1
B AN
\ J
{ N\
DR L
2.4 H) 2|2 2
. J
| 3wy 1[1 B
(‘”‘/5)‘5[5}5[5‘?}
’ ¥ 1.43 _ S 95 »
=—1+4/3 ot 4+8\f <
_9\/5—1[}—:&?
i 8
Question # 18
v

J cos” 1 dt

0
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Solution
% ¥ .
I cos'tdt = I (msz f) dt
0 0

(1+CDSQIJ

[l+2cm2£+cm 23‘J

dt

g
7
.
i%

= I(l-l—ZcmZHcm ZI)d

1 1+2cos2t+

1 + cos 4+
> )dr

Eﬁi\ :'___"-h-

dt

l [2+4CD'§2I+1+CDH4I]
4

—

(3+4cos2t+cos4t)dt

4

0

1
3

::*——-;R -

| sin 2t sin 4t
=—|3t+4 +

- i 4
/

:l [ ]4—29“’12(?) qln4(jy)

\

~3(0)—2sin 2(0)—5“14(0)1

4
1( 37 0 0 1( 37
—g[?+2+z—0—0—1] hg[T-FZ]

_1(37z+8) _37+38
Bl 2 il

Question # 19

A
j cos” @sin @ do

0
Solution

7
let 1= I cos’ @sin@ d@

0
Put t=cosf@ = dt=-siné db

—dt =sin @ dé
When € =0 then t=1
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And when 6?:% then rz%

be
So I= jﬁ(—dr)
|
=—?r1dr __|L f
I 3 |
[ 3 h
) oy =_(_Zg_1]
3 3 3 3
\ y

i) -5 &

Question # 20
7%

_[ (1-1—;:{152 H) tan” @ d6

= g
sin” @

— (l+c0515) — d6

+sin’ EJ do

- T(mrﬁ;9+s;in2 9) do
(0

[secj -1+ I—cgs%)) de

7
!
74
J 2

4 Vi B
[25&{: 6—2+1 cnsZB]dH

R/
— I (25:’:’:(:1 B—I—CGSZS') do

2
A

()
()

sin 26

]
2tan @ —6— >

"2

sin 2
2 tan(0) + 0+ — 2(0)J

- (2(1)—£-l—2(0)+0+0

4
_1(3_z) _1(6-7) _6-x
“2la 4) 2% 4 8

Question # 21

7
.[ sec @ 10
! siné@+cosé

Solution

sec &

Let I =
¢ sin@+cosé

de

sec @ 10

msf?[ sin g +]J
cos @

SNEEEN

7
sec” @

dé
(tan&+1)

3'—-—;;\:3‘

Put r=tan@+1 = dt=sec”0dO
When x=0 then =1

Also when ,rzg then =2

dr

So !=_[

I I
=|lnff
=In2—-Inl =In2-0 =In2

Review
gx) : a<sx<bh
If =
e {h(x) : bsx=<c
Then

C b ¢
If(x) dx :j‘g(x) +j'h'(x)
a a b

Question # 22

q

=

ﬂx—?y\dr
e



Solution
5
Let [=||x—3|dx
Since _

‘ -3f‘{ x—3
L —(x-3)

5 3 3
So [|x=3]dx= [ [-(x=3)] dx+ | (x=3) dx
-1 -1 3

if x-320 = x23

if x—3<0 = x<3

:—]i (x-3) i::r'.:!r+jE (x-3) dx

”323 h325
__|e=3[ | |e-3

2 2

—1 3

__[(6=3 _1-3?),(6-3 (-3’
2 P ? E

__(0_16) (4_0) _ -
— [2 ) (2 2} =8+2 =10
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27 125 91\ 91
“{3"’24] 3[24] "8

