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Exercise 2.1 (Solutions)erage so
Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1
Find the definition, the derivatives w.r.t "x' of the following functions defined as:
. ) . 1 : 1
(1) 2x° +1 (1)) 2- \/; (111) —= (v) —
Jx X
1 . o 2 >
(V) (vi) x(x-=23) (vii) — (viii) (x+4)3
xX—a X
2 |
(ix) x2 x) x7? (xi) x",meN (xii) —,me N
X
(xiii) x™* (xiv) x %
Solution
i) Let y=2x"+1
= }'+§}’=2(x+§,r)2+1 =% 5_}*=2(.r+5.r)2+l—y

=3 5}*:2(,1*.2+2x5x+5f)+l—2f—1
= 0y=2x"+4x0x+20x"-2x" = Oy=2x"+4x0x+20x" —2x°

= Sy=4x8x+20x°

+1)=4x

=0x(4x+20x)
Dividing by ox
Oy
—— =4x+20x
OX
Taking limit when ox — 0
. 0¥ ,
}E}HE = }E?HHI-I_ 2(5.1)
dy
= —=4x+2(0)
dx
o D4y e i(zf
dx dx
(i) Let y=2—+/x
= y+0y=2—+x+5x

—

= Oy=2—+x+0x—y

5y=2—«./,1:+§,1:—2+\/; = Jy=2x2 —(x+ ox)

- y=2x"+1

2



FSc-11 / Ex- 2.1 - 2

2x 2 X
I -
=—J.:35.r[ d it 5‘:‘ —l-]
2% &Xx

Dividing by ox, we have

Qz_x{l 15x ]
Ox 2x Bx*

Taking limit as

Sy = (1 1 Ox ]
hm—=—x-lm| ————+....
Ox—0 (Sx dx—0 2x 8_1""
1
= @__f[i_mo_ ]
dx 2x
> | 2 dy 1 =
=)t ie— m=—=x? = | —z=——x?
2x dx 2

2
L a@ﬁ(city.org %a

Now do yourself as above

|
(m) Let y=—= = y=x
Jx

: 1 E
(iv) Let y=— = y=x .
o

= y+8y=(x+6x)"

= Sy=(x+0x) —x7

) ——

3
= dy=x" (l+§} —1

X

_ - [1_35x —3(-3- 1)(&-] +""J_]
x 2! X

_3 1_3;8.1'_*_ —3(—4)[51'

b 2

-

X
e _@__I_ —3(—4)(5}(]2
X

X 2

=x ﬁ —3+6[ﬁ}—m..

X x
Dividing both sides by dx, we get




Q — ;{'_3_1
OX

Taking limit on both_sidgd, we get

fim 22 i —3+6(§]—.....
ox—0 ox  dx—0 i X i
= @:x“"[—3+0—0+ ..... ]
dx
= i1’}—}——3.1'{“1 or Qz—%—
dx dx X
(v) Lety=
xX—a
= y=(x-a)
= y+dy=(x+d6x—a)
= dy=(x—a+06x) —y
= 5y:(x—a+5x:_l—(,r—a)-l
- 4 %
=(x—a)” (]+ ch] —1
xX—a
i ==~
=(x—a)1 [ ox i ( )( OxX
X—a 2! xX—a
4 . —1(-1-1
=> 5)}2(3:-{:)‘ ] = = + ( )[ o
xX—a 2! xX—da
ol —i{-5 2
=(x-a) |- L - ( )( L. ] +....
xX—a 2 X—a
e g -1+[ L J—
x—al| xX—a |

—3+6[

X

]_

Dividing by ox

»

Ox

X—d

Ox

Oy —1-1
—=(x—a
o0x ( ) H
Taking limit when ox — 0, we have
. 0y .. el
b= = s

_1+[

X—d

= %=(,1:—a]_2[—1+0—0+....]

]_,

]

T




FSc-1I / Ex- 2.1 - 4

(vi) Let y = x(x-3)

= x*-3x
Do yourself
. 2 .
(vii) Let y=-—=2x"
X
= y+d8y = 2(x+x)”*
Do yourself
|
(viiil) Let y = (x+4)5

|

= y+dy=(x+0dx+4)3

|
= Oy=(x+0x+4)3—y

=(x+4+0x)3 —(x+4)3

=(x+4)3

I

a@ﬁkcity.o rg %a

| BV O
=(x+4)3 41 ox_ 3311 6
| 3x+4 2!
=(x+4)% o +%(_%)[ ox
A(x+4) 2 x+4
| _ ;
=(x+4)3- Ox l—l[ Ox ]+
x+4(3 9 (x+4
Dividing by dx
X 3 9\x+4

Taking limit when ox 50

Oy

lim——=lim (x+4)

dx—() 5_r Ox—0)

:
= ﬂ:(.r+4)_5
dx

|

(ix) Lety = x

= y+0y=(x+0Jx)2

s | b2
|
W | =
|
O |
N
b
|
=
N
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1K 3(3 = (]
2 =5 —1
= x* 1+§ﬁ+2(2 ][5‘]:] + s [—=1
X 2! b
X g
3 [ 3(1 T
= 2 @+2(2)[§I] +..
2x 2 X
2 x| 3 3(6}:] i
=x2- + +
x |2 8\ x |
Dividing by ox | ) Dﬁpakcity_org%,;
Sy 243 3[5}{]
—=x2 | =+ +....
o0x 2 B\ % i
Taking limit when dx — 0
i _
limﬁzlimx2 E+E ox +
5x=0 dx  dx—0 A 2 B\ x )
| - |
= Q=_ﬁ §—0+0—..“ = QZEI’-’
dx | 2 | dx 2
(x) Let y = x?
Do yourself as above.
(xi) Let y = &”
= y+dy = (x+Jx)"
= Jy = (x+Jx) —x"
- [Hﬁ] »
X
] -
= X" l+m-§+m(m )(&J Froes | =1
X 2! X
,,,_m5x m(rn—l)[é‘x]z ]
3 + +..
X 2 X
- Ox| m(m—l)[é'x} |
= X v—| T +
x| 2 X |

Dividing by dx
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Sy _ o ) 82),
OX | 2 X

Taking limit when ox — 0
: i :
l[im §y— lim x™~' m+m(m )(5'1“)-!-....

dx—0 5x dxr—0 2

e x —
d} m-l d}’! m=1
= — [nr—!—0+0....] =3 | === mX
d.r dx
. . l . —m
(x11) lety = — =X
X

Do yourself as above, just change the m by —m in above question.

(xiii) Let y = x™

= y+3dy = (x+6x)"
= 8y = (x+6x)" —x¥

(40 40, (40) 3 40 355 2 40 ¢ 40| _ a0
_[U]X + ( | ]x ox+ ( 2)): OX +...+ (40]&: X

—

(1)x™ + [410] xOx+ [40]xﬂﬂé'f O (40] ox* —x*

2 40

~(40) 39 40 33 40 ¢« a0
—[l]x 5x+[2] ox” + (40]51’

Dividing by ox

(S.y . 40 39 40 38 4() 30
5 - ( | ]x + [z}f OX+....+ (40]5,1

Taking limit as ox — 0

51’ . ; | 40 39 40 38 - 40 39“—
JL—;Ué'I _ 5111_]]}}_[ 1 ]I +[2jx OxX~+....+ [40J5x _

% = [410]139 £0+0 440
LB (O o [B g
dx l dx
(X1V) Let yzx‘m”

Do yourself Question # 1(xii), Replace m by —100.

oy
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Question # 2

Find ?— from the first principles if

X
i) Jx+2 (i1) l
xX+a
Solution
I

(i) Let y = Vx+2 = (x+2)2

Now do yourself as Question # 1(ix)

| 1
1) Let y = = (x+a) 2
‘ Y = Tera - Ft9)

Now do vourself as Question # 1 (ix)

o% pakcity.org %:
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Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1
Find from first principles, the derivatives of the following expensions w.r.t. their
respective independent variables:

i)  (ax+b) (i) (2x+3)° Gii) (3t+2)"
(iv) (ax+b)~ (V) = 1 by

Solution

i) Let y = (ax+b)

(
= y+30y = (a(x+38x)+b)
= 0y = (ax+b+a5x)3—y
= ((ax+b)+ 515,1:)3 —(ax+b)’
= | (ax+b)’ +3(ax+b)*(adx) +3(ax+b)(adx)’ +(adx)’ |- (ax+b)’
= 3a(ax+b)°0x+3a’(ax+b)dx* +a’dx’

= 5.1[(3&(&1{ +b) +3a°(ax+b)Ox+a’ dx° )
Dividing by ox

% = 3a(ax+b)" +3a’ (ax+b)Ox+a’dx’
X
Taking limit as ox — 0
lim oF lim [3.(::;'(cu:-H_’;v)2 +3a2(ax+b)5x+a3§x1
ox—0 (S X o x—0
— % = 3a(ax+b)* +3a’(ax+b)(0)+a’ (0)°
= dy = 3a(ax+b)* +0+0 — dy = 3a(ax+b)’
dx dx

(ii)) Let y = (2x+3)
= y+0y = (2(x-|—5x)+3)
= Oy = (2x+28x+3) —y
= ((2x+3)+28x)’ = (2x+3)’

5

= ((5)](2x+3)5 + G](zx+3)4(25x)+ [;](2,1#4-3)3(251)3 +....

=

...+[§](25x)5 ~2x4+3)
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—

(1)(2x+3)° + 2@(2“3)4§x+4@(2x+3)-‘5f .

...+32(§j5ﬁ ~(2x+3)

F—

_ 2[?](21+3}45_r+ 4[;)(2x+3)35f+....+32[2]5}[—5
Dividing by dx
oy _ 2@(21+3)‘*+ 4[;)(2x+3)3§x+....+ 32@5.#

0x
Taking limit as dx — 0

Iimﬁ = lim| 2 3 2x+3)*+ 4 ) 2x+3) 0x+...+ 32 4 ox’
ox—0) CS.I dx—0 i 1 2 5 )
= o 2(5](2x+3)4+ 0+0+...+0

dx Al X

dy 4 dy 4
= — = 2(5)(2x+3 — = 10(2x+3

o D)(2x+3)" or . (2x+3)

(iii) Let y=(3r+2)" cép—akcity.org%a

)

:(3r+2)_2[1+ 308 }-—(3r+2)_‘1‘ =(3t+2)” (1 e ]_—1

+
3t+2 3t+2
_ : )
=(3T+2)_2 1+ (-2) 300 +_2(_2_1)[ 0¥ ] +....|—1
3t+2 2! 3+ 2
ol 5 : ]
= 0y=(3t+2) "|1- e + ( 3)[ o } B =l
3t+2 2 3t+2
. ; )
:(3r+2)'2 _ 6ot +3[ 30t ] +
3+ 2 3t+2
:(3r+2)"'- 3ot —2+3[ 3ot )+
3t+2| 3+ 2

Dividing by ot
oy 2] 30t
—=3(31+2 -2+ g 20
ot ( ) [3r+ 2]

Taking limit when or — 0 ﬁ we have

=



Oy

lim===1lim3(3r+2)" | 2+

or—0 5{ or—0

==

= Idp—y=3‘(3a.*+ 2)_3[—2+0—0+....] =

dx

(iv) Lety = (ax+b)~

( 30t }
_|_
3+ 2

Do yourself

1

1. —
V) & Y= by

= y+dy =(a(z+3dz) —b)_?

= (az-b)"’

—
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dy

dx

—6(3r+2)"

= Oy = ((az—b)+adz) —(az—b)"

=% 0y = (az—b)_?

[1+

raépaI(t:.ity.t:trg:] %:

aoz

(az—b)

]'?_1
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Pa cuty.org Calculus and Analvtic Geometry. MATHEMATICS 12

Differentiate w.r.t. 'x'
Question # 1

X +2x +x°

Solution  Let y Xt +2x +x°

Differentiating w.r.t. x

ay = f—f(br4+2x3+f)
dx dx

d )
£ ppnS .80
dx dx dx

4x* +2(3x7) + 24

4x° +6x° +2x

Question # 2

3
X +2x 243

Solution Let y=x"+4+2x >+3

Diff. w.r.t x
-3
jlzé_,(x3+2fl 2+3]
X X
3
:ix-l-i-Zix 2+i(3)
— -3 3 _;_]
==3x 7 42| —Jx 7 [+0
2
= % ~3x7* =3y 2
43
{h? ] |
of —Zs=v3 =
dx (J_‘d Iiﬁ)
Question # 3
a—+x
a—Xx
Solution  Let y=27%
a—x
d d
Now 2. d£a+.x] :(a—x)a(a+x)—~(a+a)a(g_x)
dce dx\a-—x (ﬂ-—x)l

(a—.r)(0+l)—(c;,;+ x)(0-1)

(a—x)
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_(a=x)(1)=(a+x)(-1)

2

(a—x)
a—-x+a+x 2a
= - = - Answer
(a—x) (a—x)
Question # 4
2x—3
2x+1
Solution Lgt 3= o
2x+1
T dy:d[2x—3]
dx dx\ 2x+1
d d
(2x+l)d—(2x—3)—(2x—3)—(2.:4:+1)
— 'r .
(2x+1)’
(2x+1)(2-0)—(2x=3)(2+0)
(2x+1)’
- (2x+1)(2)-(2x-3)(2)
(2x+1)°
- 2 2x41=2x+3)
(2x+1)°
2(4
= ( )_1 = - - Answer
(2x+1)"  (2x+1)
Question # 5
(x-5)(3-x)
Solution Let y=(x-5)(3-x)
=3x—x*-15+5x
=—x’ +8x—15
Now
ﬁ=ﬂ(—ﬁs:2+8:4:—15)
ax dx
d‘y’ 9 d d
=——|—x" )+8—(x)——(15
(=) +8--(x) =—-(15)

==2x""+8(1)-0 =-2x+8 Answer

Question # 6

(%)
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Solution  Let y=(ﬁ —f]
() 4R,
='H_l__2 =x+x —2
Now diff. w.r.t x A
% :%(x+x"—2) :E(xwa(f')—a(%
= 1+(-1-x77)-0= 1-x~"
= 1—% = I;l Answer c%;pakcity.orggo
Question # 7
(1+Vx)(x- )
Jx
Solution  Consider y = (1+\E)(I Iw
- Jx
(1+x) [ ')
i Vx
= (l+\/'_f}(1-\/_) Since x 341
X
&) (1-(45))
) Jx
= Jx(1-x) = ,r%(l—,x) = x%—x%

Now

[ 1 3 -
e Al
2 2
1 = 3 5
= —x > ——x?
2 2

1
N
g
Sy
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Question # 8
(f + ])2
xt -1
_ (f + l)2
Solution Let y = -
x -1

Differentiating w.r.t. x

dy d ((f +I)“

de  dx| x*-1
\ y,

(¢ =1) (o +1) = (2 +1) < (2 -1)

(x*-1)

1 2 2—|£ g (o )
o dy _ (x* -1) 2(x* +1) dx(x ﬂ+1] (2% +1)"(2x)
dx (IE*—I)‘.
- (xz—l) 2(-’f2+1)(21)—-(11+1)2(2x)
_ (f—l)2
- 2x(x2+l)[2(x3_1)_(xz+lﬂ
: (f—l)2
2x(x2+1)[2x3_2_x2_]]
(J::""—l)2
- EI(IH-H)(A:—?J) Answer - 1
(x> 1) %pakmty.org%
Question # 9
x*+1
- —3
Solution  Let y = 3":‘”
X'=3

