MATHEMATICS 2" YEAR

UNIT #

NS
ﬁ D

\/
(Ih
QK&
O
S

@gé\

FUNCTIONS AND LIMITS

Muhammad Salman Sherazi
M_.Phil (Math)




Cont_ents

Exercise
Exercise 1.1

Page #

Exercise 1.2
Exercise 1.3

14

Exercise 1.4

20

Sherazi Mathematics

o
\_‘-‘\-
¢ \ \M’_J"/
.-""--\.‘_ ‘II ..‘
AV =
2 ‘? N \
“"\hd >/
f ~ N
I. I‘*-,__."' .-ll
,:“ X [ x.\\__}/
ais \ i
l/’ ;w \\/
.-“"'; ™ \"."‘H—ﬂfr
P
{ S ™,
AN\ OV
R t{,\ :&. \‘ o
/ \le Ve
cfQ\vv,J
&9




Functron ¢y A function s from a set X to a set Exdm

pled: Lt fay= X . Find
Y is a rule or correspondence

&
x -4
that assigns to each element xin X a unique elementyinY. the domain cmcl ra n‘ge o f f
The set X is called domain of 7. The set of

: . v y )'d

o varaney docents on avanabex i cuch awey et avaueot | Selubions 00 = =g

x::letermines exactly one value of y, then we say that "y is function of * £(x) becomeés un de )C;n ed:_ j-o)"
)S(V.VISS mathematician EULER (1707-1783) invented a symbolic way X=4=0 fe g=hPR e # 9

to write a statement "y is a function of x" as y=f(x) which is read as - X 7£ L2 ﬂ o set °f ag - ':2
"y is equal to Fof x" 50 Df = R'—{"ZJZ} ; T = real nuimbers
NOTE:- The term function was recognized by GERMAN or Ti)’r - (—eo, t =y

mathematician LEBNITZ (1646-1716).

:Domaim- The <et of all Possible EmP'e“: Let f""-"""Jf"q
inputs of a function is called Solutions = Lo becomes C°":P'€"
damain. * The domain Of e.ve"j for wW-9<0 , 5o =920 = A 79
function f(x) is set of all real numbers| o Y >+3 a-3>%x2>3 ThUS
for which fcx) i3 def:‘ned. w The Df = (—-==°, "3]‘}[3;""”) __é——_—_%———'g‘—;’o,

values at which f(x) becomes H; = (o, + o0)
unde fined or complex valved will be Eumr’lf: Find the domain and

um bers. # Damain _ 2
excluded from real n r*anje of He {.unc.{.ton fcx)=x+\

is dlse known a5 Pre-images.
: oklent _ | _[1, +=0)
R_?_Qjé:—- The set ef all possible \fi&égb"- o L= tee) Ry (

out pits of a function is cqlled%s;ﬁg,‘a,,,‘,lgéz Firnd the domain and

m"je- s Ranﬂe is alse known @as X, wheén 08 % &

D> ranje of fou= {

12 03 es. ., Al N\l

\
W\

Eu"nr'e“ﬁ Griven .fcx);:‘:\‘-'géﬁﬂl.f Lx — | 50wt70”‘ [?5. = (o, IJU(I, J_J o 2.:[0)2]

X=1 when 1< %XS 2L

N

ORI TOIC ONIGS L BELS Sk S OD

() .f(i/x) y X FO ijgs Of "'Uﬁthm.j
& » (1) = 13-).‘11"‘2-!1"‘ —-———————':_
SO'Uflon. f " —o-l M| Ajjebraic funchan.fz
dy f(0) = ©O- o 9,42 f-lnj functlfon jenerafd b(7 a@p_bm/c