Question # 23

‘i_ [.1:%-1-2]2{&
K

Solution

Let I=

|
Put t=x3+2

Lad | B2

=3 dr:l.ruﬁdx — 3dt=x 3dx

3

|
When I_ﬁ then I—E
=

And when x=1 then 3

3
So I=| (1) 3dt =3|=
5 *ly
(

> n 2%
373

Question # 24
3 .95 —1
x° =2 .
'1[ x+1 ax x+1)x3—2
Solution B 5 TX
—x=2
3 —
I'rl_zdx +x+l
1 x+1 =]
0 1
=I[_r~l——~] dx
1 x+1
3 3 3
' ' r dx
:_!.xdr—_!.dx—'!'_wl
5 13
£
=|=| —lxl; =[] x+1]
1

32 12
(35 JFe-0-Gnp-mpa

2
:[%_%J—(z)—(hm—ln 2)

=2—-In2

Questinu # 25
_[ 3x% —2x+1

1+I)I

Saiunmz
3x? —2x+1

(x—l)(x2+1)

x> —2x+1

dx

Il

1 ey, R e

| LI

= dx
X —x +x-1

dis 2
£ (=gt g
dl'(r X TX )dl

3 7
X —=x"+x-1

[l
Pl Cmm—

3

ln‘f—.xz-i-x—l
2

—1In 33—32+3—1‘-—ln|23-—22+2—-1|
=In|27-9+3-1|-In|8—4+2-1]
20

= In—
"7

=In20—1In5 =In4
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Question # 26

1/

T sin x—1

— dx
| COS” X

Solution
7 74

COS X COS X COS X

0 0

Sin x I
= I — | dx
COS X - COS 'l' COS™ X

,z:i

2
I (secxtan X—sec x) dx
()

T
SseCx—tan x ‘”A'

Il

/
=( secZ - tan E) —(sec(0) —tan(0))
R S

=2-1-1+0 =2-

Question # 27

f'am.x—l Jl[qmuxf 12 ]d‘c

|
4—t |
So I=]| — [——dr]

I

1 4 1
e = dt

32[[:}5 rlJ

Lbl o8 i
=+§'1[ 4t = —t- |dt

Now do yourself

I—ﬂm 5 4
=_[ dx
: 1+:-,1nr l—sinx

_[ I—qu Il—qm X
| —sin” COS™ X

N(}W same as Question # 24

Question # 28
|

3x
dx
{ V4-3x

Solution

Let I:_I[

3x &
y V4—3x
Put 1=4-3x = 3x=4-t
Also dt=-3dx = -ldr=d.::

3
When x=0 then r=4
And when x=1 then r=1

dx

Question # 29

/3
f * C;E' .r' dx
7/ sin x( 2+ sin x)
Solution
7 |
Lot 1= [ et

sin x(2+ sin x)
6

Put r=sinx = dt=cosxdx

7 | cépak(:ltyo_rgga When x= 3 % then r_%
J

When .1—% then =1

; t1(2+1)

Now consider
1 A B

—

t(2+1) e
= 1=A(2+t)+Bt ...... (i)
Put r=0 1 (1)

1= A2+0)+B0) = 1=24 = A=%

Put 2+71=0= r=-2 ineq. (i)

[=B+BED = 1=-08 = B=——

S0 1 / /

t(2+1) 1 e

- /-][/r(2+r) ;4 iz_i ds
2 I .1'3 I Zl
IJ;? ;ﬁ dt
2\ /L E|1n\2+af\|/




1 1
=§[1n\1\-1n EH

1 1] ]
—E[m 2+1|—In 2+5‘_
L[ 1] 1 5
=—| 0-In— |-=| In3-1n=
2_0 lnz} z[lnb 1112_
1| | 5
_E_—lﬂ§—1ﬂ3+lﬂ'§jl
\
L [ 2 ME
=—1 ——In| =
2 x3| 23
52 S
Question # 30
T
I_’f sin x dx
) (1+cos.x)(2+cosx)
Solution
7
[ ot !_T sin x dx
(1+cosx)(2+cos x)

0
Put t=cosx = dt=-sinxdx

= —dt=sinxdx
When x=0 then r=1

And when x= L3 then t=0

FSc-11 /| Ex-3.6-9

Now consider
| A B

(l+r)(2+r)=l+r+2+r
= 1=AQ2+1)+B(1+1) ... (D)
Put 1+7r=0 = r=-11in(1)