Differentiating w.r.t. x
dy _d (fHJ

dx  dx| x* -3
R M
(.I'_—"3) ;ﬁ;(.r_‘{*l)“—*(.r_‘}“l);i;(.r_‘—‘:;)

— 2



FSc-11 / Ex- 2.3 - 5
(,1.:2—3) (2x)—(f+1)(2x) 2x(f—3—f—l)

(23] (73
2x(-4)  -8«x

[l

[l

pakcity.org

Question # 10

V1+x

V1—x
xﬂ+xh*p+xjﬁ

Solution let y = —
VI—x 1-x

d(l+x}
d,l_

/2
Now D _ d(l-l—x]
dx

|l
f_'x
m—
-
-
\.____..-f
|.|—-

d d 3
{ {14% 2 (I_I)d_x(l-{_ )_(l+')d_x(1_x)
B 2[1—9’(] (l—J::)2
\ J
1
_ 1[1—chE (1=x)(1) = (1+x)(-1)
2\ 1+x (1-x)°
1 1
B l(l—x]z{l—x+1+xJ C(1-x)7( 2 J
=~ 1 2 = 1 2
2(1+x)2 (1-x) 2(1+x)2\ (1-x)
= il — = 1 + Answer
(1+x)2(1—x) 2 Vi+x (1-x)2
Question # 11
2x—1
Vx©+1
Solution  Let y = 2{_1
x +1
Differentiating w.r.t. x
( h
dy d| 2x-
™ 5 12
dx dxk(x +1 !
, 112 d / - 1/2
“+1) —(2x-1)—(2x-1)—(x"+1
_ (x ) dx( pili i e )dx(x )

(2 +1))
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1/2 L 4 -2 d .
) (x* +1) (2)—(2.1-(—1) 2().r +1) i(x'ﬂ)
x* +1
2(1’14—])”2_(2)(—])2 211)”2(2I)
X
) (x2+1)
/ ) \
| , 2 2x"—x
= 28" +1] ~— -
(f”)k (= +1) (f+l)”')
/ \
_ | 252 4D =25 4%
(fH)k (.r.:"""~+~1]”2 )
= xta Or I+2_”,, Answer
(2% +1)Vo® +1 (27 +1)
Question # 12
va—x
Ja+x
Solution
Do yourself as Question # 10
Question # 13
o
Py

Solution Let y = H
x"_

B x2+1)2
x°—1

Differentiating w rit x.

d.r dx{x —1

1
1(x*+1)2 d ( x*+1
2\ x* -1 dx\ x* -1

aé;pakcity.org %:




(

\

|
1( x2-1)2]| (X2 =D2x)=(x*+1(2x)
2( X% +1 (Iz_l)ﬂ

\

2 ( \I
1 Vxi-1| 2x° -2x-2x" —2x

2\ x*+1 k (IZ—I)E
/ \

[ Vx*—=1| —4x
2% 1| (1)

¥ -1 2

/

Question # 14

Vi x—+1—x
VIi+x++4l—x

Solution Assume y =

J

FSc-II / Ex-2.3-7

a@;pakc ity.org %o

Rationalizing

(
+(VT=x) ~2(Vix)(Vi-x)

l+x—-1+x

- l+x+1—+x—~2\X(l+x)(l*—x)

2%

2-201-x* 2[1_(1_'][_)

b2

J

2% 2X
1—(1 —J:E)_?I'

Now differentiation w.r.t x
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[ i ﬁ|\.,
dy _d l—(l—x )'-
dx il dx 5 4
\ Y,
i )2 1) d
il Lot
- =
—l“ _l_”’_é_'i_z___z% |
= > I[O 2(1 x*) dx(l X )J [1 (1 x] }(1)_
I [ (1 i s
o l[_g(l—x ) 2(=2x) |-1+(1-x*)?
E ) = e | i
£ e TR L L\ R
= iz : 1_1+(1—x2)% = 12. - (l JC) Il_l A
g (]__IE)E ¥ (]—-xz)i

1
| I_(l—.j‘{z]2 1 “_IE

2 = Answer :
il )% il “’%Pakclty.org %,

I
Il

Question # 15
xva+x
va—x
|
xva+x a+xY2
Solution  Let - i
’ va—x x[a—x]
Dift. w.r.t. x
dy _ix[a—l-x]y?
dx dx \a—x
d (a+xY? a+xY? d
1 T —X  commrmswens (1)
dx \ a—x a—x) dx
Now = (“”]X‘ = l(a+.x]]?" d [a+x]
dx\a—x 2\a—x dx \a—x
i A
o 1[::1+.r]V2 (‘I_x)%(fi‘l'-r)—(fw.r)%(a—x)
2 a— X (a_x)..
\ J
. 1(f;—x]%a (a—x) (1)—(a+2)(-1)"
2\ a+x (a—x)’ J
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1
B l(a—x)zra—x+a+x\ 1 1 [ 2a J
b= | 2 N 1 1 2
2(a+x)2\ (a—x) ) 2(a+x)2(a-x)2 \(a—x)
a a
- 1 1= 1 3
(a+x)2(a—x) 2 (a+x)2(a—x)?2
Using in eq. (1)
V!
L S _Ia 7+ [H+x} (1)
dx (a+x)2(a—x)?2 =&
i a  (a+x)’
= 1 3 T
(a+x)2(a—x)2 (a—x)?2
B 2 .2
= a_:-:+(a-|;x)(a ? = HTE X + Answer
(a+x)2(a—x)2 Va+x(a—x)?2
Question # 16 . '
| 5 pakcity.org %n
If y=+x———, show that 2x—=+ y= 2x

\/; dx

Solution  Since y = \/;_]_

= XAy 4
Diff. w.r.t. x
1 -
b _ 404 )
dx dx
| 1 1 _3
= —x ?4+—x?
2 2

d i I
252 = x2 4472
dx
Adding y on both sides
d L.
252 + y= X44+x = +y
dx
/ =L 4 1 L ]
== 2xﬂ+y: X2 x 2k xpl—gx 2 3 S gl g 2
dx
dv 1 dv
= 22+ y= 2x? => 2.1:—}+y= 2Jx  Proved
dx dx
Question # 17

If y = x*+2x>+2, prove that% = 4x/y-1
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Solution  Since y = x*+2x*+2
dy d

Now — = —(x4+2f+2]
dx dx
= & 4x* +2(2x*)+0
dx
= 4x +4x
= @ = 4.1:(.1:2+1) (1)
2 = AR L] o,

Now y = x*+2x*+2
= y-1= x*+2x*+2-1

= x*+2x°+1 = (Jf‘?—i—l)E

— _}7—1:(.11'2'1"1) 1.e. (x2+l) — ~’_'}’—**1

Using it in eq. (1), we have
= i = 4xy—1 as required.

dx
o%pa kcity._o rg %:
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Exercise 2.4 (Solutions)rage 70
Calculus and Analytic Geometry, MATHEMATICS 12

Question # 1
Find by making suitable substitution in the
following functions defined as:

: | —x
1 =  |—
(1) Y 1+ x
(i) y = vx+x
i x
(m) y=x gre
a—Xx
(iv) y=(3x"-2x+7)
Ja* + x°
(v) 2 g
Ja* - x
Solution
(1)
l—x
y —
1+ x
Put u = l—_,r
|+ x

td|—

So_p:\/E = y=U
Now dift. u w.r.t. x

@ . d[l—x}
dx dx\ 1+ x

d

d

(I+x)—(1—x)—(1—x)—(1+x)
. ' dx
(1+ x)
_(I+x)(=1)-(1-x)(1)
(1+ x)°
_~l—g=l4x
(l+Jc)2
du =2
= — = :
dx  (1+x)
Now diff. y w.r.t. u
&y _d)

- —I{

du du

I

dy l[l-l—.x:)
— — =
du 2\ 1—x

Now by chain rule

dy _ dy du
dx du dx
i 1(1+x}5_ =2
2\ 1—x (l-!-J:.)2
1
C (1+x)2 -
= —. _
(1-x)2 (1+x)
B |
o 1 Gk
(1-x)Z(1+x)"2
= - 3 Answer
V1-x (1+x)?
(11)
y = Jx+x
1
Let U = X+VJx = x+x?
1
=3 y = \/E: u-
Diff. u wr.t. x
du d [ 'ZJ
— = —| x+x
dx dx
i l
=14+—x2%2 =1+—&
D 2Jx
i 2x +1
yNE
Now diff. y w.r.t. x
: 1
du du



FSc-11/Ex 2.4 - 2

1 -5 1 1
"2 a3 !
2u - 2(x+ x)z
dy 1
—_— — =
du 2\/x+\/;
Now by chain rule
dy _ dy du
dx du dx
B I _2\/;+1
2\/x+\/; 2/x
2Jx +1
= Answer
4\/;*\/_1'-1—\/;
(111)
a+x
y = X
a—x
Put u = e
&=

!
So y = xvu= x(u)?

Diff. w.r.t. x
4
L ix(u)z
dx dx
d, 1 . 1d
.rdx(u) (1) dxx
1 1
= .I‘T%(u) 3%+(u)2(1)
1 B
— % = g(u)ﬁﬂd—dru+(u)2 ....... (i)
Now dift. u w.r.t. x
@ _ d[a-ﬁ—x]
dx dx\ a—x
(a2} L fasx)~lab 2} 2 lamz)
_ dx dx
(a—x)

(a—x)(0+1)—(cz+ x)(0-1)

(a—x)

(a=x)(1) = (a+x)(-1)

(a=x)

_ a—-x+tat+tx = 2a

(a=x) (a=x)

. du . .
Using value of # and e in eq. (1)

dx

- 1
Q B x(n+x) 2 2a +[H+I]2
dx 2\a—x (.!;1—,1;:)2 a—x

l
3

b= b e

Q 2

I g

- -
M o

|
i

P — fdd | —

=
X |
_|_
NaFj Ka¥

ax+ (a+ x)(a— x)

(a+x)_}?(a—x)

P |l

dy ax+a’—x°
= g i 3
X (a+x)2(a—x)?
(1v)
Do yourself as above
(V)

Do yourself as above

Question # 2
Find ﬁ if:
dx
(1)3x+4y+7 = 0
(i)xy+y" = 2
(iii) x* —4xy =5y =0
(iv)4x° 4+ 2hxy+ by’ +2gx+2fy+c = 0

(V) xJJ1+ v+ yvl+x =0

(vi) y(x*=1)=xvx’ +4
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Solution (111)

Do yourself

(1)

3Ax+4y+7 =0 (1v)

Diff. w.r.t. x. 4x* +2hxy+by* +2gx+2fy+c = 0
i(3x+4_y+7 jau {—!(0) [;ifferentiating wW.r.t. x )
ax ’ ax p —(4x" + 2hxy + by + 2gx + 2 fy + ¢)=—(0)

- 3(1)+4d'—3"’+0= 0 = 4d_y= 3 dx ) ) ) dx
X X 2 2
= 4—(x7)+2h—(xy)+b—(y~
_[&_ 3 dx( ) dr(xy) dx(y)
de 4 +2ix+2iv+ic:()
gdx() fdx(") dx()

(i) xy+y" =2 = 4(2x)+21{xﬂ+ y(l)]m-zyﬂ

Differentiating w.r.t. x dx dx
d N d dy
L (P L 2e()+2f2+0 = 0
(o +y?) = —-(2) e
d d dy dy

= —(xv)+— v =0 = 8x+2hx—+2hy+2by—
d:c( 2 & dx dx
dy  dx dy dy
= x—4+y—+2yv— =0 2¢+2f— =0
& a7 ax s
d
— (x+2y)%+y(l): 0 =5 2(lu'+by+f)d—y+2(4x+hy++g):0
X
dy dy _
= (x+2y)—== -y = 2(hx+by+ f)—=—2(4x+hy++g)
dx dx
dy dy
+2y) = — = (hx+by+ f)—=—(4x+hy++
= (x+2y)——=-y (hx+by+ f)—-=—(4x+hy++g)
| _ Y | dy _ _dx+hy++g
dx _;f+2y dx f’.!I+by+f
(V)
1 1
xJl+y+yWl+4x =0 = x(I+y)2+y(1+x)2 =0
Differentiating w.r.t. x
d 1 d 1 d
:>—x1+v3}+—[ 1+.1‘3}=—U
dx[ ) dx )| ) dx( )
d 1 1 dx d 1 L dy
= x—(l+y)2+(1+y)2— +y—(1+x)2+(1+x)2— = 0
(LY + (L4 y) == +y—(L+x)2 +(1+x)*
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1 1 | -1 Ldy
—(1+vy) 2—=+(1+vy)2) +y-—(14+x) 2D+(1+x)2—=— =0
= X (L y) 2=+ (14 )2 (D) +y-S(1+x) 2 O+(1+x)2
= - dy+(1+y)% e ,+(l+,1r)%ﬂ = (
2(1+y)2 dx 2(1+x)2 -
—" = l+(1+x)% L A (l+y)%+ Y 1
2(1+y)2 1% | 2(1+x)2
= 1 _— — 1 1 =]
R x+2(1+x)£(l+y)% dy 2(1+.r)3(1+y)5+}’
O 2(+y)? || 2(1+x)?
x+2 A+ x)(1+y) |dy 20+ 0)A+y) +y |
— = = -
I 21+ y _a'x | 241+ x |
dy 20+ x)(1+y) +y 21+ y
= —— == '
dx 21+ x x+2\/(1+x)(l+y)
dy  1+y(2Ja+0d+y) +y)
= = = — Answer

dx
(vi)

y(f —1) = x\/xz +4

Differentiating w.r.t x

Vi+x(x+ 20+ x0)1+y))

dy 2x° +4—21}*\[x2 +4

%y(f—l):ix(xz+4)é
d , ) d d 4 ) Ldx
= ya(x“—l)wt(x"—I)Iizxa(xﬂél)-nt( +4)-E
1 1
— y(2x)+(f—l)%=x%( 2_|_4) 2(2.1t:)+(.):2+4)2(1)
9 dy JL'E 2 %
= 2xy+(x"—1)—== +(x"+4)°
(o= (e
=> (f—l)?: X i+(_1:2+4]%—2lj’
X (r2_|_4)1
= (f-—l)?: X l+(.r2+4)%—2xy
(2 44)?
1
~ (f—l)ﬂ—xz+x2+4_2xyl(f+4)g _
dx (.1:24—4)2 dx

(f —1)\/;{:2 +4




Question # 3

Find 4y of the following parametric

functions:

(1) X = 6'+é- and y = 6+1

) a(1-1*) 2bt

(1) x = > 2y = 7
1+ 1+1¢°

Solution

(1) Since x = t':'r'+l
7,

= x = 6+0"
Differentiating x w.r.t. @

= . i(ew"')
do dé
=]_9,_3 s ]_ lq = 9-:1
7 6"
do 0’
= — = —
dx 6" —1
Now y = 6+1
Diff. w.r.t. @
ﬁy—:——d—-(ﬂﬂ) :>ﬂ.=1
d6 dé do
Now by chain rule
dy dy‘dﬁ
dx d@ dx
_dy df _ . 0’
d@ dx 6° —1
N
dx 6 —1
L a1-r)
(11) Since x = -
14+¢°