- Q)= 20) +4) -1 =17

Ry 360 t) 's known as a{gebrmz
__R.8~-8-1=-25| 0 eral/ons 1s . ,
ilii){(-l) :L—L)B"l(-l)"-\-'-l('l)'l_ 3-8-8 fyncf’ion- ﬂfjﬁbrafc fUﬂCllfoﬁ_f aret
(v {(14x) = (1) -2 () + G 'c/a.SS"}[’Ed a? bgjd?‘ ns A /Uﬂc_/:bn
- 14X 430+ 31.-7-(|+x‘+1x)+h+ G —| ‘;,Pa[gn‘m,a .fdnc /10
qz—1
sv4L 3L + 3% - J-"")'“'I""""”t ¥4 P of thé form iy . g
= X.s't' 7.’--&31*'2- P(x):: anx"-f-a,,..,z -f'q.;{x -r--z;;*al“a': '0 '
s e) - Ly u() - I %, where the coeffreients Gn, Gom G
v) 'S-(i/'x-) = (/7'.) J'E-x) 1 q(x fof-aa a a, are 7@4/ numﬁerj a,;j &e
= -5 - St —- %40 o wve nl€qery,
X x * ’ exponents are wan-—neja/ Vﬂc{,b‘},;_
E,Lamﬂtli Let f(x)-_-_ x.Find the s called @ Po/ no:md {0 M dearee
@ y e
domain and range of {. it Linear funtt‘or’ii ih b o
: ' en \
50|Ut’°n: %= (-- °q, 4‘00) Of Po‘jﬂomi(]' fUncfé?n 15 %,
R [0 +o4) called linear ,Cunc on.
p= 1O .

Please visit for more data at: www.pakcity.org



(i) Quadratic fonction: Of the csch'x = In( L+ 'J';:&) wF O
degree of polynomial function is 2, sech'x = In (4 + vioxr ), oen %)
then it is called o ovu.adr'ahr. functian. cotli'x = -'Iln x+) )""" N

p N

(V) 14"‘1‘“{ uncﬁon‘;ﬁ funcfion - o |
f-or' thiCh Ic:l;a-fx or j-—.:.:t 1S Ca”ed EthC‘t functlar'l. 5)( 3 IS

n'den’(itj functior’?- 3t s denocted bj-l e.as.‘fj exPressed n terms of x, then

v Constant function? 4 fonction | y is called explicit function.
for which $o=b or y=b s called Sjrnbolu'ch(j J‘-‘-:f‘x)

constanf funcf,-on. Im’,h"c;t !’UﬂCt‘C’”: 9{ the two

(Vi) Rﬂﬂoﬂa‘ .func.f'ior': e czpuofu'ir;t variables x andy are So mixed ©p s-that
- 9 cannot be expressed in terms of x,

. ) =
of tweo poljnommls such as 'f“ @) s 3 ] ,cunclfon 's called
here Quago is called rational fonchin ypen this type °f bolically  fxj)=0

' ions o] jmplici Lion. Sym
ial unction: A function i licit func ' )
ExFonenf f P etric funC{iOﬂSo b x ard

(il ) . 5 Torn
; hich the varidbl€ app ears . |
'en u:,n'ecnt CPOW@"), 'S Ca”ea/' upﬁﬁeﬂl‘fa/ J are er.Pr'eSSed ‘" terms o 'Ehlrd |

” ele. variable (say t) suveh as x< fLt), 9=94

x
)‘UDCHO’J. 6*‘7'; (7:"- e“, a.—:e

Lojdﬁfhmk fvﬁlboﬁc J X=
s |

{he‘n (.7#; [& a"") wherz a> 0) ) # ,l | ?i \5\:“

called Lo Jan't’/”" e fonc 2 (],g‘i/

s known A4$ comnor /ojaf/\@ every x in the domain of f
‘3 N <?'§?ani {/7’”

# Log x (3 know? &5 na\{q\Q Odd funcﬂon: A fonction JC (5
) O | said ko be an 0dd if f(—x)= — fx)

Trigonometric Functioﬁ\éfﬁ/ i t
.= SINX,COSX,lanx,secx, . d ornain
cosecx,cotx are called trigonmetric functions. » for evert nuvm ber x in {be

~ Inverse trigonometric Functions:- of £
Sin. x,Cos 'x , Tan'x,CsC ' x ,Sec. x EXﬁl‘”Ple i:' Shou that e Parame{n'f-
v=ocost and Y= asint

the ea(ua{'i'on of the cu'r'Gle

ecvua{'.\'ons

NOTE:- For Domain & Range of Trigonometric functions & Inverse
Trigonometric functions , Consult Your Instructor/Mentor or See re Presen t