1=A(2-1)+0 = A=l
Put 2+1=0 = t=-21n(1)

1=0+B(1-2) = 1=-B

l.e. B=-1

2
() —d
- ‘r:!(m)(;m
¢ d ¢ d
='!(1+;)(fz+r) =£(l+r)(r2+r)

So
1 |

—1

\

(1+r)(2+r):l+r+2+r

|

I 1 ¢ 1 1
;[(]+r)(2+r) dr:;[l_ﬂ dr_-"’l-w a
=|n|1+1]|, =| | 2+1||,

=(In[1+1|-In|1+0])

—(In|2+1|-In|2+0|)

=In2-0-In3+1In2
3\
:m(ﬁ :.n(ij
S 4 3

c% pakcity.org §
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Exercise 3.7 (Solutions) rage#167
Calculus and Analytic Geometry, MATHEMATICS 12

Example 4
Find the area bounded by the curve

f(x) = ¥ =2x"+1
and the x-axis in the first quadrant.

Solution
Put f(x) =0

= ¥ =2x¢l =0
By synthetic division

1|1 2 0 1
L & =& o]
1 -1 [0
= (x=D&x*=x=1) =0
= x-1=0 or x*—x-1=0
_ (D) —4a)-1)

== X =] or x >0

C1+V1+44 1245
- 2 2
1++/5

2
Since we are taking area in the first quad. only

1++/5 [—+/5

2 2

Thus the curve cuts the x-axis at x=1,

»~ e, as 1t 1s

1ignoring
—1ve.

l+\f5——

2

Since f(x)=0 whenever xe |0,1]

14:4/5 |
>

Intervals in 1* quad. are [0,1] & |1,

and f(x)<0 whenever xe| I,

I
. Areain 1 quad. = I(f—?f +l)dx
0
.1’4 3 |

.
LI
g “3 77

F1 2

— l Sq. unit
= 55 sq.

|

0

Il

Solution

2
y=x"+1 . =110 x=2

y>0 whenever xe|[l,2]

)
Area = J'(f +1)dx

1
) 2
J.xzd.r +Idx
1 1

.

I3 2
3 +‘ X |1

|l
""q\
—
2
o
il
I
L
—
S
fabd
N —
+
—
I~
l
[
e

1
S W o
| oo

|
2 | —
R

_|_

i

[
L |~
.+_
—
| :
o
-
| -
o
=

Question # 1
Find the area between the x-asis and the curve

y = x"+I from x=1to x=2.

Question # 2
Find the area above the x-asis and under the

g
curve y = 3—x" from x=-1to x=2.
Solution

y=5-x> ; x=-1tox=2

y>0 whenever xe (—1,2)

2
Area = I(S—.rj )dx
i)

= e ]

= |5k 3 .

- ”5(2)_(2)-‘ B 5(_1)_(—1)3
B b 3 A

(o5

22 [ 14) 22 14
el — +

3 3 3 3
= ? = 12 sq. unit

Question # 3
Find the area below the curve y = 3x
and above the x-axis between x=1 to x=4.
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Solution
y=3\/; . x=1to x=4
Since y >0 when xe [1,4]

j3\/; dx

s Area

Tzﬁ dx 3jx5dx

-
o

|
%)

|
%!

3 4 4 3
1{(4}3—0)3} = 2[@%?—!}

= 2(8-1) = 14 sq. unit

Question # 4
Find the area bounded by cos function from
T

x=-2 to x=2
2 2

Solution

T
Yy=€C08X ;: X=——10 )::=*F2~

y>0 whenever xe (—E E)

2!
s, Area = I cos xdx

—%
= |-;1nx 7
= 8in E] %m[ ]
2
= 1+1 = 2 sq.unit
Question # 5
Find the area between the x-asis and the curve
y = 4x—x"
Solution
y = 4x—x"
Putting y =0, we have
dx-x* =0

= x(4-x) =0
= y=0a x=4

Now y>0 when xe(0,4)

4

-, Area = f(4x—x2)dr

0

4

4x* X ’ x
= — = |2X" ——
2 3 ’ 3 5
/ 3 3
- 2(4)3_ﬂJ_(2(0)2 _Or
: 3 3
. [zz-ijj (0-0)
e Sq. unit.