Diff. w.r.t. ¢

de _ d(1-1
dt dr\ 1+1¢°

FSc-11/Ex 2.4 - 5§

d d
) -r)- (=) )
(l+r’]
(1)) -(-P)2
(1+7° )
=220 =2t + 21
(1+7°)
dx —4at dt (1+1'?“)2
= — = = =S — =
df (I s rz )- d.x —412'”
Now y = 2“,,
) 1+1°
Diff. w.r.t. ¢

dy _ a’( Zbr]
dt dit\ 1+1¢°

1+2) L obr— 26t 4 (147
dt

= : dt
(1+2%)
- (1+7%)26(1) - 261 (21)
1 [1+r3)2
il 2b + 2bt* — 4bt _ 2b —2bt*
(l+r2)2 (1+r2)2
| 2b(1-17)
(1+r2)2
Now by chain rule
dy _ dy di
dx dt dx

2b(1-1) (1+r3)2
(1+r3)E —4at
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Question # 4
dy . -t
Prove that y—+x=01f x = =
dx [+
2
1+¢°
. . [ —¢°
Solution  Since x = -
1+t

Differentiating w.r.t. 7, we get (solve

vourself as above)
dx _4¢ a (1+7)
—_— =— = :} _— =
dt (l+r3)‘ dx —41
2
Now y = r,,
L4

Differentiating w.r.t. 7, we get (solve
yourself as above)

ﬁ 2(1—1.'2)
dt (H—rz)E
Now by chain rule
dy _ dy di
dx dt dx
2(1-1%) (1+7%)
(l+f)2 —4
dy ] =¢*
=P . =
dx 2t
Multiplying both sides by y
" dx g 2t
2 1=r
1+1> 2t
dy |-
— y— = = 5
" dx 1+¢°
p _ 2
— y_y = =X X = l—rr-,
dx 1+
= yﬂ +x =0 Proved.
dx

% pakcity.org %D

Question # 5

Differentiate
P |
(1) X=——wirt x'
%
Gi) (1+x7) wrt. &’
iy X gy T2
x -1 x+1
. ax+b ax’ +b
(1v) W.I -
cx+d ax - +d
“+1
(V) Ij W.I.t. X
x —1
Solution
(i)  Suppose y = f—i,;, and u=x"
2
Diff. y w.r.t x
b _ 4 1)
dx dx x°
d > , 3
= —(x =% ] = 2x+2x
dx
= 2(.r+%}
o
A
L ody _ 2[3{ 1+1]
dx X
Now diff. u w.r.t x
= = =)
dx dx
— @: 4x°
dx
Now by chain rule
dy _ dy dx
du dx du
_dy 1
dx du
dx
_._i
Ly fxtl) 1
du . 4x
dy xt+1
=1 = =
du 2X




2

(i) Let y=(1+x") and u = x

Differentiation y w.r.t x

%:%mm”
n-1 ¢
= n(1+x°) Idx(l-l_x )

= M(Hw'c2 )n_l (2x)

= 2}1.r(l+x )”l

Now differentiating u w.r.t x
dH d 7
X

dx  dx
= AX — Ezi
du 2x
Now by chain rule
dy _ dy dx
du dx du
= ﬂ = 2.i=1.;a7(1+.7{72)”_l-l
du 2Xx
— ﬁ = H(1+Xl)”_1
dut

(111) Let y:x‘;-l-l and u = L
x -1 x+1

Diff. y w.r.t x
dy d x°+1
dx dr(f —J
—4x

= Solve yourself = -

(1)

Now diff. u w.r.t x
du _ d(x-1
dx dx\ x+1

= Solve yourself =

2
(.r+l)2.

dx (;v:—l-l)j
—_— — = .
du 2

Now by chain rule

FSc-11/Ex 24 -7

dy _ dy dx

du dx.du

—4x  (x+1)
(#-1) 2

Q —-2x
dx  (x-1)°

Gv) Lo 3 sl g 1P

cx+d ax’ +d
Diff. y wr.t. x

dy d (ax+b}
ax dx\cx+d

(ex+ d)%(ax+b)—(m‘+b)%(cx+ d)

(c,lr+f::!)2
(ex+d)(a)—(ax+b)(c)
(ar:Jf+.::!)2
acx+ad —acx—bc
(m:+a')E

dy  ad-bc
dx (cx+d)’
Now diff. u w.r.t x

du d{af+b}
dx dx\ ax’ +d
(ﬂr +d) (le +b)—(ax’ +b)<L
(m' +d)
(cz.rz +d)(2ﬂx)—(ﬂ.1'1 +b)(2m’)
(ﬂr2+d)z

—

(ax” +d)

dx

2ax(ax® +d — ax* —b)

(af -!—d)z
2m(d b)

m: +d

sﬁ;pakmty org %‘:
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- ﬁ 3 (le'f'd)z %:%Ij
du  2ax(d—b) T

Now by chain rule de 1

dy — dy ax ~ du:3f

du dx du : Now by chain rule

o ‘(a.rz+d)" dy _ dy dx
(.~:,vc+4:1’)2 2ax(d —b) du fix4du ]
—4x
|y _ (ad —bc)(ax® +d) _(IE_])2 3x®
dx  2ax(cx+d) (d-b) dy _4
= | — = :
a1 dx 33:(.1:1—]]
(v) Let y= x,}_l- and u=x
X —]
Diff. y wr.t x
dy dx*+1
dx dx| x> =1
= Solve yourself
. —4x
(*-1)

Now diff. u w.r.t x

o%’p—akcity.org %
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Some Important Derivative Formulas

o ic =0 where ¢ 1S constant e ix” =
dx dx
. iSiﬂ X = COSX -ud—tan x=sec’ ® i1’--cs'::.x——(:'5‘c xXcotx
| dx dx dx
°® iCOS,l::—SiI]I lf—fcot_x_—CSC X e iS'.BIC.J'L_ secxtan x
dx dx dx
T l d | & .o 1
e —Sin x= 1 o — Tan 'x= ® —Sec x= -
ﬂ dx 1—x~ dx 14 x* dx xvx -1
d -1 _l d —1 _1 d = _]
o —(Cos x= o — (ot 'x= o —(Csc x=
dx 1 — x° dx 422 dx xvx® —1
Question # 1
Difference the following trigonometric functions from the first principles.
(i) sin2x (ii) tan3x (iii) sin2x+ cos2x (iv) cosx’
(v) tan’x (vi) vtanx (vii) cos/x
Solution

(1) Suppose y=sin2x
= y+0y=sin2(x+0x)
= O0y=sin2(x+0x)—y
=sin2(x+0x)—sin2x

Dividing both sides by ox
Oy _sin(2x+20x)—sin2x

Ox ox
s 2x+20x+2x s 2x+20x—2x
B 2 | 2
OX
- 2c0s(2x+0x)sin(Ox)
OX
Taking limit as ox — 0
Sy . 2cos(2x+dx)sin(ox)
}{T{JE B J}Tﬂ Ox
d}: *31]]((5.1')
2= B 2 }1111 cos(2x+dx)- 5
sin( o
=2 mcos(2x+5x) im sin(Jx)
—0 x—0 5}:
= 2 cos(2x+0)-(1) o 1im3ne

8—0 Q
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— ﬂ = 20082X
dx

(11) Let y = tan3x
= y+dy = tan3(x+Jx)

= Jy = tan(3x+3dx)—tan3x
- sin(3x+30x) sin3x  sin(3x+3dx)cos3x—cos(3x+3dx)sin3x
i c05[3.x+3§x)_cos3x 3 cos(3x+3dx)cos3x
~ sin(3x+30x-3x) sin(3Jx)
 cos(3x+3dx)cos3x  cos(3x+35x)cos3x
Dividing by ox
oy 1 sin (3dx)

Sx 5,r'cas(3x+35x)coslr
Taking limit as ox — 0

) . sin (3Jx)
Iim—— = lim
o0 gx 60 9x cos(3x+30x)cos3x
sin(30
B _ g MRAIGE) 1 2 singund siay S on LIS
de -0  dx  cos(3x+3dx)cos3x 3
.. 5
_ 3 S00B30%) :
5x=0  30x =0 cos(3x+30x)cos3x
cos(3x+3(0))cos3x
= 3 B 3
cos3x cos3x cos” 3x
= ﬂ =3sec’ 3x
dx
(111) Let y = sin2x+cos2x

= y+0y = sin2(x+Jdx)+cos2(x+Ix)
= Oy = sin2(x+0Jx)+cos2(x+dx)—y
= sin2(x+ dx)+cos2(x+dx)—sin2x—cos2x
= | sin(2x+20x)—sin2x |+| cos(2x+2dx) —cos2x |

. [2x+25x+2x]. [2x+251—2x]“
2C0S 5 Sin 5

. [214—25}:—21]. [2x+25x—21]
+| —=2s1n > S1N >
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= 2c0s(2x+ Ox)sin(Jdx)—2sin(2x+ Jx)sin(Ix)
Dividing by dx

ﬂ = %[2003(21 + §x)sin (5_17) —2sIn ( 2X+ 5X)Sin(§;f)]
X

Ox
Taking limit as dx — 0
.oy .. 1 . . .
;{2}]5 = {%EE}JE 2cos(2x + dx)sin(dx) - 2sin (2x + dx)sin (Ix) |
in(o sin( o
Y _ 2 1im cos(2x+6x) lim 2% 2 im sin (25 + 8x) lim S2L0%)
dx Jx—0 oxr—=0 Ox Ix—0) ox—0  Ox
= 2cos(2x+0)- (1) 2sin(2x+0)-(1)  Since Lingmgg =1
=% Q= 2c082x—2sin2x
dx
(1iv) Let y = cos x°
= y+dy = cos(x+x)°
= Jy = cos(x+3Jx)° —cosx’
_ aain (Xx+0x) +x~ - (x+0x) —x~
2 2
4 2x0x+ 8% . [ F2x0x+8x —x"
= —28In Sin
2 2
[ 2x7 +2x0x+0x7 ) . [ 2x0x+Ox’
= —28In . 1N
2 2
= —2sIn x2+x5x+£ -sin[x+@]§x
2 2
Dividing by ox
ﬂz—LQsin f+x§x+£ -sin[x+ﬁ]5x
Ox Ox 2 2
, . Ox
x1ng and +1ng (x+7] on R.H.S
i ) (x_l_é'x\
2 )
= 4y = — i:a;in f+x§x+5i -sin[x+ﬁ}§x : P,
Ox ox 2 2 ( Ox
.. | ;o i
2 )

. Ox
512 51n(x+2]5x St
- 25in[f+x§x+7]- -(x+—-)

[x+&]§x
2

b o)
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Taking limit as ox — 0

sin[.x:+§x]5x_
. Y
lim i % — lim 25in[x2+xc5'x+5x ] 4 - ,1r:+é
ox—0 5}: dx—0 2 [ (S.EJ 2
xX+— |0x
b 2 —
p 5 sin[x+?]5x 5
= 2 = thsm[x +x§x+~i] lim im| x+ 22
dx 0x—0 2 ox—0 [ 5}1] ox—0 )
X+— |0x
2
= —2sin(x” +(0) +(0))-(1) - (x+ (0))
= & o — 2 xsin x’
dx
(V) et y = tan” x
= y+0J0y = tan’(x+Ox)
— Oy = tan’(x+Jx)—tan’x

= (tan(x+ dx)+ tanx)-

= (tan(x+ Jdx)+tanx)-
= (tan(x+ &x)+ tanx
= (tan(x+ Jx)+tanx)-

= (tan(x+ Jx)+tanx)-

Dividing by ox

tan (x+ dx) — tan x)

)
sin(x+0Jx)  sinx
cos(x+0x) cosx
(x+ Jdx)cosx— smxcos(.r+5,r)J

{sm
sm x+c5'x .l
C{)s X+ 5x cmx

{ sin 0x J

coS x+ 5,1 cosx

cos(x+ Jdx)cos x

sin dx
cos (x+ dx)cos x

Sin Ox
cos(x+ dx)cos x

% = é(tan(x+5x)+tanx)-
Taking limit when ox — 0
fim 22 = IimL(tan(x+§.r)+tanx)-{
5x—0 Sy 3x—0 Hx
- D
dx 0 cos(x+dx)cosx

cos(x+0)cosx

| [tan(x+5x)+tanx} , [sincﬁ'x}
lim - lim

(tan(x+0]+tan.x}(l)

Ox—) 5):

tan x +tan x 2tan x

COS X - COS X cos> x
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d 5
=5 . 2tanx sec” x
dx

(vi) Let y = Jtanx

= y+dy = \/tan(x+5x)

\/tan(.r+ ox) —+/tan x

(\/tan x+ Ox) +\/tan_1~:\ﬁ
ox)—+/ - :
(\/tan(x+ ) tanx) k\Jtanix+¢:‘i;:)+*~Jtar1.7r:

= 0Y

Il

)
tan (x+ dx)—tanx

\/tan(x+5x)+m
i) 1 '[Sin(x+5x)_sinxJ

- Jtan(x+6x) ++tanx (cos(x+8x) cosx

Now do yourself as above.

(vi1) Let y = cosﬁ
= y+Jy = cosvx+Ox
=% Oy = cosvx+Ox —cosvx

" _zgm(\/x—l— 5.1:+\/E] sin{\/x—i_ 51—&}

2 2

Dividing by dox

\/x+§x+\/;J sin[\/x_l_ 5)::—\/;]

2s1n
dy ( 2 2

ox i Ox
Taking limit as ox — 0
. {Jx+§x+&} . [\/I-F(SJC—‘\/;J
sin sin
Oy . 2 2
- 2 Iim

Iim— = —
Ox—0) 5_r Ox—0 5_}(

As Ox=(Vx+8x +/x)(Vx+dx —+/x), putting in above
(Vx+x+Vx) . [(Vx+8x—x
sin sin

Y — _21im : :
=N == = =
dx 30 (Vx+x +vx)(Vx+dx —=/x)
[ x+6x+x (x+6x—+x
sin sin
lim - lim -
= — 1 .
50 (Jx+8x+x) o0 [\/x+§x—\/;J

2
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Sin{m_h/;]
| 2

_ o = dy _ _Sin(\/;)
(Vx+0+x) dx 2 x

Question # 2

Differentiate the following w.r.t. the variable involved.