Unit # 11 (First Year Math) Discussed in Details. Thank You . 5

> g t)Y + (asSint)
—x | = )L'I'j -(OCOSL) ,
_ olces t 0 Sin
- 1)

nverse ijerboll'c fonctians:
SNk x= In(x+dE 37 ¥

= 5 a* 2 . of circle)
tanh'x= 1)n X)), i<

Please visit for more data at: www.pakcity.org



Example 2: prove the identities

- - ; 1 }';l-l- S'nhtx —
\ X — Sl'ﬂh Xx=| ") CoS ] =
@ cosh coshix

Exercise 1.1

) o
Solution: i, cosh x- sinh % =1

L L
L.HS = COShl - Slhh p 2

L
- L X =X ) .
—- e\’t +e."' ) . e_____e:_ salut;an: (a) "'(X)-’ X -~
. ] - y+2= 6
i - -1):
lx  -l% 1x -2X ) ,f ¢-2) = C 2) ¢
) P i - g - OL.-O e O
b ' ‘f(O) = (© N o
L' - _ Jd" 3 c!_l) = x__“_)_,_.-x
; f = - *+2 - b =1 -1) = (7‘") -
+ ¢ +12 _ 4 iy fx
= L, L’ _ xb__gx.l.l . &
] x +U) = :'.q-!"é*s ~*-
e R-H-S

L
uY) -;(-;-H() = Lj."*‘l) - (

S - o hx = coshlx
g1) cosSh x 4 0 = _
i, feor= Joti: Jtr-j/
se - - x*s
o f ot = 2 VXD

x =2

[ ] l -XL
L-4-S= cosh x+ Snh x =(e"+e )+ (e-¢)
p R p

LX -d X X 21X ) ‘J ’.*8
= . v ) = . x
= e__‘_"_E__:'_'_?: + E__‘f_e__._—-?—'— V) QLCNL +U) = e+

m Tax, gy g2 | AT h)- §Q@ gnd simplify
e+ ryrere & 26728 , Cind fath)= 170 ar P
- o . h -. | z
e 'LI" >+ -éu WY ' ) y= 6x-4 () fox= 37
2(e+e )= €7= = eqtl where > f1x)= 6 Y inya COSE
] q 2 lf'f;;\jf\}f 3" 2-:’-'-’ (:V) f
\;\T_C/’f L i) f (A )= p &
- K103 QA ' 6x — 9
} Py )% . o . ' (o )<
Lence Cosh X+ sinhix'= o5 Solution: © 9 - (e
o) athl - 1j°~
Example 3: Determine whether the | frath- (a_ {6(,/,;\/
d ol b A )
g‘ollowmj functnons are even or od 3 /6“" 6 h ﬁ/ﬁ(ﬁ - é%( _ 6
b : N
SO,Utloﬂi (a) ‘f(’”: 3x -2x 7 f M) ‘fht): Sink
4 _ Sina
- § (%)= 3ew'-202) 7 iJ((a+hJ -f) .S«'W"
b _ S+ 7= f0x) h P
- Zx — 2% | .,_hl-{z s ((0+h22) sin( 2tk )}
Thus (x) is even h .
)( 3(-%) . L{aos(2ar)ing
| 2+ 0t . 2ces(or}) T
. 3 _
. =3~ foo i frz K 2% I
=d : X
- ‘g ad d . {-(Q‘”‘)) < (a+h)+l(_a+b) :" , ' tah?
Thos 5‘(-—' ®x) ) Ce+h}+3a1h*3ab*zﬂ*2h+ .
(c) §ey= Sinx +COSK flay = @ +a- )}

- {-(-—-)L):: Sz, (--"X)‘l" COS(.""'?{-) : ,
S et = e
£ 4 § (L)

Thos f(x) is neither even mnor odd. _ ﬁ(,_/_

3 _ ;,’“.;,3,.‘-}301742114//&
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(V) f(m:__ coc X Q". and the domain and r'qr\ae o;

the -Eunct-ions 9 defined below
)((MQ)_-: cos(a+h) - Cosa

—#

h h W 9x)= 1% -5
; ; h-a
(et ) g ST e ot
-  (2ath .5'137(-6-)
= }j;(-)-cslﬂ< 2 ) 2-) ) 3(_1):,,};_—1:—1.; WD 50
- __._3,__5,;,(@_/_7,)5:}1 _.)2. g(n) becomes (Z!’.'!""Fle'1 for‘ r -
" h ¥ x4 2o = X2 4 -rx7/’l‘-7~u[z o)
N
Q Express the fellowing > -Ll2Xz2 >° Dj (-e0,-2J0L
.(a) The per-i'meter P of jcvuqre aj’ ?J = [0, + oo)
a function of its area A. ¢i) 9L = x+t

SO'Ution: le't each bl‘de °-F Sq,uare bC o WA+ | 7/0 - va );—l
rx: qun ‘Thus
perime ter:- 2 -Dj =

P-.: 4x — &

- 7y _ | x— 3|
; _ [ o
put valve ef x in Y Dy = (—o8,1=8) RJ - y
' N, AON [ExtT i -2
DR 4 P:': A (V){? } ) {q "-3_,_ "_;. N
¥ \ &4 - )
i unc l-' on A A
() The area A of a circle as a function )0

o{— its ciroumference C.