Question # 6

Determine the area bounded by the parabola

y = x° +2x-3 and the x-axis.

Solution

y = x*+2x-3

Putting y = 0,

we have

¥ +2x-3=0

x(x+3)-
(x+3)(x

R R VR

x> +3x—x-—
1(.1:+3) = 0
_1) - 0

r==3% pr 2]

2=0

Now y<0 whenever IE[—3,1]

I

. Area = —_[(x2+2x—3)dx

-3

3
X

2x° |
4 —3x

3

3
X

3

—| =+x"-3x

°

|

= [“) +(1)? —3(I)J

[
i

5

_3)~

3

+1—3] [?+9+9]

S

+(=3)° —3(—3)}

—[—§]+(—9+18)

= =+9= D4 Sq. unit

3

3



Question # 7

Find the area bounded by the curve y = x* +1,

the x-axis and line x= 2.
Solution

y = x +]
Putting y =0, we have

©+1=0
= (x+1)(.r2—.r+1) =0
= x+1=0 or x*—-x+1=0

REN ST
B 2(1)

1+1-4
7
1+/-3
2

Which is not possible.
Now y>0 when xe[-1,2]

=5 Xx==]1 oOor x

— X=

AT = jl(fﬂ)ir

—1

| S

4

1

‘b--
")
v

I
ol
—
L‘J‘%
=
+
I
e Jf
| l
< %
|
L.|‘__‘
—
I
|
o

Il
N
41"@
._I._
]
g
|
P .
A
|

Il
@)}
I
|
Il
N
i
-
=
=

Question # 8
Find the area bounded by the curve

y = x —2x+4 and the x-axis.
Solution

y = 2544 x=1
Putting y =0, we have
x’=2x+4 =0

By synthetic division
2|11 0 -2 4

l -2 4 -4

1 -2 2 [0

= (x+2)(¥*-2x+2) = 0

= x+2=0 or x*-2x+2 =0

FSc-1I / Ex- 3.7 - 3

252 -4

2
2+./4-8
2
2++/—4
2

This is imaginary.
Now y>0 when xe[-2,1]

1
;. Area = I (f—241:+4)a{r
2

l
ey

.tad.r—Ej. xd_t,'+4JL dx

| 5l
B £ " 2

4 2
i el

= —_—

(@ 2 (D 2
4 - 2 2

+4(1-(-2))

1 16 1 4
Z—EJ—Z[E—E}%(IJ&)

Question #9
Find the area between the curve

Solution
y = x —4x
Putting v =0, we have
X —4x =0

=> x(.rz—-f-‘l) = ()
= x(x+2)(x-2) =0

—z . x =0 o =2 or F=2
Now y=>0 whenever xe[-2.0]
And y<0 whenever xe|0,2]

0 2
s Afea = j}-‘dr—_[ydx
-2 §]
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0 2
= J.(,l —4,1:)({1;—_[(,1 —4x)dx
29 0
x x? ] ct x? i
o e I aae 1
4 () 4 2
X - I S e
= ?~2x 1 2Xx
-2 ()
0)* [ (=2)* 5
-2
(2) (U)
_ (0—0—[16_
= (U [}) 1 8)
16
-(I—g] (0-0)
= —(4-8)-(4-8) = ~(~4)~(-4)
= 444 = 8§ sq.unit.
Question # 9
Find the area between the curve
y = x(x—1)(x+1) and the x-axis.
Solution

1)(x+1)

Putting y = 0, we have
x(x=1)(x+1) = 0

= X =0 of =1 Of

y = x(x-

x = -1

Now y =0 whenever xe [—1,0]

And y <0 whenever x€|0,1]

.. Area = T,}’dr—j.ydx

()