(i) x*secdx (ii) tan’ @ sec’ @ (iii) (sin26 — (:05319)1 (iv) cos+/x ++/sinx
Solution

(i) Assume y = x’secdx

Differentiating w.r.t x

L if sec4x
dx  dx

d d
x>’ —secdx+ SBC4.I_—,1'2

dx dx

x~sec4xtan 4x% (4x)+secdx (2x)
dx

= x“secdxtandx(4)+ 2xsecdx
2xsec4x(2xtan4x+1)

Il

(i) Let y = tan” @ sec” @
Dift. w.r.t 6

L. {—!taHE 6 sec’ @
d@ dé

= tan’ .‘E}’is&c2 6 + sec’ Hitan3 6
de dé

= tan’ 9[28&0 Qi sec 9) +sec” 9(3 tan” Qitan 9]
dé dé

= tan’ @(2secH -secHtan @)+ sec’ 6(3t.=5m:1 0 - sec’ 6)
= sec’@tan’ @(2tan’ @ + 3sec’ )

2

(iii) Let y = (sin26—cos36)

Diff. w.r.t 6
L . i(sinQB—cos:%é‘)z
dg  dé
d

= 2(sin26 - 00539)*;5(5in 26 —cos36)
( d

\ d6
= 2(sin26 —cos36)(cos26-(2)+sin36-(3))

COS 26 -

2 (sin 26 —cos 39) (26)+s1in 36 - —j—g (36)]
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= 2(sin26 —cos30)(2cos 26 + 3sin36)

(iv) Let Y = COSVX+ sin x

1 1
= cos(x)? +(sinx)2

Diff. wr.t x
, 1 1
& i[t:ﬂ:a(x)1 +(sinx)3]
dx dx
.- Ad X 1,. «1d.,.
= —sin(x)?> —x2 +—(sinx) 2—(sin x)
X 2 dx
il LY 1. .  wed
= —sin(x)? [~— 2]+—(smx) 2(cos x)
2 2
1| cosx Hsin\/;
2\ v/sinx \/;
Question # 3
Find & if
dx
(1) y = xcosy (11) x = ycosy
Solution
(1) Since y = xcosy
dy d
— = —XCOSY
dx dx
= xicos +COS ﬁ
dx J ydx
= x(—sin y)@wcos y(1)
o dx
— Q-F.I‘QIHVQ = COSY —> (]+.I'§lﬂy)dy — COS Yy
dx dx dx
- @ _ cas%v
dx 14+ xsiny
(11) Do yourself as above
Question # 4
Find the derivative w.r.t. “x”
. 1+ en o 112
(1) cos\j = (11) Slﬂ\/ -
1+ 2x 1+ x
Solution
; : 1+ x
(i) Since y = cos\/ )
1+ 2x

Diff. writ x
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dy d \/1+x
— = —C(COS
dx dx 1+ 2x

.\/l-l—x d \/l+x .\/l+x d( 1+x
= —SIn = —SIn
1+2x dx( V1+2x 14+2x dx\ 1+ 2x

1
4% 1[1+x]3d[1+x)
1+2x 2\ 1+ 2x dx\ 1+ 2x

o |

1

|
A.
=

T I(1+2;¢:)é (l-l—2x)$(1+x)—(1+1)£(l—l—2x)

= —Sin\x . ~
14+2x 2\ 1+x (1+2x)
\
X
) —qin\/l+x (1+20)2 [ (14+2x)(1) = (1+x)(2)
V1424 2(1+x)'§ (1~|~2x)2
1
) _Si“\xlﬂ (142x)7(142x-2-2x
14+2x p(14x)2(  (1+2%)°
b1 4
B qirl\/1+Jﬁ (1+2x)3f o
— ' | 2
1+2x  9(14x)2 ((14+2x)
1
1 \jl+x (1+2x)2
= —s8in : T —
20 VI+2x 214 x)2(1+2x) "2
dy | .\/1+x
= | —= T S1n
A 21+ x(1+2x)2 V1+2x
(11) Do yourself as above.
Question # §
Differentiate
(i)  sinx w.rt. cotx (i) sin’x w.r.t. cos’x
Solution

(1) Let y = sinx and u = cotx
Diff. y wrt x

dy d .

—%. = —gInYX

dx '

= COSX

Now diff. u w.rt x

du d

— = ——Cotx

dx dx

2

Il

3\
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dx |
> — = ——
du CSC™ X
= —gin~ x
Now by chain rule
dy dy dx
du dx du
- (cosx)(—sinzx) — —sin®x cosx

(ii) Lety = sinxand u = cos" x
Diff. y wart x

d}’ d . 3
— = —sin“x
dx dx
o &g :
= 2sinx—(sinx) = 2sinx cosx
dx
Now diff. u w.r.t x
du d 4
— = —COS" X
dx dx
= 4c053xi(cosx) = 4cos’ x(—sinx)
dx
= —4sinxcos’ x
dx 1
= — = —— -
du 4sin xcos™ x
Now by chain rule
dy _ dy dx
du dx du

[l

(2sinx CGSI)[*— l ]

. 3
481n xcos” x

_ %Secz : o@ pai&city.org 9:

|

Question # 6
dy
If tan y(1+tanx) = 1—tanx, show that d_ = —1
X
Solution
Since tan y(1+tanx) = 1—tanx
| —tanx
= tany =
1+ tan x
| —tan x tan 7 — tan x T
= — = an| ——x
l+1-tanx 1+tan%-tanx 4
T
= y=——x

4
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Ditf. w.r.t x
dy d (:fr _x]
dx dx\ 4

Il
=
¥
J
Il
|
al

Question # 7

It y = \/tanx+\/tanx+\/tanx+..m , Prove that (2y—1)% = gpotX.

Solution

Since y = \/taﬂx+\/tanx+\/tanx+...m

Taking square on both sides

y> = tanx+ Jtan x ++/tan x + .00

= tan.r+\/tanx+\/tanx+Jtanx+...m
= y2 = tanx+y

DI, WLt X

d . d
—y° = —(tanx+
y t ( y)

Question # 8

If x = acos’@, y = bsin’ @, Show that a% +btan@ = 0

Solution
X = acos’ @, y = bsin’ @
Diff. x w.r.t €
ﬁ = i(ams}@]
dé dé
= a-SCosEH%(cosé) = 3acos’ B(—sinb)
= L —3asinfcos’ 8 = Y : - -
do dx 3asin@cos 6

Now diff. y w.r.t 8
D = 2 (psin’g)
dg  do
= b-SSiHEQ%(SiHQ) = 3bsin’ fcos b

Now by chain rule
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a% pakcity.org %ﬂ

dy _dy d
dx d@ dx
. 1
= 3bsin" @cosl - — -
3asin@cos” €6
b
= ——tané
a
d d
— a2 = —ptanf = a> +btan = 0
dx dx
Question #9
Find$ if x = a(cost+sint) and y = a(sint—rcost)
adx
Solution
x = a(cost+sint) and y = a(sinz—rcost)
Do yourself
Derivative of inverse trigonometric formulas
: " I
1) —Sin x=

dx I,"l £4 J."E

See proof on book page 76
d -1

3 o
(11) ECM xX= —
Proof
Let y=cos x where xe [0, 7]
=> GOy = ¥
Diff. w.r.t x
d dx . dy
—COSy = — = —siny— =1
dx dx
- Y
dx Sin y
= . Since sin y is positive for xe [0, 7]
\/I —cos’ y
| ces]
f = x
(i) < Tan'x=—1,
See proof on book at page 77
(v) —Cor 5= _1?
dx 1+ x~
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Diff. w.r.t x
d d , dy
—coty = —x = —cs¢ y— =1
dx dx dx
dy —1
= — = 5
dx csC” y
=1 2 2
= 5 '+ 1+cot” y=csc™ y
1+cot” y
d
SN SRS S
dx 1+ x°
d g 1
(v) —Sec x=
dx Nz —1
Proof
et y = sec” x = SeCy =
Diff. w.r.t x
d d dy
—secy = —x = secytany— = 1
dx dx dx
1
- =

dx secytany

1 2 2
— '* 1+tan” y=sec” y

sec _‘V\/SECE y—1

— iSEC_II =

1
= e Secy = X
dx xNx“ -1
|

(V1) iCSc‘_'xz —

dx xvxi -1

See on book at page 77 pakclty.org

Question # 10
Differentiate w.r.t. "x"

i) Cos™'Z i) eot™

(l

.
a
(iv) Sin'Vv1-x? (V) Se'c_l{x,,+lJ (V1) Cor‘l[ 2'{.,]

x =1 l=x°
(vii) Cos™ [1_“’{;]
1+ x°

Solution

i) L Sin" 2

(l X

i) Let y = Cos™'2
o

Diff. wrt x

L. iC'ﬂs_li

dx dx a



VL a
—1 | —a |
= P ) (1) = 3 ~ =
\jﬂ'-—x“ a a —x d
HE
(ii)Let y = cot™' 2
(1
Diff w.r.t x
dy d | x
— = —cot —
dx dx a

||
[—
I
TN ,'_
| =
\'ﬁ-_.{.:
= |
D e )
Q| =
S
1
-c:h::___
IS
HIJ
0 r—
ol KW

1| (l
- —a’ B N = _ @

a+x a a’+ x°
| .. ,a
(m) Let y = —8Sin —
a X

Dift. wr.t x

ﬂ = liSin_IE
dx a dx X

] 1 d [a] _ ] |
el a - ﬂ’.x A ﬂ\sz—az
3)
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— A (_I—E) i - (—L
\/f—ﬂl \/.:-.:2—.:':;'2 g
(iv) Let y = Sin”'V1-x7
Diff. wor.t x
Y = L st i-2
dx dx
1 d >
— ‘ | — y —
dl.
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41
(v) Let y = Sﬂc'[x,, J

x —1
Diff. w.r.t x
Q — iS@C-I I;_l-l
dx dx x =1

'y ] ¢ % T P
) | (x —])i(x +])—(x'+]_)—x(x' —l)
2 41 (.1r1+1)2—(.;c3—1)2 \ (Ij—l) )
-1\ G-
) 1 (2 —1)(2x) = (+? +1)(2x)
2 +1 \/(x4+2x2+])—::x4+2f+1) i (,1;:3—1)2 .
(IE—IJ' (x* =1)
- (f—l)2 (2_1{(,1?2—1—13—1)\
) (f+1)*\/x4+2f+1—x4+2f—1 k\ (f_l)z )
l —4x ~2
= (2x(=2)) = = An.
(x3+1]-\/ﬁ (2x(=2)) (2% +1)-2x (% +1) "
(vi) Do yourself as above. '
(vii) Do yourself as above. %Pﬂkmﬂ"g%
Question # 11
Show that 2 =2 if ¥ —tan' X
ax x X y
Solution
Since L = T.*:m_'i = y= xTan™ b
X y y
Diff. w.r.t x
% = di[.r THH_IEJ
X X y

= _1'{—1 Ton ™ = | an = - (x)
dx y y dx
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4 b
1
= X 5 d[.}:} +Tan™ = (1)
(_I:J dx\ y Y
Jop] =
S ¥ )
/ p dy\”\
1 V(L) —x— . % s A
=X . = dx +Tan = = : j[y—x—”] —
y +Xx ¥ y y +x° dx) X
L F A 4
::}ﬂ: ‘:-xyﬂ_ 1x_ 1'dy+£
dx yY'4+x* y4+x dx x
— dy_l_ 1‘1-- ﬂ'dy = 1.1:}? ‘l+£ - l+ 1-1:“ 2 dy = y ’JI‘- 1+l
dx y +x° dx Vokxw X y +x° ) dx xX\y +x°
d
- 2 _ 2 Proved
dx x
Question # 12
If y = tan(mei_Ix),show that (l+x3)y,—p(l+f) = ()
Solution
Since y = tan(pTan_lx) = Tan™y = pTan 'x
Differentiating w.r.t x
d 4 d i
—Jan'y = p—Ian x
dx 4 pdx
] ffy ] 9 ‘d}' 9
- - = $4 ~ = (1+x")— = Ly
1+ y”° dx i 1+ x° ( )dr p( . )
. " ; d !
= (l+_x:“)yl—p(l+y“)=0 Since d—}=y|
X

% pakcity.org %
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2.10 Derivative of General Exponential Function (Page 80)
A function define by
f(x)=a* where a>0, a #I

1S called general exponential function.

Suppose y=a"
—, y_[_é‘y:a,r-f-{?.t — é‘y a,1+c5'1 y
— dy=a**%* —q* Since y=a"

= dy=a*(a’* -1)
Dividing by dx

5}7: a.r(aﬁ.r_l)
Ox Ox
Taking limit as dx— 0
X[, 0X
lim 22 0¥ _ tim 2@ —1)

ox—0 5_;( 0x—0 5'1'
Sx ox _
L g ) o Do

dx x>0 Ox dx =0l dx
d . , . & =1
=% —(a )=a".lna Since lim =Ina

Derivative of Natural Exponential Function
The exponential function f(x)=e", where e=2.71828..., 1s called Natural

Exponential Function.

Suppose y=¢"
Do yourself ... Just Change a by e 1n above article. You'll get
d_
dx

2.11 Derivative of General Logarithmic Function (page 81)
[f a>0,a#1 and x=a’, then the function defined by y=log,x (x>0) is

called General Logarithmic Function.
Suppose y=log, x
= y+oy=log,(x+0x) = oy=log,(x+0x)—y
= oy =log,(x+0x)—log, x
m
n

=log, [x:&r } Since log, m—log, n=log,—

Dividing both sides by ox
dy _ |1 [J:-l- Ox J

X

Ox 5.r
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Taking limit as cﬁ'x —0

1m —— = 1m—lc:- x+§x
}14[) 5_;: (511—:{! Ox x
dy _ 1 Ox
—log | 1+—
~ dx i, 0 Jx 0"’”[ x J
= lim E-—l-l«:)g 1+ﬁ +ing and Xing by x
ox—0 y 5.1 " X

dy OX
= F = r}lm —10:,{1, [1+—J

=0 9 x X
dy _ - (SI 5}_‘ . — m
=> p Eg% log, (1+7] Since mlog, x=log, x
-
= @_1 log,| lim (l +—XJ
dx x t—0 X
) : I
B ey Since lim (1+x)* =e
b e ¥ x—l)
= i(logﬂx) - - Since log, b= ]
dx x log,a log, a
d | .
= E(logﬁ x) = == Since log,a=Ina

Derivative of Natural Logarithmic Function
The logarithmic function f(x)=Ilog, x where e=2.71828...1s called Natural

Logarithmic Function. And we write In x instead of log, x for our ease.

Suppose y=Inx
= y+dy=In(x+5x) = JSy=In(x+x)—y
=> oy=In(x+0x)—Inx
— c‘j‘y:[n[‘r'l"s‘r] Since = Inm—Inn=In">
X n
ln(1+5—“1]
X

Dividing both sides by ox

5y _ 1 _yf1, 8%
EE_JX_IH[H XJ

Taking limit as ox —0

11111 ay _ hm —ln 1+'§_"1 %pakclty.org%
ox—0 éj‘x ax— 5.1- X
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= % = Jliﬁnﬂi.é{rln[l_l_ixJ =ing and Xing by x
dy 1 X ox
— =—]im —In|1+—
- dx ~ x om0 Sy n[ X ]
5
= o1 [im ln[l—l—g—xj Since mlInx=Inx"
dx  xox—0 ¥
dy 1 0Xx s
=3 - In {E}lﬂ{] +1J
) ) I
= L S Ine Since lim(1+x)¥=e
dx x x—0
d _ - . -
= E(In X) = . 1 Since Ine=log, e=1
d 1
2 (Inx)=— ;
il - i pakcity.org
Exercise 2.6 (Questions)
Question # 1
Find f’(x) if
1
@) fx)=e"*" (1) f(x)=x'e*,[2£0) (iii) f(x) = e*(1+Inx)
. €_1' ) . - eﬂ.’[ — e—ﬂ.'l'
(iv) f(x) = — (v) f(x) = In(e*+e™) (Vi) f(x) = ——
e +1 e” +e

(vii) £(x) = \[In(e¥ +e™) i) f(x) = In (e +e)

Solution
(1) filx) = 8%
Diff. w.r.t x
d d i
= F%) = —p
dxf( ) r

= fi(x) = E‘E"i(«/;—l)