.-“"'I I
ol f . ( \

SOIUtiOn: let F be the l’leUi‘:ﬁ\?ﬁ}w

A\ \S
circle then N

ﬂl’eﬂ. :""" (fﬂ‘\q
mm— . (“‘»\3‘
A= ﬂf"—-—- b [
Circumference.-
e
C uf i D
Ce 27T o = |
2
2 AW 4C
) = — - A°®—, =
S A 7t (;3 l{ﬂ" 7S
a
»> A = C_
i

c) The Velvme V of a cube as a
{function o)f ithe area A o_f ks base.

Solu{'ion: Let each side of cu be

be x then
Velome :- "

Ve XrXR% <)
VAR — 7'-; — ) %

Area °f[ base;

P . .
A=z X = A= JA_ Pu." m - i 2
. ; % 4 pakcity.org g
b ye (JA)# V= A

Please visit for more data at: www.pakcity.org
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Qs’ G‘liVEh J,'-(-u: )t?—' O)L"-l- bx + | Q7' 5how that 'l:he qu_amet’_'.c
* 3% fe2y=-3, $(-n=o0. Find €quation:

¥ L
the valves of @ ond b. d) X=at Y= 2al represent the
eq,uqtu'on o)( para bol a JL.-_- —

» 3 &
SOIUtlon:' (A )= x—AX +bx + | )
f L L)+ Solution:- o _ ot :
= - ) ) +
=+ {(2)=(2)- a) + J= 2ot =+ t= I put in I
-> -3 = §- ha +2bt 1 o
= L
e -—L|a+J.b+lz==o-»-').a+b+6 - - x:a(f_-’“._,ﬁj__}
) q
Also, )L(_n):(-n)’.. ac-0+ b=+ | L Ya
R -“j-——-)- Yy = fax

- 0= -A-a-btA ) 4a
o O b = 0 —” Ir ) x. = acesb Y Lsint reFreSEnf the
R equation of ellipse X Y _.f _1
I+ 1= -7_0+/Z/"|'6"—"'0 ot b
— — = O &
- y delution:— , _ o cose y
-3a + §=0 = -3a =— Y= b Sim D n
= -w tin I --1-5 = O
PU- F?‘OY‘Y‘I_ , L__ — CcoS 6 -
= |b =—2 \ Q —
A stone j—a“s )Cr‘om Q he{jht of- FT;&*@_{\ _:_jg = Sin @
Qé. éom on the 3]"'00Dd, {he helshtr;% ﬁi\\C;y : di 11} d v
h after x second 135 OFfroxlrﬂatej{_;%f\m; Sq,uonhj and od ing I and &
RLNEA . L
jiven bj hoo= 4o-lox ;ﬂ\j“’ 2’."_.)1'?' (..‘1 s (COSG)L'!' (.5”19)
) What is the hei’jht of H:,eé;é one 9 . b‘_ - C650+5n8
when: (a) x=1sec? (b x=1:55€c (OxzlTsee) 4 X g _?__ _ 1
* o U bhen doegw stone strike at bt
SOIUt‘on" the und ? .o 8 re resent
3!"0\, N (M) Y =a Sec 9! Y= btan ]’ y L
li’ hCX):’: L{O_— [0 XK ‘U"le eq’uatl-on OF hjperBOIG }_;.-_Z__ = |
a &

h (1) = 4o - 10(1)".-: uo—lo:’:&o'

(a)

Salqun:' x= Q 3ecb ;

- h()= 30m

L ==
b h(l.s)-: Ho - |O("5J =¢[0-—1?-'5 j"‘ b{:ane a1
= .57 , I = X = Sech t=>>J _tane
(€©>  p(»1)= He-10(rN=4e-281 3 | b
~  U-Im > X _SecB , =Y _gr0
L = Y -
: O s 1) s
) wWhen does stone stri Kes the !
3raund then h(x) = o T - N = _)i‘ 3 ..?: _ SE'CLS- tanLB
“w hix)= Jo—lox" a"- b
e O = L,o_-lo)(_" e -)-t-':._ 2: _ 1