= _[x(x—l)(x-i—l)fit

—j.x(x—l)(xﬂ)dx

1
Ry ©
——

o

I

-

e
=

-5 =

|
Cmy,
—

-

I

-

e —

5

()

= T
s

({2

T I

4+4 = E Sq. unit

I

Question # 11
Find the area between the x-asis and the curve

1
y= CDSEI from x=—x to x=7a

Solution

g(x) = cuslx :

X=—T 10 XxX=7
2

* g(x) 2 0 when IE[—?I‘,R‘]
2 ]
. Area = ICDSEI dx
—T
T
SIN — fr
44 2 . B gt B
= ¥ = 2 hmz |
/2 o
—IT

= 2(2)

Question # 12
Find the area between the x-asis and the curve

y = sin2x from x=0 to .r=§
Solution

x=0 to .r:E

¥ = Sm2x -
: 3

yv=20 when IE[U,%]

7
. Area = _[Sin 2x dx

0

Vo
- | 22w ] cmz—ﬁ—cm([l)
T - 2 3

c=-@;_kcity.t:nrg| 9:
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- T2\T27) T T2l Tz) T gt unE

Question # 13
Find the area between the x-asis and the curve

y = \/EH_J:—.rE when a >0
Solution

y = \[qu'—f

Putting y=0, we have

\/Zm:—.rz =0
On squaring

2ax—x* = 0

= x(2a-x)=0

= Xx=0 or 2a-x=0 = x=2a
y>0 when xe|0,2d]

Area = T \/ 2ax—x* dx

2a

7 g 7
I \/ a - —a +2ax—x° dx

Il
 S—
-
)

b
|
—

ra
|
()
0
H
_+_
)
ha
e ——

|
'—-_,].
-::_____
D
l
—
=)
|
-
e
=
>

Put a—x = asiné
— —dx = acosé@ db
— dx = —acos@dé

When x=0
a—0 = asin@ = asinf@ =a
— sind=1 = ﬁ=%

When x=2a
a—2a = asinf = —a = asiné
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— —1 =smnfd = €=ﬂ%
-% ) 3 7
Soarea = I\/ﬂ"—ﬂ" sin“ @ (—acos8d6)
75
74 1
= —qa f \/az(l-—sin“ 9) cosé de
7
}r"}
= —d _f \/ﬂzcmjﬁ cosé@ dé
/
’ii

¥ 3
7
-7
—a I acos@-cosé@ dé
7,

Il
|
=
[
T
+
3
-
on
)
e
REMRET’
~
e

| S
o |

i

B i ok B
2[—2+mn( ) > mn.?r]
—”—2'(—;::—0—0)

Il

- —i(-;:) e
2 g
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) - Exercise 3.8 (Solutions)ragei77
pakcity.org Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1 dy 2y

S 2. W 2x :
Check each of the following equations written = Yoo =leeT = iy = (14 ) dx
against the differential equation 1s its solution. On integrating
. Ay -
— =14+y , y=cx-—1 vdy = |(1+¢€™ |dx
(W) x— Y+ ¥ _[ I( )
o dy - y. _ € ¢ 2 _ 2% 1. i
(ii) x (2;;+1)E—1:0, y+y=c—— FEisERbty Sy e 2x+e” +¢
5 7 4
! ; = :>,u:2_+_._1+.
(111) y—i—ez"' =1, y* = 2x+e”+c ) e Tt
dx
. Ldy 2 . | dy
—— -2y =0, y = ce’ —— -2y =0
dy y“ +1 - | dy dy
—— S e Y — X + :}-—-——:2-" :::--—-:2_,“?
V) dx e ’ THI?(E +£) x dx g dx ;
Sﬂfuffﬂ;: s % = Dgde
. ay _‘ Y
(1) .?fu(zr——-l-l-} On integrating
1 d],,l'
= xdy=(l+y)dx = ay :dr — = 2_[.1‘::1.}:
I+y X y
Integrating both sides x?
dy _¢dx => Iny = 2-7+1nc
1+ y X = x*+Inc
= In(l+y)=Inx+Inc = x*Ine+Inc ' Ine=1
=Incx