() f(x) = x'e*
Diff. w.r.t x
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d d ;-
- F{X) = —X&°
dxf( ) =
L.
= £x) = x3i€-"+e-"if
dx
.| | :
= x’e* [ ]+€~”(3f)
dx\ x
1 1
= x'e* (— qu+€"(313) d (l]:ixl =—x" =—L¢.
> gx\ x,; dx £
1 1 1
= —xe* +3x°e* = xe*(3x-1) Auns.
(iii) f(x) = e'(1+Inx)
Diff. w.r.t x
d d .
—f(x) = —e' (1+Inx
S0 = —-e )
=5 F(x) = e"'(—z(l+ln1)+(1+lnx)i€"'
dx dx
— e“[0+1]+(1+1nx)e‘
X
| 1+ x(1+1
— W e‘(l+l+lnx] of JFix) = e‘[ x( HX)]
X X
(iv) fx) = —
e +1
Diff. w.r.t x
d di &
Ef(l) B dx(e"‘?l}
(e"" + l]ie" —e"“i(e_" +1)
— f’(.lf) i dx de
(e_"'+1)
(e_"' + l)e"' —g" (e“" (=1)+ 0] e (e_"' +1+e™ )
(e +1)’ (e +1)
: e’ (23""’ + 1)
= F(x) = — Ans.
(e_""+1)

c%pakcity.org %:
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(v)  f(x) = In(e' +e™)
Diff. w.r.t x

% f(x) = %m(e-"wﬂ)
" 3 | diw
= [ (X)) = (e"'+e""]dr(€ +e )
1 e
Fer |t )
= i) = ET:_E:T or f'(x) = tanhx tanhxzet_e:_:
e +e e +e
Vi) fe) = £
e +e
Diff. w.r.t x
d B d EELT s E—IL'I.'
d__l"f(X) o dx(em +€m'J
W ¢ (P e caN A ow e
(e e ) (e - o)~ (e e ) (e +e)

(e +eY
(e‘“ +e ™ ) (e"""“ (a)—e ™ (—a)) - (e"“‘ —e ) (e‘“ (a)+e ™ (—a))
(" +e)

a(eﬂ.‘{' +€—ILT)(€£-'.T +€—H.l')_ a(eﬂl _e—llfﬂ')(eﬂ,l' _e—ﬂ'_'l.')

a l:(eiﬁ.r + E—E.:D: =N 26:::_1'6—:117) . (ezm- 4 e—lm: _ Zeure—m- ):I
(ecu' +€_ )
a[elﬂ. +e u'r_l_z_ezfll_e— ,m-+2i| B U
(e” +e ‘)
’ 4a
= fx) = Asis
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(vii)  f(x) = Jln (¢ +e7)

d o Th
= af(}f) = dx[ln(e +e )}
| l 2% § ,2x _’5 d A o -3y
= fx) = 5[1}1(3"' +e )] aln(e +e )
_ | 1 ] d (el“’+e‘ 1)
2|:1[1(€ +e” ]T (€ e ) o
1 1 5 .
= e (2)te 2)
ZJIH(EEI+E€'_EI) (e“"+€ “")(E e )
- 1 2(€ _E) = e Ans.
2\/1H(€EI +e_3"') (E“" + e "‘) (eh _I_e—z-r)\/ln(ez,r_l_e—z,r)
viii) f(x) = Inf(e +e)
Now dlff W.I.t X
| d
A f(-x) 5 "d— é’ +€ k
Now do yourself pa city.org
Question # 2
Find 2. if
dx
iy = x° In/x (1) y = xJInx Gil) 'y = .
Inx
(av) y = len]— (V) y = l"\jxj_] (vi) y = In(x+m)
X x +1
(vii) y = In(9-x*)  (viii) y = e **sin2x (ix) y = e (x’+247 +1)
(x) y = xe™* (xi) y = 5¢*7° (xii) y = (x+1)
i) y = ()" (aivy y = L)
(,r3+l)h
Solution

i) y=3x° Inv/x
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|

5 d 5
=5y = g In(x)2 =3 § = E.r'lnx  Inx" =mlnx
Now diff. w.r.t x

dy _1d 5
dx 2ax

][ , d d

= —| xX —Inx+Ihx—x
2 dx dx

1( , 1 1 1
:E[r-—ﬁ—lnx(bﬁ)} :§x+xlnx or §x+2xln\/; Ans.

X

(11) y = xvinx

Diff. w.r.t x
... ix(lnx)%
dx dx
d 1 L d
= x—(Inx)?+(Inx)2—(x)
& (102" +(1nx)! 2
o 1 3
= x-l(]n.l] Ei(Iﬂ:t:)+(|mLfF(1) = — 1(]]+(1“I)2
2 X 2(Inx)2 \A*
| 1+ 2Inx
s ++Jlnx = Answer
2+/1n x 2+/In x
) a% pakcity.org}
(i) y = B
In x
.45
dx dx\ Inx
et @ ey R ]
i dx dx - | BT Answer
(Inx)’ (Inx)” Inx)”
(iv) y = x In—
X
= y= x lnx" = y = —x"Inx
Now do yourself.

V) y = ln\/i_l

x +1
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!
x> —1)? 1. T =]
= ¥y = ln| — = ¥y = =In| —
x +1 2 x +1

Now diff. w.r.t x

I
D | —
G .
S
vl
Ili—III
[
i A
= | X
F .
o | o=
i I (8
+ ||
M R
PO

X +1

e [ -)-(2-n) ()

2(1‘2—1) (Jc:2+1)2

% J

= _[(fﬂ)(zx)—(xz—l)(zx)‘

2(x2—1) (x2+1) )
& | .(2x(f+1-—-f+1)\: l -( x(2) \: 2x Ane

Z(f—l) k\ (x2+l) y (xz—l) \(Jv:z+l)jJ (xq—l) |

i) y = ln(x+x/x2+1)

Diff. w.r.t x

ay = %IH(I—FM)

dx
1 d 1 1 -5 d
= x+Vx +1) = [l+ x> +1) 2—(x* +1 ]
X+Nx _|_1dx( ) x+yx*+1 2( ) dx( )
( A
= 1 1+ : —(2x) | = 1 {1+ s }
x+x" +1 o) x2+1)§ } x++/x"+1 Vx©+1
\
| (\fx2+_1+.r 1
- - = Answer
EtsNE ELY x” +1 VX' +1
(vii) y = In(9-x*)
Diff. w.r.t x
D -4 yp(9- )
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| d 1
= .—(9-x") = —2x
-2
L x
dx 0—x
(viii) y = € *gin2x
=3 &y = iffz'f sin 2.x
dx dx
= ¢ i5in 2x+sin ine_z“'
dx dx
= e¢7*cos2x (2)+sin2x e ¥ (=2) = 2¢*(cos2x —sin2x) Answer

(1X) y = e_"’(x} +2x° +1)
L wrt X

- 4 ie"*(f +2x° +1)
dx 8

N 2 3 2 & =
e E(x +2x +1]+(x + 2x +l]ae
3

e (3% +4x+0)+(x* +2x* +1) -7 (-1)

e_""(?)xz +4x)—(x3 +2x° +1) g = a:~3'_""(3.;=c2 +4x—x —2x° - 1)

g’ (—,1:3 b = l) Answer

(X) y = xesin.r
Diff w.r.t x

Q = ixesinx
dx dx
C SR
I—ESIHI‘FE’HHI—I
dx dx
1N X d - SRy 51N X
Xx-e d—smx+€ (1) = x-¢ "cosx+e
X

e (xcosx+1) Answer

Il

$In X

(x1) Do yourself

(xii) vy = [x+l)
Taking log on both sides
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Iny =In(x+1)° = Iny =xIn(x+1)

Diff w.r.t x
d l
Elny zixln(x+l)
=5 LL. . xiln(x+l)+]n(x+])ﬂ
y dx dx dx
= 2 (1) +(x+1)@)
x+1dx
dy i
—y = —(1)+In(x+1
Y-y 250+
= (x+l)r[i+ln(x+])] Answer
x+1
akcity.or
(xiii) y = (Inx)" G%p Y 995
Taking log on both sides
Iny = In(Inx)"™" = Iny = (Inx)-In(Inx)
Diff w.r.t x
d d
—Iny = — (Inx)-In(Inx
—-lny = —-(Inx)-In(Inx)
= 15 = (lnx)iln(lnx)+]n(lnx)i(lnx)
y dx dx dx
1 d 1
= (Inx)- (Inx)+In(Inx)-—
In x dx X
B 1+In(]n.1:) - 1+In(Inx)
X X X
1+ In(Inx n.x |+ In(l
= L. y Ll = L (ln:'n:)I 5]
dx % dx X
|
_ x* =1 (x+1 x+1)(x-1))2(x+1
fxiv) yzxf%(m):,yz(( )(x=1)3( E)
(.r‘ +1) [(I+l)(f—x+l)}2
I 1 3 !
(x+D2(x-D?(x+1 x+D2(x-1)2
= Yy = 3 ( :) = Y = ( a : 3

3
)

(x-l—l)i(xz—x-l-l):j (x+1) (.ft:j'—x-l-l):j
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1
(x~1)~
= y = g

(x* —x+1) c%pakcity.org %a

Taking log on both sides
1
(£—1)°

(f—x+l)%

Iny = In

o | LIPS

= ln(x—lﬁ—ln(xz—ﬁl)

| 3 ¥
= Iny = —=In(x—=1)——In(x" —x+1
p cinfe-lj- ( )

Now diff. w.r.t x
d | d 3 d

Elﬂy = EEIH(I“l)—EEIH(IE-X‘Fl)
= L L d(x—l)—3 - : d(f—x+l)
yde 2x-ldx 2 (x* —x+1) dx
Sitvand (1) 73 a1 = s 3(121’—1)
2(x—1) 2(x'—.r+l) 2(x—1) 2(x“—x+l)
dy _xz—x+l—3(2x—1)(x—l)_
= — =Yy .
dx 2(x—1)(x'—x+l)
(I_.I)?Ii Hf—x+l—3(2x1—x—2x+l)“
o 3 2
(f—x+l]3 ] 2(.1:—1)(.1: —.r+1) |
| xP—x+1-6x"+3x+6x-3 B —5x" +8x—2
= T = e 3
2(x—1)"2 (o —x+1)2" 2(x=1)2 (x* = x+1)’
| 2_
] ay _ 3x" —8x+2 ALl

ba|n

dx Za/.r—l(f—xﬂ)

(x+2) ~x—1
(Xv) y = -
Vil +x-2
(x+2) «x—1 (x42) +ofx~1
= y = = y =
Vi +2x—x—2 Jx(x-l—Z)—l(x-l—Z)
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o2 NETT o
\/(.r-I-Z)(,r—l) *

Now diff. w.r.t x

3
& = Eixea)

dx  dx % : 3
Do yourself pakclty.org @”

—

2.1.3 Derivative of Hyperbolic Function (page 85)

The hyperbolic functions are define by
sinhx=€‘ _fZE- , X€R ; coshx=€t +2€. , XER

sinhx e —e¢

and tanhx= = — - , XER
coshx e +e*
The reciprocal of these functions are defined as;
csch x=— L - T - — , x€e R—{0};  sechx= - , g — , X€R
sinhx e —e coshx e"+e
and cothx= ] = Erl_ +€_I‘, , xe R—{0}
tanhx e —e
and there derivatives are
(1) {—!(Siﬂh x) = cosh x (ii) {—z(cosh x) =sinhx
dx dx
oo d ) | )
(iii)—(tanh x) = sech” x (iv)—(coth x) = —csch” x
dx dx
d <
(v)—(sech x) = —sech xtanh x (vi)—(csch x) = — csch x coth x
dx dx
Proof:
d dle=e™} difly, - 1 d |
(i) —(sinhx)= = [ e —e’ ]:—— e —e
dx( ) dx[ 2 ] dx 2( ) Zd.r( )
:][der_de.tlzl(ea_eaf e—t)
dx dx 2

(11) Similar as above.
(i11) See the below (iv) proof.

iv) Loothx=—|EtE
dx dx\ e —e
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dx

(EI —e " )2

(e +e* =2e'e )= (e +e 7 +2ee™)

(=)

g . Ly e g
e’ +e " =2=e"—e"" -2 Eoes 108
- ’ g =g =1

(e_r = e—.\' )"

T _ “+e ') dx a
:2_(—1)(€‘+e“)ldldix(€ ke )“
e e e e ) e
—2(6‘“-6"‘“) ! 2 (er_e_x)

e lerre ) e (ene)

=—sech xtanh x

(Vi) Do yourself as above (v).

2.14 Derivative of Inverse Hyperbolic Function (page 86)
d 1 d |

(i) —sinh™ x = (ii) —cosh™' x=
dx 14 x° dx Y |
d | d |

(iii) —tanh™ x=—— (iv) —coth™ x=
dx 1 —x° dx 1—x
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d -1 d -1
(v) —sech' x= (vi) —csch™ x=
dx 1= x? dx xV1+x°

Proof:
(i) Let y=sinh’'x = sinhy=x
differentiate w.r.t. x.

i5‘.inh y :ix — cosh de 1 = Q 1
dx dx dx dx coshy
= 4y = 1 : '+ cosh® x—sinh® x=1
\/1 +sinh” y
dy

= : o sifhy=x
N1+x°

(11) Do yourself as above.

(111) Do yourself as (iv) below or see book at page 88.

(iv) Let y=coth'x = cothy=x
differentiate w.r.t. x

i‘::(:nth y—i.x — —csch®) LS =] = 4y = ! =
dx dx dx dx —csch”y
=> ay = 1,, '+ coth® y—1=csch®y
dx —(coth” y—1)
dy 1 1
i = = — -
dx —coth” y+1 1-coth”y
= ﬂ: : - wcothy=x
dx 1-x

(v)  Suppose  y=sech'x = sechy=x
differentiate w.r.t. x

i51’-:1c:hy=i,vc = —5ech ytanhydy 1 = 4y = 1

dx dx dx dx —sech ytanhy
= a . = 1 ‘* 1—tanh” y=sech” y

dx sech y\/ | —tanh” y

dy

=0

—1
= ‘rsechy=x
dx  x\1-x°

(vi) Do yourself as above

c@pakcity.org 9-3
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Question # 3 c%pakcity.org%:

Find o if
dx
(i) y= cosh2x (i) y= sinh3x (i) y = tanh"(sinx),—%-::x{%
(iv) y = sinh™(x')  (v)y=(Intanhx) (vi) y = sinh™ (gj
Solution
(1) y= cosh2x
Diff. w.r.t x
dy d d : d d .
o —cosh2x = G sinh2x—(2x) = — = 2sinh2x
dx dx dx dx dx
(11) Do yourself
(iii) y = tanh'(sin x) — tanhy = sinx
Dift. w.r.t x
d d
—tanh y = —(sin x)
dx ' dx
= sechzy@ = COSX = 4y = cns:*
dx dx sech” y
= ? = l (;051':,, '+ cosh®@—sinh* @ =1
— tann- 7 2
. ¥ - 1-tanh>@=sech® @
COS X .
— — * sinx=tanhy
| —sin” x
COS X dy
— _j - — = S§SeCX
Cos™ X dx
(1v) Y = sinh‘l(f) = sinhy = x°
= iﬂinhy = if — cosh }*EX = 3x°
dx dx dx
dy _ 3x°
dx cosh y
3x°

.+ cosh® y—sinh? y=1

i J1+sinh? y



FSc-1I / Ex- 2.6 - 16

3%

= 3 = Answer
\/1+(f)1 Vv1+x° '

(V) Do yourself

(v1) Y= sinh"[%J = sinhy = —

Now diff w.r.t x
i:i;inhy = g [.r] = cgsh};% -

dx dx\ 2 X 2
dy |
— — =
dx 2cosh y

.+ cosh” y—sinh” y=1
I

2/1+sinh? y
1 1 1

21+ 2 2J@+x) 2 a+ R

. cosh’ y=1+sinh®y

Answer.

n%pakcity.org%
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Question # 1

Find y, if
. | 3
Ay = 28 -3x"+4x" +x-2 (i) y = (2x+5)2 (iii) y = \/I_FL
Jx
Solution
(i) y = 2x° =3x* +4x +x—2
Diff. w.r.t x
& i(2x5—3}:4+4x3+,r—2)
dx dx

= ) = 2(5_1:4)—3(4,r3)+4(3x3)+1—0
= 10x*—12x> +12x% +1

Again diff. w.r.t x

Di = L (10x* — 1227 +124% +1)
dx  dx

= y, =10(4x’)-12(3x*)+12(2x)+0
= 40x" =36x" +24x  Ans.