- ' 1":: Lo ot
B

g—
-—

O
= x = U
X

-+
‘-J

=5

=)~ Y =

Please visit for more data at: www.pakcity.org



Qs E’r'ove lhe identi ties

) Sinhix = L3nhx Cos hx

Selution:» R.H.S=25inhx coshx

H - « %
=¥ € -€ e +e é"_é’-"
= Y =

3=
= SI‘ﬂhlx = L-H-5

Hence Sinhlx = LSnhx coshx

L
ay dec I’)L)L = |- 'tClh)"i ) d

Solution:= R.H.5- I- tanh x

- K

x =
- ""' (e"'e )L- ’—(e’l_el)i.
X - N -
e +e

(e +e*)

1N =IN - L%

- (€ e+ 2)~ (e*+e —2)

= L
(e + )

Hence SpehX =
i csch X = coth x —1
50|UH0"$" R-H-S= Co‘[hlu— j

- “ -X 2 X —
= (e+e )_, :(E—f—ex‘- |
x 4 —
= = (eﬁ_éz))'

L -2 22X R
- e 4L~ (e +e =)

Please visit for more data at: www.pakcity.org



Composiﬁon of function:i—f
IS Q funr_h'on )Crom set A to set B
an ol 9 IS Q {-unch'bh f-r‘om sef. B {o

set C then c.omposfh'bn of fcmd 9

s denoted by (fog)lx)= f(Jm) ¥XEX| /() f(rzt) 2 ()4 =%
dnverse of afunction:- Lt § be Fpeo) s £llmen = B o

o bijective (1-1and onto) function from
et A to set B c-e, £:A—50 then
‘ts inverse is ' which is sojective | Example 3

- : - R-1ond
+ B —> A. 9n this case D )
!,R D : SOlUt'Oﬁa‘- {m--- L+ A~ x- )
= -1
P Hh | valved f(x) becomes complex va lved
l EumP‘e i:" Let - reqd ) shen w—1<0 or Wl | so
{Undions f and 3 »¢ dejc'?e ) ?‘--: [!, +00) Rf z [2,+oo]
d (*)= X —1| )
f(;l) = 22+l ard 9 | |
. the expression for e.")fjut) ,,.:'Bﬂf\%ﬁef- of inverse function {,
Obtain € P 9 ;i/ we have

<‘ ﬁx \:-] .
r‘\__.—"'

2N
N L:T‘_‘;:” j
= £ (3e0)zf (x -
R \\‘J ¥ - .
" 2(£-—-l)+, = ).)t\:;\ﬁjy\( = 2_7’:-.-?'1
AN TN -
."'.) (x’ - (o) f—'/’i‘i, X+ )= lX"’) —,
, f”' j(f ) Qyﬁ ) ( | The real valved functions
= 4" Yz —| = Ux +4x% QL "
X G 1+ | — & , -+ {and 3 are defmed below.
m) £ = F( fev) = £( 1—"-*’)"'20'”')*{ Find @) foq(x) (k) Joftx) (€) fofex)
= xt 3 ) I~ (d) jojCX) (;J f('x)-.:lx-rl 3 3(-:();-.?_
@ 9w = 3(Jen)= I @) = oy
. N Y ).XL SO'UﬂOH-" () {-Oj(n):f ( )
= Y4/ -1l= X - r (J!?=f(3_,
Alse  §rom Land ¥, we 0bstrve tha = z(;%)” - _15__’_“ bl
fgex) # g £ex) e ——y
-
® o t & R—--?'R. be the )
Example 4 LAk yx+l. Findf 00| ) Jeftr = g (feu)- 3 ( 3+ 1)
tonction defined by (0= S
Solution:- forr=px+ T oawno 2%
'j::'f(x) Se Y= ) X+ (€) fof(l) = ‘."(f(”): f<bt-“)
- - y(ux+DN+H = U+
-+ £(y)=x . - J-l = 3% 3
s 3-! y(9em) =3 (5=,
= W= _.i--' (‘l) 303('1, = ) & ::;"' !
- | ) _ — 3 — = 3(1"') _ 3( ﬂ-")
- -f(j)- _:]_2_-_ frorﬂgl) 33— (x=1) ‘;_‘;'_';'T 4 — %
7 L