= lne* +Inc
= l+y=cx |
_ X
= y=cx—] Proved —> Iny = Ince
= y = ce® Proved

(i) ,1:‘?‘(2}'+1)£—1:0 5
dx dy y +1 . dy

’ (‘u’) L o 9
= -"52(2}-‘“)&‘1 = x*(2y+1)dy=dx ax e y* +1

dx Integrating both sides

|
= (2y+1)dy=—dx ::’I gﬁ _ J'E"'d.r
% y2 +1

= e¢'dx

On integrating

l = Tan™'y = e* +c
[(2y+1)dy=[—dx
X

—> y = Tﬂf:(ﬁ"‘+f)

Solve the following differential equations:

. v P Question # 2
= 2:E—ty= i
2 7 =2+ dy _ .
= ¥ =g Solution
) 1 dy _ dy _
P — = -y = — =-—dx
=0 S Proved Ax y
On integrating
dy % ﬂl}’
i) y—-—e" =1 _[— = —Id,r
a dx y
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Iny = =x+Inc¢
= —xlne +Inc v Ine=]
= Ine " +Inc
—> Iny =Ilnce® =y =ce"

Question # 3
vdx+ xdy = 0

Solution
yadx+xdy = 0 = ydx = —xdy
dx dy
= — = ——
¢ y
On integrating
Inx = =Iny+Inc
£
= Inx = In—
}.T
C
= X = S —> Xy =C
Question # 4
dy 1-x
dx vy
Solution Do yourself
Question # 5
dy y
— = = (y>0
dx ;;2 ( )
Solution
dy y dy B
— = = = — =X dx
dx  x° y
Integrating
ay _ Ifzdx
y
X —2+1
> Iny = +Inc
' —-2+1
5
= Iny = —1+1n£
1
—> Iny = ——+Inc
X
I
—> Iny = —?lne+ln{r
"
= lne *+Inc

| |
> Iny=Ince* —= y=ce?*

Question # 6
dy

sin ycosecx— = 1

dx

Solution
dy
sin ycosecx— = |
dx
. dx
= siny dy =
COSEC X
= siny dy = sinxdx
Integrating
jﬁil’l ydy = I sin x dx
—=> —COSY = —COSX—C
=> COSY = COSX+C
Question # 7
xdy+y(x—=1)dx = 0
Solution

xdy+y(x—1)dx = 0
= xdy = —y(x—1)dx

dy x—1
= —= = — dx
y X

ay —('—r—l)dx
y X X

U
|
[

On integrating

-t

=> ]nj.' = —+Inx+Inc
= —xlne+Inx+Inc

= Ine "+Ilnx+Inc

= lny=lncxe " = y = exe

Question # 8

5
x~+1 X dy
= —«—'—'-—-‘I X, V 0
y+1 ydx'(r}} )
Solution
x* +1 _ x dy
v+1 y dx
.rc"+ldx= y+ldv
X y
On intﬂgrating
jx +1 _[ '+ 1 dy

Ny RN
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= j[,\+lr} dx.= J'( -i—]dy

. 1 - . ’
= I.l cix+J.}d1 jd‘s+ —d)
32
— 7+ln,:r = y+Iny—Inc

2

X
= 71n€+lnx+1nc = ylne+Iny

I:
= Ine? +Inx+Inc = Ine’ +Iny

z
X

= Incxe? = Inye’
= cxe? = ye’ ie. ye’ = cxe?
Question # 9
l dy 1
@ - (l+ y* )
xdx 2
Solution Do yourself
Question # 10
d )
2x" y— Y = x* -1
dx
Solution Do yourself
Question # 11
d). 2xy .
dx 2v+1
Solution
d}.‘ 2_1_-}1 B
dx i 2y+1
dy _ 2%y
dc = 2y+1
2y
= 1
* [ > y+l)
= o 2y+1-2y
B 2y+1

d}" - r l ) )
= dx T "‘(2“1]:’ (2y+1)d,

Now do yourself
Question # 12

(.1 —yx~ )% +1 +w = ()