() y = (2x+5)2

Dift. wr.t x
13 = £(2,1c+5)hE
dx dx
3 2.4 d
= ¥ = —=\2x+3)2 —(2x+9
W= S(2x45) 'S (2r+5)
3

| |
= 5(2x+5)5 (2)= 3(2x+5)2
Again diff. w.r.t x

I
Dy = 34 (2x+5)
dx dx
1 = 3
= ¥y, = 3-—(2x+5) 2(2) = y, =
” 2( Me 2T xts

i)y = Vx+

+(x)

1D |—
ta|—

= § = |x)
Diff. w.r.t x
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1 1 ) _1 3
L= L@ = o= S-S
Again diff. w.r.t x
L., ii[ 73 - }
dx 2 dx (*) (%)
11" 3yl By o
, = —| —— ?._|__ 2
at Rl S(x) 2+ 5(x) _
B (D O I | 2 1 T
= =l B T T 5 72 b
%y xﬁ_ %2 4x 2
Question # 2
Find y, if
) —x o 2x+3
' —F o = In
(1) y = x'e (11) y [3x+2)
Solution
(i) y = X"
Dift. w.r.t x
Q - (_,xie—.r
dx dx ,
= ¥ = B oy B %ﬂakcw'om%"
dx dx
= x’e " (-1)+e*(2x)
== E"‘(—f-i-h)
Again diff. w.rt x
a8 ie“"(—x2+2x)
dx dx
. d ) 1 d —
, = € —|—=x"+2x)+(—x"+2x)—e™
Y, e fﬁ(.r x) (xf {Lﬁe
= ¢ '(—2x+2)+ (—f + 23{)6_"'(—1)
— e_"'[—2x+ 2+_r2—2.r)
zzéwh;—4x+2)
N 2x+3
= ]
() ’ n[31+ 2]
= y = In(2x+3)-In(3x+2)
Diff. w.r.t x
L iln(2:4:+?;)—i]—ln(?}:xﬁ2)
dx dx dx
1 1
=y = (2) (3)

2x+3 _3x+2
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= 2(2x+3)" =3(3x+2)"
Again diff. w.r.t x

o zi(2x+3)"—3i(3x+2)‘I
dx dx dx
=y, = 2[~(2x+3)° @ ]-3[-(3x+2) )]
= Yy, = — 4 - ? 5 Ans.

(2x+3)"  (3x+2)

2

OR v, = —4(3x+2j1+9(3xt2)
i (2x+3) (3x+2)
—4(9I2+12x+4)+9(4x2+12I+9)2
B (2x+3) (3x+2)
_ —36x" —48x—16+36x" +108x+81 _ 60x + 65 res
(2x+3)" (3x+2)° (2543 B2y

| —X
s .
Diff. w.r.t x

1
dy _ d (1 —IT
dx dx\ 1+ x

By solving, you will get (differentiate here)

—]
- 5= — - —(1-x)

(1-x)2(1+x)
J

Again diff. w.r.t x
_3 .
(1+x) 2 —(1+x)

[ ] (5%

%(1+x)q

b lad

a5 . -i[(l-x)‘%u“)‘

dx dx

F2|d

_ (s d
== Y= (1 -r) Ix

o K -] 300 i
~(1-x)2 -5(l+,r] 2(1) |- (1+x) 2 -5(1~.r) 3 {=1)

3 |

5

2(1-x)2 (14 x)2

31-x)—(1+ x) 3—3x—-1-x

2(1—.r)%(1+x)% 2(1—x)§(1+,r)
2—4x 1 —2x

3 3

2(1-x)2 (14 x)?

[l

[l
[l
I
-
ol
_|_
&
(1L
>
>
|3
E.
<
=
mg
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Question # 3
Find y, if
(1) .:'n:?“+yE = a’ (11) f—ys = a (111) x =acos@,y =asiné
(iv) x =at*,y =bt* V) x*+y° +2gx+2fy+c=0
Solution
(i) r+y = a
Diff. w.r.t x
d 2, 2 d 2 dy
—l Xy | = —d = 2ktiy—= §
et e Y dx
= 2y = -2x = )= —f
Again diff. w.r.t x
(ydx xdy\‘
dy d o T
gl ) e o e
Y ¥
\ J
/ Pk
y(l)—x[——}
ey y B X
yz = 5 s
y dce Yy
\ J
[ 2 e 2
ik y +x
o I S RS
y’ y’
\ J \ ;.
2 2
2 _[x +y J Pt
y
aZ
UR % = — v X+yY =a
y
(ii) ¥=y=g
Diff. w.r.t x
i1 o dis
= R
3x3-3y2ﬂ = ()
2
=~y = - o y= %

Again diff. w.r.t x
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dy, d( x°
— A -
dx dx\ y°

g | d g ) d ]
2 d 2y 2 d o
y dx( ) ﬂb:(y)

= = R2
()
y2(2x)—x3(2}r@J
_ dx
y-1
1:2
2xy° =2x°y| =
_ [>] L
y-*i " d}: yl
4 3 4
ZA}JE—ZL 2xy” —2x
_ L J—_ y
y4 V—I
—2x(x’ =y’
= ( 3 ) Ans
y
—2x(a’
OR yE - E ) x?_y:% = a"u
y
. 2a’x ;
= % =T pakmty.org%:
(111) X = acos@ , y = asné
Diff. x w.r.t 8 Diff y w.rt @
£ = aicoqf) d d
o de D = 4%sing
= —asin@ de dg p
= acos
. g—
dx asin @
Now by chain rule
dy _ dy dé
dx df dx
|
= acosl - — = y, = —cotd
asin@
Now diff. y, wr.t &
d1
& = —icmt‘?
dx dx

, dé
+ cosec” @—
dx

= ¥
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6

= cosecz&[— 1 J
asin @
—1
—% —
Y2 asin’ @
(iv) x =g ; y=bt
Diff. x w.r.t¢ Diff. y w.r.t ¢
dx d ,
— = a—1f dy d 4
g i e = bg(f )
= 24 . r:-;
- 1 = 4bt
=9 — = —
dx 2at
Now by chain rule
dy _ dy dt
dx dt dx
= fjrf:a’.'fg*L — Y = %IE
2at a

Now diff. y, w.r.t x

dy,
dx

= Y

(V)

= 2|

2b d (IE)Z %i(rz) dt

a dx a dt dx

2b ] 2b
2t = = —

- ( ) D V) o

X+ y +2gx+2fy+c=0

dy dy
=% 2¥+2y—+2g{l)+2 f—+0=10)
y g(1) f!

= f+y2+2g.x+2ﬁ)+c)=i(0)
dx

} =
= (2y+2f)—-+(2x+2g) = 0
dy
=, (2y+2f)a— —(2x+2g)
- dy _ (2x+2g) — _ _Xtg
dr  (2y+2f) e
Again diff. w.r.t x
d, dx+g
dx _dx[ﬁf]
fr/(y+f)i(.x+g)—(Jﬁ""c_%’)i(;‘/'"f)
= Yo == & ; -
(y+f)

\
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G- (e N)=(rr) X2

— dx — y'l'f
(y+f) (y+f)
(y+f) +(x+g) ,_, :
_ y+f _ W+ f) +(x+g) i
= — . = — - ns.
(y+ 1) (y+/)
R 3 = _y"+2yf+j*+fﬂ+2xg+g“
(y+f)
(sz+yz+2g.?l:+2]‘j)+-::)—f:+f2+g2
= 3
(y+f)
— _0_C+fu_|;gh X+ Yy +2gx+2fy+c=0
(y+f)
= y, = E_f-_‘%- Ans. :
(y+f) pakcity.org
Question # 4
Find y, if
(i) y = sin3x (i) y = cos’x (iii) y = In(x*-9)
Solution
(1) y = sin3x
Diff. w.r.t x
ay = i(falin?;.r)
dx dx
= y = cos3x(3) = y, = 3cos3x
Again diff. w.r.t x
dy, d . :
N =32 cos3x = y, =3(-sin3x(3)) = y, = —9sin3x
dx dx ) ]
Again diff. w.r.t x
D2 _ _94 Gin3y
dx dx
= W ==9c08Ix(3) = ¥y, =—27cos3x
Again diff. w.r.t x
dy, d .
—2 = —27——cos3x = vy, = —27(—sin3x (3)
dx dx o ( )

= |y, = 81sin3x

(11) y = cos’x
Diff w.r.t x
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D - 2 (cos’x)
dx  dx
= )y = 3({3082.1‘);008.17
X

= y= 3(cos’x)(-sinx)

— = 3(1—sin3x](—*sinx) = y, = —3sinx+3sin’ x
Again diff. w.r.t x
dy d . d .
—L = —3—sinx+3—sin’ x
dx dx dx
.2 d o
= ¥, = —3cosx+9sin” x—sinx
dx
= y, = —3cosx+9(1—cos’x)cosx

—3cosx+9cos x—9cos’ x
Again diff. w.r.t x

D — 62 cosx—9-2 cos’x
dx  dx dx
= y, = 6(—sinx)—9(-3sinx+3sin’

—6sin x4+ 27sin x—27sin’ x
Again diff. w.r.t x

dy, d

d

3
= 6cosx—9cos x

d

(cos’ x) =—3sin x+ 3sin’ x
dx

)

5 & 3
= 21sinx—27sin" x

21cos x —81(1—cos” x)(cos x)

—60cos x+ 54cos” x

= 2]1—sinx—27—sin" x
dx dx dx
== Y = 2](cgsx)—27(33inzx]%sinx
= 2lcosx—81sin’ x(cosx) =
= 2lcosx—8lcosx+8lcos’ x =
Alternative:
y = cos’x

: 3
Since cos3x = 4cos x—3cosx

3 3
= COS3x—3C0sSXx =4CO0SX = CO§ X =

Therefore

¥ i= %(COSSI—?JCOSI)

Now diff. w.r.t x

= ﬂ = 1[ g 0033.1*—3&(:05,1*}
dx 4\ dx dx

l((3{:)53,:[:—3::05x)
4

Do yourself

o@ pakcity.org 9‘:
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(i)  y = In(x*-9)
= ln[(x+3](x—3)] = In(x+3)+In(x—3)

Ditf. w.r.t x
ﬂ = {—zln(.r+3)+iln(.r—3)
dx dx dx
| |
— +
T x+3 x-3

-]

= (x+3)" +(x-3)
Again diff w.r.t x

2 . £(1+3)_I+£(l‘—3)_|
dx dx dx
= y,= —(x+3)" —(x-3)

Again diff. w.r.t x

My
-

dy, d 3 @ 2 -3 =
L = ——(x+3) —(x—3 = 2(x+3) +2(x-3
Do o L3 w37 =y = 2xk3) +2(xm)
Again diff. w.r.t x
Ds = 2L (x43)" +25 (x-3)°
dx dx dx
=y, = 2(3(x+3)7)+2(-3(x-3)")
- _64+ _64 = —6 : -+ : —| Ans.
(x+3)  (x+3) _(x+3) (x+3)_
Question # 5
If x=sinf, y=sinmé, Show that (l—f)yz—xyl + m’y = 0
Solution X = siné...... (1), ¥ = SMMB ivesilll)

From (i) @=sin"" x , putting in (ii)
y = sin(msin"x)
Diff. w.r.t x
dy d

= —sinm (Sin_i .r) c@;pakcuy.org 9‘:
dx dx

L d .
cos(msm 'x]—msm 'x

= Y

1
e
= yV1-x" = mcos(msin™' x)

Taking square on both sides.
2 2 2 2 s
Y, (1—x ): m- cos (msm .?':)

= cos(msin" .J.“]

) 2 3 | e w0
=~ y,‘(l—x‘): m- (]—sm'(r??sln I.:-.:)) "+ cos” x=1—sin’ x
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= ) (1— )— m- (l—v )
Now again diff. w.r.t x

32 (1-)

R (1-2)+(1-2)

, d

= m —

ralopy
d

ey J;
dx

d‘}l -
dx

F+(1-x7)2yy, = —2m’yy,

U

dx”
X

Al 2*) (1-x*)2y,—=L

J 4 U U

f)yz = —m’y
(l_f)yz_xyl 0
Question # 6

2
+ m’y

—

a’zv dy

If v =
) dx

e sin x, show

Solution y = e'sinx

Diff. w.r.t x
dy

dx

d

e’ sin x

il . d .
e —sinx+sin x—e
dx '

e'cosx+sinx e’

— —
— —

Again diff. w.r.t x

d ( dy d . .
= —e"(cosx+sinx)
dx \ dx dx
d’y _ «d

dE

=

Y [

e

X f

(2cos x)

[l

e = 2e*cosx

Now
dx

dy
dx

L.H.S

2¢* (cos x —cos x—sin x + sin x)

Proved

Question # 7

(—sin x+cos x) +(cos x +sin x)e"

From (11)

+(1—xl]y3) = 2y1(—mz_v)

d

—(cosx +sin x) +(cos x +sin x)d—
x

e

Proved

v

= M [0 2}1-@]
dx

9 d’
= —-2m" v—l

dx

e (cos x +sin x)

e* (—sin x+cos x + cos x +sin x)

2¢" cos x—2e" (cos x +sinx) + 2e” sin x

aﬁ;pakc ity.org %a
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d’y dy g,
If e™ sin bx, show that ——2.:1 a  +b° = Kl
i dx’ dx ( )y
Solution y = € sinbx
Diff. w.r.t x
d _
B _ L = ginby
dx dx

¥ . d . :
= e —sinbx+sinbx—e“ = e“ cosbx(b)+sinbxe™ (a)
dx dx

= ¢™(bcosbx +asinbx )
Again diff. w.r.t x

. [dy} = % e“ (bcosbx +asinbx )

dx \ dx
d’y ar 4 - - "
— —2 = ¢“— (bcosbx+asinbx ) +(bcosbx+ asinbx )—e
dx dx dx
= e" (—bsinbx(b)+acosbx(b) )+ (bcosbx +asinbx )e” (a)
= e‘”( bgsmbx+abcasbx+abcosbx+azsinbx)
= e‘“(2abcmbx+a sinbx—b 5mbx]
= E“(Zabcmb.r+2a sinbx — a’ sinbx — bzsmbx)
i g [2&(5003bx+asinbx)*(a2 +bz)sinbx]
= 2ae™ (bcosbx +asinbx)— (az +b2)€”‘r sin bx
d”y dy ’ d’ y 72 ST
= —3 =2 —(a* +b°) dx( +b*)y = 0
Question # 8
It v = (Cos‘lx)“,prove that (l—f)yz—xyl—2=0
Solution y:(Cﬂs"lx)z
Diff. wrt x
dy d 1 \? i3 d -1
— = —|(Cos x — = 2{Cos x)|—Cos x

—1 -

= y = Z(Cos_'x)*
1—x

On squaring both sides
Y, (1 — ) = 4(C05_1x)2

= ¥ (1— ) =4y vy =(C05_'.x)
Again diff. w.r.t x

d , ) dy

(1-¢) =42

g
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d , d

— (l—f)g}’fﬂﬂf‘a(l—f) =4y,
= (l—xz)-Zyi%+yf(—2x) =4y, = 2}‘1[(1—-’5)}’:—:@3] =45

= (1—-5)}’1_*13’1 -2 =0

Question #9

If y = acos(Inx)+bsin(Inx), prove that x’ d?+x—@+ y=10
dx® dx
Solution  y = acos(Inx)+bsin(Inx)
Diff. w.r.t x
A aicos(lnx)anisin(lnx)
dx dx dx
d d
= a|—sin(Inx) |—(nx)+bcos(Inx)—(Inx)
[~sin(1n)] 4 ()4
= —aﬂiﬂ(]]"l.r)i-l-bCDS(Iﬂ.I)l
X X
dy ;
= R = —asin(Inx)+ bcos(In x)
X
Again diff. w.r.t x
LIJ*. 4. —aisin(lnx)+bicos(ln.r)
dx| dx dx dx
e [dy]+ ay _[dx}: —acos(lnx){—i(]n ,\:)+b(—sin(lnx))f—!(lnx)
dx\dx/) dx \\dx dx dx
= .xduf+dy-(l)= —a.q'cf;}s(lnx)-l—min(lm:)-l
dx dx X X
=5 151”3,4-@: —l(acos(lnx)-i-bsin(lnx)) = x° duf-i—xd—}: -y
dx= dx X dx” dx
,d’y dy
= X" —+x—+y=0 Proved
dx” dx

% pakcity.org ?
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Taylor Series Expansion of Function

f(x+h)=f(x)+hf"(x) +%f’(x) + %f‘”(x) +....

Maclaurin Series

F(x)=£(0)+xf(0)+ Jf?}f"'(O) + % F7(0)+....

Question # 1
Apply the Maclaurin series expansion to prove that:
¥ x X
) Inl+x)= x—+———+......
(1) In(l+x)= x T
2 4 6
(11) cosx= l—x +,r . - S
2! 4! 6!
2 3
' \/1+:]+1 Y-
i) N 2 8 16
2 3
g X ; X ;
(1v) e = 14+x+ o | ! o,
2 3
(v) e = 1+2x+4l ISI .
2! 3
Solution
(1) Let f(x) = In(l+x)
= f(0) = In(1+0) = 0
, d 1
x) = —In(l+x) =
J(x) ’ (1+x) e
’ 1
=> 0) = = ]
7O 1+0
@ = £(1+x)_'= —(1+x)”
dx
= F'(0) = —(1+0)" = -1
pon d 9 3
x) = —|—(+x)° | = +2(1+x)
fr@) = | =1+x)7 | (1+x)
= £7(0) = 2(1+0)° = 2
F = Lotz = —6(1+s)"
dx
— f{h*l(o) — _6(1+O)—-4 -

By Maclaurin series
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F(xX)= FO)+ xf(0) +% f""'(())+‘;—hl F7O0) + ..

2 3 4

X X X
= In(1+x) = 0”(1”5(_1”5(2”1(_6” ......

. 3 4
= x> 42 )—— (6)+......
2.1 3.2.1 4.3.2.1
JCE ,1'3 _1'4
= X | +

2 3 4 o@;pakcity.org%

(1) Let f(x) = cosx = f(0) = cos(0) =1
d

f(x) = dicosx = —sinx = f(0) = —sin(0) = 0

f7(x) = jr( sinx) = —cosx = £7(0) = —cos(0) = -1
f7(x) = jr( cosx) = +sinx = f7(0) = sin(0) = 0
U = %Sinx = ¢osx = M) = cos(0) = 1

YR = dixcosx = —sinx = f"(x) = —sin(0) = 0
fU0) = jx( sinx) = —cosx = f"(0) = —cos(0) = -1

Now by Maclaurin series

2 3
F(x)= f£(0)+ x£(0) + % £7(0) + % £70) + ...

2 3 - 5 6

X X X X X
= COSXx = 1”(0)+?!(_D+§(O)+Tz(l)+§(O)+EH)+ ......

2 4 6
=1'0x:0:x+0’r' ......
2! 4! 6!
I?I.fl Iﬁ

Il
—_—
_I._

= (1+x)? = f(0) = 1+0)? = |
lx) = %(1+J::)é
= ;(1 | x)_%(l) = %(H;;:)"é
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7 = % c@f—a‘kcity.org%

A
) = A Lrn o Ly
7 = A Laet]- -2
0y = — L1402 = L
= [0) = ~(1+0) ;
» I -3
1x) = 4d[(]+1) 3}
U 303 ]2 340
| 2(1.):) i 8(1+I)
, 3, 5 3
0) = 2(1+0) 2= >
= f7(0) = 2(1+0) 2= 2

Now by Maclaurin series

F(x)= f(O)+xf’(0)+%f’(0)+%f”(0)+......

[ o f 1) =
= Nl+E B 1+X -—t—| —— b=
2 2l

4 3! 8
1 X [ 1] x 3
= 1+x —+—. s,
2 2 4 6 8
x x*X x
= g
2 8 16

iv) Let f(x) = e = f(0) = ¢ =1
fiix) a (e*') =& = fl0)=¢ =1

o
f(x) = 2(e') = = f7(0) = ¢ =1
f(x) = L) =¢* = f7(0) = ¢ =1

By Maclaurin series

f(x)=f(0)+xf’(0)+%f”(0)+%f”(0)+ ......

2 3

-

X
2! O+

= e = 1+x()+ !(1)+ .....

&
3!
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= £1(0) = 2™ =AW = 2

F7(x) = 25(e) =2(2¢") = 4™
= f(0) = 4™ = 4Q1) =4

f7(x) = 4%(9”) =4(2¢") =8¢™
—% £7(0) =8¢™ =18

By Maclaurin series

2 3
£(x) = £(0)+xf'(0)+ %f”(m +%f”’(0) o

4x* 8x° :
= 14+ 2x+ X + 3 + ... pakmty_org
Question # 2
Show that
_ h” o
cos(x+h) = cosx—hsinx——cosx+-—sinx+......
2 3

and evaluate cos61" .
Solution Let f(x) = cosx
d

(x) = —cosx = —sinx
=4
. d .
f’(x) = ——sinx = —cosx
dx
” d . .
f7(x) = ——cosx = —(—sinx) = sinx
dx
By Taylor series
,. B s o
Flet )= f () +hF )+ f7 )+ () o
. h* By
= cos(x+h) = cosx+h(—sm.r)+?(—cosx)+§(smx)+ ......
. h* n .
= cos(x+h) = cosx—hsinx—-—cosx+—sinx+......
2 3
Put x=60" and h=1"=-25 = 0.01745 rad
2 3
0.01745) 0.01745)
cos(60+1)=cos60—(0.01745)sin 60 ( ) c0s 60 ( ) sin60 +......

2 3
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Increasing and Decreasing Function (Page 104)

Let f be defined on an interval (a,b) and let x;,x, € (a,b). Then

I. f isincreasing on the interval (a,b) if f(x,)> f(x ) whenever x, > x,

2. f is decreasing on the interval (a,b) if f(x,)< f(x,) whenever x, > x,

Theorem (Page 105)
Let f be differentiable on the open interval (a.b).

|- f is increasing on (a,b) if f'(x)>0 for each xe (a,b).
2- f is decreasing on (a,b) if f'(x)<0 for each xe (a,b).

First Derivative Test (Page 109)
Let f be differentiable in neighbourhood of ¢, where

fle) =0,
I. The function has relative maxima at x=c if f(x)>0
before x=c and f'(x)<0 afterx=c.
2. The function has relative minima at x=c if £ (x)<0
before x=c and f'(x)>0 afterx=c.
Second Derivative Test (Page 111)

Let f be differential function in a neighbourhood of ¢, where f'(¢)=0. Then

- f has relative maxima at ¢ if f"(¢)<0.
2- f has relative minima at ¢ if £ (¢)>0.

Question # 1

Determine the intervals in which f 1s increasing or decreasing for the domain

mentioned 1n each case.

A

/3

2

cosx > 0

Ist quad.

(1) f(x) = sinx ; X€E [—:fr,fr]

. IR . = &

(11) f(x)=cosx : ( 2,2] O

) cosx <

(m) f(x)=4—-x" ; Xe [—2,2] i i

(iv) f(x) = x> +3x+2; xe [—4,1]

Solution < id

=

@ f(x) =sinx xe |-z, 7] 3rd quad,
=5 Fx) = cosx cosx < U
Put f(x) = 0= cosx=0

T T
2° 2

— X

<

o

4th quad.

cosx > 0

k')
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2 2°2

- T T T
So we have sub-intervals [—ﬂ',——), (—— -

f'(x)=cosx<0 whenever xe (—Jr,—%)

. . . T
So f is decreasing on the interval (—ﬂ',——].

2

f'(x)=cosx>0 whenever xe (—E E)

2" 2

So f 1sincreasing on the interval [ % %)
f'(x)=cosx >0 whenever XE( ]

So f 1s decreasing on the interval (2 )

(11) f(x)=cosx : (—%%)

= f'(x)=—sinx

Put f'(x)=0 = —-sinx=0 = sinx=0 = x

So we have sub-intervals (—%,0] and (0, e

2

Now f’(x)=-sinx >0 whenever xe (—'?2[,0

- . T
So f 1s increasing on [_E’OJ

f'(x)=—sinx <0 whenever xe (0%)

So f is decreasing on (0,%)

(iii)) f(x)=4-x" ; xe[-2,2]
= Fi(x) = =2x
Put f(x)=0 = -2x=0 = x=0
So we have subintervals (—2,0) and (0,2)
 f'(x)=-2x>0 whenever xe (-2,0)

. f is increasing on the interval (—2,0)
Also f'(x)=-2x<0 whenever xe (0,2)
. f is decreasing on (0,2)

£
J

)

i
2

b

n@fﬁkcity.org %a
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iv) f(x) = xX*+3x+2 xe [-4.1]
= filx) = 2x+3
Put f(x)=0 = 2x+3=0 = xz_%

So we have sub-intervals [—4—;} and (—;,1]

Now f'(x)=2x+3<0 whenever xe [—4—;]

So f 1s decreasing on [—4—%}

Also f'(x)>0 whenever xe [-—il]

2
. N 3 ) "
Therefore f is increasing on [—5,1]. a%pakcny.org%n
Question # 2
Ind the extreme values of the following functions defined as:
@ f(x)=1-x" i) f(x) = x*—x-2
(iii) f(x) = 5x°—6x+2 (iv) f(x) = 3x°
v) f(x) =3x*—4x+5 (vi) f(x) = 2x° —2x*—36x+3
(vii) f(x) = x*—4x° (viii) f(x) = (.1:—2)2(,17—])
(ix) f(x) = 5+3x—-x
Solution
(i) fxy=1-x
Diff. w.r.t x

fl(x) =-3x" ....... (i)

For stationary points, put f (x)

ll
-

b =% x=0

— —3x°

Diff (1) w.r.t x

FUR) =0 onvieonss (11)
Now put x=0 1n (11)

f7(0)=-6(0)=0
So second derivative test fails to determinate the extreme points.
Put x=0—&=—€ 1n (1)

F(x)==3(-¢)* =-3¢* <0
Put x=0+&=¢€ 1n (1)

f'(x)=-3(e)* =-3¢* <0
As f’(x) doest not change its sign before and afterx=0.
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Since atx=0, f(x)=1 therefore (0,1) is the point of inflexion.

(ii) f(x) = xX*—x-2
Diff. w.r.t. x
LRy = ] i (1)
For stationary points, put f'(x) = 0
= 28=l=0 = 2x=1 = x:l
Diff (1) w.r.t x
f(x) = %(21'—1) —
ol 1
A‘ — e 2
VIOES
Thus f(x) 1s minimum at x:%
1 1Y ] LY 9
o ffij L (5] B et B oS
(111) f(x) = 5x*—6x+2
Diff. w.r.t. x
f(x) = 10x—6 .......... (i)

For stationary points, put f'(x) = 0
s 106—-6=0 =5 W=l =5 F=2

10
Diff (1) w.r.t x
£ = %(10):—6) - 10
3

AS fﬁ(s) I

N w

Thus f(x) 1s minimum at x =

3 3\ (3 9 18
And f[gj . 5[3] -6(§]+z 2-242
(1v) F(x) = 3x°
Diff. w.r.t x
FIE) = BE cosessss )
For stationary points, put f'(x)=0
== b=l = x={)
Diff. (1) w.r.t x
ffx) =6

—

3

o e

3
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At x=1)

f”({)) = 6 >(
= [/ has Hummujn value at x=0 D%pakcity.org%
And f(0) = 3(0)° = 0

(v) Do yourself

(vi) f(x) = DD =643

Dift. w.r.t x
i = i(zx-‘—zf—zsﬁﬁs) = 6x°—4x-36 ......... (i)
dx

For stationary points, put f (x) =
= 6x°—4x-36 = 0

= 3x°=2x-12 = 0 =1ng by 2
2+ /4 -4(3)(-
P J4—4(3)(-18)
2(3)
C 24444216 244220 24255 1£455
- 6 N 6 - 6 3

Diff. (1) w.r.t x

fr(x) = So(6x" - 4x-36) = 12x-4
o {1245 _ 115,

= 4(1+\/5)—4 = 4+455-4 = 455 > 0

— f(x) has relative minima at x = I+;/%*
2 2
And f L +55 =2 1+ V55 ) 1++/55 ~136 1++/55 +3
3 3 3 3
2 3 2 2
= 2 (14455) = 2(1+55)" ~12(1+55) +3

:23?(1+3 55 +3-55+55\/§)—§(1+2 55 +55) —12(1++/55)+3
:1(166+58J5?)—3(56+2\@)—12(1+B)+3

27
% “6\/7—2—-3\/7-12 124/55 +3

____247_220 _L

—r 27\/5? = 27(247+220f)
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Also f” 1-V55 | _ 12 =55 —4
3 3
= 4(1-/55)-4 = 4-4/55-4
— f(x) has relative maxima at x = 1+;/§ :
And Since f| 1HY35 ] — 247+ 220455)
3 27
Therefore by replacing J55 by —V/355, we have
1-+/55 1
f{ 3 ] ~ —5(247—220\/5)
(vii) f(x) = x*—4x?
Diff. w.r.t. x
f(x) = 4x —-8x ........ (i)

For critical points put £ (x)=0
= 4x’-8x=0 = 4x(x’-2)=0
= 4x=0 or x*-2=0
= x=0 or x*=2 = x=1+2
Now diftf. (1) w.r.t X
f(x) = 12x* -8
For x:—\ﬁ
F(2) = 12(—/2)*-8 = 24-8 = 16 >0
= f has relative minima at x=—/2
And f(—/2) = (—\/5)4—«4(—\/5):E = 4-8 = —4
For x=0
7(0) = 12(0)-8 = -8 < 0
— [ has relative maxima at x=0
And £(0) = (0)'-4(0)" = 0
For x=+/2
£'(2) = 12(J2)*-8= 24-8 = 16 >0

— [ has relative minima at x = J2

3

And f(V2) = (v2) -4(v2) = 4-8 = -4

Il

—44/55 < 0

o@pakcity.org %
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(viii) f(x) = (x—2)"(x-1)
= (X —4x+4)(x-1) = ¥ -4’ +4x-x" +4x—4

= X —-5x*"+8x-4

Diff. w.r.t. x

f(x) = 3x*—10x+8

For critical (stationary) points, put f'(x) = 0

= 3x*-10x+8=0 = 3x*-6x—-4x+8=0
= 3x(x-2)-4(x-2)=0 = (x-2)(3x—4)=0
= (x—2)=0 or (3x—4)=0
=% x=2 of x = .