Solution

(.r‘j'—yf)% +y*+xy’ =0

Il

xdx
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1+ x
L a q d't
y” x*

Now do yourself
Question # 13
sec” xtan ydx+sec” ytanxdy = 0
Solution

sec” xtan ydx+sec” ytanxdy = 0

— sec’ xtan ydx = —sec’ ytan xdy
sec”x ;. _ _Sec’y &
tan x tan y
On integrating
2 158
J-sec X _J‘SEE ) &
tan x tan y
d
~(tan x) T (tan y)
— Idl d.-'fz ,_,J.fv dl_\"
tan x tan y
— Intanx = —Intan y+Inc
— Intanx+Intany = Inc
— In(tanxtan y) = Inc
— tanxtany = ¢
Question # 14
dy 2, dy
—Xx— | = 2| y+—
(} fh] [y dx]
Solution
¥y= xﬁ = 2 d}
dx ' dr
dy s A dy
= Y=x—= = 2y " +2—=
; dx ‘ dx
dy dy
= y—2y? = 2=+ x—=
¥ dx  dx
dy
> J(1—2y 2+x
y(1=2y) = (2+x) =
L de  dy
24+x  y(1-2y)
On integrating
v :
= e 1
2+x -‘.y(l —2y) W
Now consider
l A B
= —+
y(1-2y) -2y
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= 1= A(1-29)$BY .ccoviivan (i)
Put y=0 in (11)
1 = A(1-2(0))+0 = A=1

I

Put 1-2y=0 = 2y=1 = yog

l = [}+B[%J —> B=2

| | 2
= —+
So —2y

y(1-2y) ¥
Using in (i)

Izii:‘J( 1 é}]dy
li -[ dy+v‘.1~—2v

= [dr=[oy

d

1-2
j dy - el
1-2y

ln y—In(1-2y)-Inc
In y—In(1-2y)
y
(1-2y)
Y

(1-2y)
= y = c(2+x)(1-2y)

Alternative (¢ *)

2+x FI[ 1— 2y]

i I}*dy+fl—2v

= [=dy-[==—d
Iy . IZy—
d
2 (ay-1)
dx il l B til"( y |
J2+x'"Jydy J T
In(2+x) =
In(2+x)+Inc = Iny—In(2y—1)

Yy
(2y—1)

-[2+x il ay

In(2+x) =
In(2+x)+Inc =

b ¢ U d

Inc(2+x) = In

= #{2+x) =

g 4 U U

Inc(2+x) = In

c(2+x) = (2;_1)

U

Iny-In(2y—-1)-Inc

in (11)

— ¥

: y
1.e. = 1 24+%
(2y-1) (2+)
Review
o Itanxcix = |In|secx| = —In cnﬁx]
o Imtxdx = In|sinx| = —In cscx‘

o Iﬂecxdx = In|secx+tan x

o Icscxa’x = In|cscx—cotx

Question # 15
dy _

— =0

l+cosxtan y—

Solution

1+ cos x tan vd—} = {)

dx

=5 cnqxtan}ii -1

|

COS X
—> tan ydy = —secxdx

On integrating
_[tan ydy = —Isecxdx

dx

= tan ydy = —

—In‘ casy‘ = —In| secx+tan,r‘—1nc

—
= In|cosy| = +In|secx+tanx|+Inc
—

In|cosy| = 1n{c(secx+tanx)‘

—> cosy = c(secx+tanx)

Question # 16
y— xd—} = 3[l+xﬁj

dx dx
Solution
e . dy
y xdx = 3[1+xdx]
dy _ dy
= ¥ Idr = 3+3.xdx
dy dy
= y=3 = SIdx+xdx
dy
= (3x+x)—
(3+x) 2
i AR de _ ; @y
— T 3_4xdx =% = _43.2—3
Now do yourself