3

Now ﬁiff;)“l wéfjo a@;akcity.org %:

For x = 2
f(2) = 6(2)-10 = 2 >0
— [ has relative minima at x =2
And }C(Z) = (2—2)2(2—1) = {])
4

For x=~
or x 3

(4 4
2) = 6[2)-10 = 8-10=-2 <0
f[?w} (3] <

= [ has relative maxima at x =

o 8) = (4221 = (2)0) - (D) - &

(ix) f(x) = 54+3x—x
Diff. w.r.t x
() = 3=3x" ....... (i)
For stationary points, put f'(x)=0

= 3-3x"=0 = =3 = =1 = x=7%I
Dift. (1) w.r.t x
f(x) = —6x
For x=1
/() = -6() = -6 <0
—> [ has relative maxima at x=1
And f() = 5+30)-(1y = 5+3-1=7
For x=-1
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ff<D) =-6(-1) =6 >0
—> f has relative minima at x=-1, and

f(=D) = 5+3(=1)=(=1)*= 5-3+1 = 3 pakcity.org

Question # 3
Find the maximum and minimum values of the function defined by the following

equation occurring in the interval [0,27]

f(x) = sinx+cosx
Solution  f(x) = sinx+cosx  where x€[0,27]

Diff. w.r.t x
f(x) = cosx—sinx ......... (i)
For stationary points, put f(x) =
cosx—sinx = (

. SIN X
= —SInX = —COSXxX = =1 = tanx =1
COS X
= x=tan" (1) = ng : {TE when xe [0,27]
Now diff. (1) w.r.t x
f7(x) = —sinx—cosx
/A
For x=—
or X 1
E] _ _( ]_cm(ij- 11 _z[L] <0
4 @) TR T AR
— f has relative maxima at x—%
T (T T | | | 201
And — | = sm[—)+cn5(—] = + = 2[—] = \/E [—] = \/E
15) - slZrenl5) - oy - o) - (72
Sx
F =—
or x 1
5

— f has relative minima at Jf:STE
T . [ 7 ST 1 1 1
And f| 22| = sin] 2= [+eos] == | =————— = 2 — | = —/
%) = =(T)={T) 545
Question # 4
Show that y = e has maximum value at x =¢

X



Solution y = IHTI
Diff. w.r.t x
1
ﬁ B d(lnx) B x-;—lnx-(l)
dx dx\ x x°
dy 1-Inx :
= dr = g e (1)
For critical points, put % =1}
= 1—1;1x=0 = 1-lnx=0= Inx=1
X
= Ihx=Ine = x=e v Ine=l]

Diff. (1) w.r.t x
d(dyl d{l-Inx
de\ dx)  dx| 2

7y x -[Hl]*—[lﬁ—ln.r)*(Zx)

—x—2x+2xlnx

X
== 5 = NG =
dx” (x7)°
At x=e
d’y _ —3et+2e-lne
dx’ - e’
—3e+2e-(1) —e ]
e e e
— y has a maximum value at x =e.
Question # 5
Show that y = x* has maximum value at x=—.
e
Solution y = X
Taking log on both sides

Iny = Inx* = Iny = xlnx
Diff. w.r.t x

d d
E(]ny) = —xlnx
ldy _ o d
=, }E = X dxlnx+lnx =
I
= x-;+lnx*(1)
dy dy "
= = y(]+l[];{) = = = X (1+]J‘1X)

—~ dx dx

4
X

llllllllll

FSc-I1 / Ex- 2.9- 9

—3x+2xInx

4
X

pakcity.org
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For critical point, put o 0

dx
= x'(I+Inx)=0 = l+Inx=0 as x* #0
= lnx=-1 = lnx=-lne s Ime=]
=1 = |
= ¥ = ne = X = @é :>x:E
Dift. (1) wr.t x
d(dy) d .
dx(dx} = X (1+1n x)
a2y il s
= 7 =X E(1+lnx)+(l+l“)ﬁx
= .r"'-é+(l+ln1)-x"(l+lnx) from (1)
A 2
= % (}-+(l+lnx) ]
At x:l
e

[l
o~ . N
m | —

I
—————
A
_|_
————

[—

+

L —

o

4\

LA
S —
e ——

[l
N
N | —

|
i | —
.
™
_.|.
—

—

I
o
—
g\

i
e —

. ]
— y has a minimum value at x =—

og;akcity.org %
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Question # 1
Find two positive integers whose sum 1s
30 and their product will be maximum.
Solution

Let x and 30— x be two positive
integers and P denotes product integers
then

P = x(30—x)
= 30x—x°
Diff. w.r.t. x

% — 30_‘2«1‘ ------- (i)

Again diff. w.r.t x
d*P
dx’

For critical points, put % =)

= 30-2x=0
= —2x=-30 = x=15
Putting value of x in (i1)
d'P
dx”
= P 1S maximum at x=15
Other +tive integer = 30—x
= 30-15 = 15
Hence 15 and 15 are the required
positive numbers.

Question # 2
Divide 20 into two parts so that the sum
of their squares will be minimum.

Solution
Let x be the part of 20 then other

1S 20— x.
Let Sdenotes sum of squares then
S = x*+(20-x)’
= x°+400—40x+x’
= 2x*—40x+400
Diff. w.r.t x
ds _
dx

Again diff. w.r.t x

= =00 e (11)

= -2 < 0

=2

Exercise 2.10 (Solutions)
Calculus and Analytic Geometry, MATHEMATICS 12

d’S y
— =4 ,,...... (11
e (11)
. : dS
For stationary points put = =0
= 4x—-40=0 = 4x=40
= x=10
Putting value of x in (1)
d-‘f = 4 >0
dx” |10

= S 1S minimum at x=10
Other integer = 20—x = 20-10 = 10
Hence 10, 10 are the two parts of 20.

Question # 3
Find two positive integers whose sum 1s
12 and the product of one with the
square of the other will be maximum.
Solution

Let x and 12—x be two +tive
integers and P denotes product of one
with square of the other then

P = x(12-x)
= P = x(144-24x+x)
= x’ —24x" +144x

Diff. w.r.t x
dP > .
—— = Jx—=48;
= x"—48x+144 ... (1)
Again diff, w.r.t x
P - 48 ... 00
dx”
s ; dP
For critical points put ;= 0
3x° —48x+144 = 0
= x"—16x+48 =0
= x —4x-12x+48 =0
= x(x—4)-12(x-4) =0

= (x—4)(x-12) =0
= X=4 Orf x=12
We can not take x=12 as sum of
integers 1s 12. So put x=4 1n (11)
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2
4 f = 6(4)—48
x=4

= 24-48 = -24 < 0
= P 1s maximum at x=4,
So the other integer = 12—-4 = 8
Hence 4, 8 are the required integers.

Alternative Method: (by Irfan
Mehmood: Fazaia Degree College
Risalpur)
Let x and 12—x be two positive integers
and P denotes product of one with
square of the other then
P = 2 (12-x)
= P = 128" %
Diff. w.r.t x

Again dift. w.r.t x

d"P 11
- = M=B¥ .iiouis (]1)

dx

For critical points put % =0

24x-3x* = 0
= 3x(x-8) =0
—> x=0 or x=8
We cannot take x=0 as given integers
are positive. So put x=8 1n (11)
d*pP

| = 24-6(8)
dx x=8

= 2-48 = -4 20
— P 1s maximum at x=8.
So the other integer = 12-8 = 4
Hence 4, 8 are the required integers.

Question # 4

The perimeter of a triangle 1s 16¢cm . If
one side 1s of length 6¢m, What are
length of the other sides for maximum
area of the triangle.

Solution
Let the remaining sides of the

triangles are x and y
Perimeter = 16
— b6+x+y = 16

=5 X4y =166 = zx+y = 10
=% PEII=F i (1)
Now suppose A denotes the square of
the area of triangle then

A = s(s—a)(s-b)(s—c)

Wihars a+b+c 6+x+Yy
-2 2
_ a3

2
AR
_2_3

So A =8(8-6)(8—x)(8-y)
= 8(2)(8-x)(8-10+x)
= 16(8—x)(-2+x)
= 16(-16+2x+8x—x?)
= A =16(-16+10x—x’)
Ditt. w.r.t x

from (1)

Again diff. w.r.t x

d*A
= = 16(-2) = —32

For critical points put % =0

16(10-2x) = 0
= (10-2x) = 0 = -2x = -10
= X=D
Putting value of x in (i1)
d’A
dx’ L
— A 1S maximum at x=35

Putting value of x 1n (1)
y = 10-5 = 5
Hence length of remaining sides of
triangles are Scm and Scm.

= =32 <0

Question # 5
Find the dimensions of a rectangle of
largest area having perimeter 120cm.
Solution

Let x and y
be the length and
breadth of rectangle, y
then
Area =A=xy..... (1) x




Perimeter = 120
= x+x+y+y = 120
= 2x+2y = 120
= x+y = 60
% B = X cewinn (11)
Putting in (1)

A = x(60-x)

Again diff. w.r.t x

d’A ‘
x . (1v)

For critical points put —=0
60-2x = 0 = —=2x
=% i = 3l
Putting value of x in (iv)
d’A
d"xz x=30
= A 1S maximum at x=30

Putting value of x in (11)
y = 60-30 = 30

Hence dimension of rectangle 1s 30cm,
30cm.

Il

|
-y
.

= -2 <90

Question # 6
Find the lengths of
the sides of a
variable rectangle
having area 36¢m’
when its perimeter
1S minimum.
Solution

Let x and y be the length and

breadth of the rectangle then

Area = xy
= 36 = xy
= y =3¢ ... ()

Now perimeter = 2x+2y

=% P = 2x+2(3%)

= 2(x+36x7")
Diff. P w.r.t x
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dP : .
E = 2(1—36)(1) ...(ll)
Again diff. w.r.t x
d’P 4
= 2(0-36(-2x7"))
= 2(12x°) = 128
g
» : dP
For critical points put == 0
_ 36
2(1-36x7)=0 = 1-==0
(1-36x7) u
=% 1=¥ = ¥ =36 = x=16
X

Since length can not be negative
therefore
x=06
Putting value of x in (11)
d’P 144
= > ()
dx’ x=6 (6)3
Hence P 1S minimum at x=6.
Putting 1n eq. (1)
36
¥y = =0
Hence 6¢m and 6¢m are the lengths of
the sides of the rectangle.

Question # 7

A box with a square base and open top
1S to have a volume of 4 cubic dm. Find
the dimensions of the box which will
require the least material.

Solution

Let x be the
lengths of the sides of
the base and y be the

height of the box.

Then Volume
= XX }_! X

-

= 4 = X7y X
4 :
i y = TS5 e (1)
X

Suppose S denotes the surface area of
the box, then
S = x’+4xy

=% N = x2+4x(43)
X
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— S = x*+16x
Diff. S w.r.t x

B one 1652, G

dx
Again diff. w.r.t x
d’S

2

= 2-16(-2x7")

= B2 . O
:

For critical points, put o 0

dx
P 16
2x—16x" =0 = 2.:15:—-—2 = )
X
3—..
L 2x ,,16 e
2

== Zr=16=0 = 2% =16
= =8 | = z=2
Putting 1n (11)
d’S 32
dx’ x=2 (2)3

— S 1s min. when x=2

Putting value of x in (1)

(2)°
Hence 2dm, 2dm and 1dm are the
dimensions of the box.

Question # 8

Find the dimensions of a rectangular
garden having perimeter 80 meters 1if 1ts
area 1s to be maximum.

Solution
Do yourself as question # 5.

Question # 9

X

X
An open tank of square base of side x

and vertical sides 1s to be constructed to
contain a given quantity of water. Find
the depth in terms of x if the expense of

lining the inside of the tank with lead
will be least.
Solution
Let y be the height of the open
tank.
Then Volume = x-x-y

= V = x"y
=y =5 (i)
X
If S denotes the surface area the open
tank, then
S = P +dxy

= X +4x[12)
X

= S = x"+4Vx

Diff. w.r.t x
d_d*i = AV Lovne (i1)
Again diff. w.r.t x
45 - 2-av(-2x")
o B (L L (iii)
2
i : dS
For critical points, put il
2x-4Vx" =0 = Zx—i =
=
2x :4V =0 = 2x -4V =0
-
=% 2 =4y =5 5=
|
=% x= {2V)?
Putting 1n (11)
d’S 8V
3 o= 24 3
=2V ] ((gv)%)
BB 5.
— 2+2V =2+4=6> 0

" U 1
= § 1s minimum when x=(2V)3

3
le. x=2V = V=%

Putting in (i)

.x% .
y: 7’=E

X

X

Hence height of the open tank 1s >



Question # 10

Find the dimensions of the rectangular
of maximum area which fits inside the
semi-circle of radius 8cm

Solution

Let 2x & y be dimension of

rectangle.
Then from figure, using Pythagoras
theorem

xz_l_y:z - 82
= y* = 64—x" ........... (i)

Now Area of the rectangle is given by

A=2x-y
Squaring both sides
A* = h %y
= 4x’(64-x%)
= 256x” —4x"
Now suppose

f= A" =256x" ~4a" ovsiins (ii)

Diff. w.r.t x

dx
Again diff. w.r.t x

2 .
ix{ = 512-48x% ......... (iv)

For critical points, put % =0

= 512x—16x" =0

= 16x(32-x*) = 0
= 16x=0 or 32—x" =0
= x=0 or x°=32

= P = i4\/§

g _ S128—~16X «oxnsinsiss (i11)
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Since x can not be zero or —1ve,

therefore
X = 4\/5
Putting 1n (iv)

2
Q - 512—48(4\/5)2
dx x=4+2
= 512-48(32) =512-1536
=-1024 < 0

—  Area is max. for x = 4+/2
Hence length = 2x = 2(4\/5)

Breadth = y = \/64—(4\/§)h
=J64-32 =32 = 42

Hence dimension 1S 8\/5 cm and

4\/5 cm.

Question # 11
Find the point on the curve y=x"—1

that is closest to the point (3,-1)

Solution
Let P(x,y) be point and let

A(3,-1).

Then d = | AP| = \J(x=3) +(y+1)°
= d* = (x=3)" +(y+1)
= (JJ::—3)2+(_J¢:2—1+1)2
, y:xz—l (given)
= d* = (x=3)" +x*

Let f=d*=(x-3)+x"
Diff. w.r.t x

df .
= = 2(x=3)+4x ... (i)
Again diff. w.r.t x
2
“;x{ = 2+12X° coierane (ii)
For stationary points, put % =

2(x—=3)+4x’ =0
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= 2x—6+4x" =0 ~ —2%4/-20
= 4x°+2x-6 = 0 o 4
" B This 1s complex and not acceptable.
= 2x°+x—-3 =90 ngby2 Now put x=1 in (ii)
By synthetic division 4> f i
- =2+12(1)" =14>0
dx” |
1] 2 0 1 3 x=
l 0 9 3 —> d 1s minimum at x=1.
2 5 1 0 Also y=1"-1=0.
Hence (1,0) is the required point.
= x=1 ot 2x°+2x4+3=0 Question # 12
Find the point on the curve y=x"+1
—2+.[4-4(2)(3) that is closest to the point (18,1)
= X = .
4 Solution
Do yourself as Q # 11
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