Question # 17

v
secx+tany— = ()

dx
Solution
'%EEI+1IEII]1-—!~ = {)
dx
— tan 1?§£ = —8ecx
— tan ydy = —secxdx

Now do yourself as Question # 15
Question # 18

' _x oy ; e
(E.t_l_e.\)_}ze.t_ﬁ.a

dx
Solution
, v dy B
(€'1+€ -:)_’!’ — E’I‘—E v
dx
i =X
e —e
= dy = ——dx
e +e

On integrating

A X

e —e
jdy = I ——dx

e +e

. Im(ﬁ )

e +e-
= y = ]I‘I(E' +e )+r:

Question # 19
Find the general solution of the equation

é— X = .ﬂ . Also find the perpendicular

dx
solution if y=1 when x=0.
Solution
dy ) dy )
——Xx =Xy = — = x+xy°
dx : dx :
=3 & x(]-l—yz) =3 dv,, = xdx
d y
— j '12 = jxdl
1+ y
=% Tan_l_v = —+cC
2
= M — Tan['?Jrc}
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Question # 20

Solve the ditferential equation if,; 2x given
that x=4 when =0
Solution
& _ 2% =5 @ _ 2dt
dt X
-@- = 2 dr
=> ln,x, = 2t+Inc
= Ine” +Inc o Ineg* =%
= Inx = Ince”
— x = ce” ...... (1)
When t =0 then x=4, putting in (1)
4 = ce™” = 4 = cé

> 4=c(l) = c=4
Putting in (1)
— x = 4e*

Question # 21

Solve the differential equation -i%+ 25t = 0.

Also find the perpendicular solution if § =4e ,
when 1 =0
Solution

— — = =25t = ﬁ = =2tdt
dt s

On integrating

@ -2 rdt

A
9

—2%+lnc

%
—t"+Inc

—f:

Il

— Ins

Il

Ine’ +Inc > et =x

I
<]
o
o

= Iny
— s =ce’ ... (1)
When ¢ =0 then s =4e, using in (1)
de = {'e'“'”: = 4e = c(1)
—> C=4e
Putting in (1)
s = de-e"

I_]
s = 4e "’
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Question # 22 ™~ R dx
In a culture, bacteria increases at the rate u)Sinee veloeity = v = dt
proportional to the number of bacteria present. It where x is height of ball.
bacteria are 200 initially and are doubled in 2 dx
hours, find the number of bacteria present four =g = —9807+2450
s oo = dx = (~9801+2450) di
Solution |
Number of bacteria initially = 200 Integrating
No. of bacteria after two hours = 2(200) _[d.r = I (9801 +2450) dt
— 400 2
No. of bacteria after four hours = 2(400) — = —0R0 L4450 +c,
=800 Ans. ) 2 " )

Question # 23 ::> x = =490t +2450t +c, ....... (i1)
A ball is thrown vertically upward with a Initially, when 7=0 then x=0
velocity of 2450cm / sec. Neglecting air 0 = —490 (0)+2450(0) +¢,
resistance, find = ¢, =0

(1) v;:lumty of ball at any tim; [ Putting value of ¢, in (ii)

(11) distance travelled in any time 7 *1

(iii))  maximum height attained by the ball. = x = —4901" +2450t +0
Solon = | x = 245014907

i) When a body is projected upward its
acceleration is —g . (where g =980 cm/sec?) 111)

v = —980r+ 2450

1.e. acceleration = % ==2 When body is at max. height then v=0
where v 1s velocity of ball. = —RlFraul =1 _—
dv = 24 ===
E — —0R(0) = 9801 ) =1 080
— dv = —980dt = = 255ec
On integrating Since x = 2450¢—4980¢°
Idy = _ggnjdg When ¢ =2.5sec
= v = —980t+¢ ........ (i) x = 2450(2.5)—-490(2.5)
Initially, when =0 then v =2450cm/sec = 6125-3062.5
2450 = —-980(0)+¢ = 3062.5
= ¢ = 2450 Hence ball attains max. height of 3062.5cm.

Putting in (1)
v = —980r+2450 D%pﬂktlty.ﬂrg%