Please visit for more data at: www.pakcity.org



d) joj(i)-.:- j(scx)) ':2-.-_— I have
= j((f-l'l)l) RQ?\QCQ 4 by %
+ _ _ '1_--8
:(QLL-H) -H) f Rl e -8 _ 9
Pul »x=-1 .f—‘f") T

Please visit for more data at: www.pakcity.org



) f(x)= 3+ + 7 = 9 +%x-9 =

Solutiopi= L)z 35+ Hence {(£-'¢w) ={(ftw) =
Let J=fou then Y= 313'1'7 (1Y) f“) - Y w |
-p 3 (:j"'_])!"3 s e ) w+ |
1ok = =550 ISelubion:=  foo= S
i = f) then .- 22+
J=feo = Flo=x et =5 =
¥ ¢ o (%09 = 1%+ > xy- Yo x4
£ = (L) 7=
> " = xy-2% = Jtl = y(y-2)=1+]
Replace b x ,'We ave o o 14 g fetr wef )
- _A /3 3_1
JC (n) = ()(____)
3” ), = f"( ) = tJ
Put X = —) § (-1) = "8)3 J-7

L —L
Put x< -1, ‘FHC —1) = |+ (1) —- O
- — 2
)( (5(1))_ )( (3x+ 1)= (3:”7 7) MM?I@&JOHM - )_(,-1--&).,_;
A\ _ i b
=@_ze..’ . f:__f%f(f ‘o) = § (55)3 et —
> A 1L )
o -1 St o x -2
Hence £( $7t0) = § (F0)0m X _ 2 (uw) tx-d

£ -] ¢! )
= x= 9- 33*75(3)"6"3 %_—l
(v Y=460 = §'(Y=x) e
Replace J by x, we have = "Z{fj"— 3% . 3%
"= I = gmm—
q_ 1’3 +2 >

f-'({ﬁl)) = )(-‘((-X-I-GI):)
= 9 - ((-x+2’)"2 9-(-x+9)

9
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Q without {inding the inverse,
* state the domain and range

0{- f". (i)-f('!)r y X 28 (it ) f('!-):: E—Eé;*#‘i

L.';;) f(-x)_-; __.L-., z#—_’,

X+ 3

SO‘UtiOn:- D )c(:{)*-'-' X+ 2L

-f(ﬂl) becomes C0mflex for }HZ(O
S0 L+272,0 = )L?/-?_

Thus D{; = [-2, + ») )’R{-_-[O)-POOJ
Bj c[e)C o{ TnNverse JCUDCl‘ion)

-D‘F'-_: Rf = L0)+ OO) -—-__:*2__:3'90
R{:‘ — D:f = [_"'2} +m)
Gy L= X""}-w.;ﬁ-‘i
x-4

£(x) becomes UN de fined for x-u=o
Se A— 4 #0 - A 7’1 l"
50 ‘Df = 'R-"' {113

'R{ = R"' {lijf-R-{I}

R; = = {O'i
B:j dejf o,J. Inverse
fUnC'."'.On)
Di'=Rg = R- {0}
§ =Pf {2 ' o
072 by« R-{3 3 ckgpaKcity.org ¥

Wy fex)= (x-5) , *ZS

Df.-:[S,-i‘Oa) , Rf:: (°J+°°)
By def. of inverse {—unc{iom

Re-1 =D, =[5, +20)

Dpr= G = Lot L

10

Let f(0 be a )Cur‘\c‘b'on Ehen
4 Aumber L is said to be

(V) f(,)._-(x-S)ji?/S limmit of LX) when % a.pproaches

to a (from both left and right

hand side of a), Sjmbo“m“j
£ 1S wr! tten Q3) '1—__—';2 Lin=L
and read as'Limt of £ of x

as % O.Pproaches Lo Q s equal

to L.
Theorems &7} L
of foncb‘ians:-—-

() L—m [.F(-,;_)+ 9(70)
w—> O

m'ttS

(page #18) +..-- + QL +Qc )
Poly nemial function of de=free n
then show that L—m pOU= b(e)

H—> ¢

11 e
6"“t " a 1’.'—'{---" + Q'X'l' q,
P(x) — th T o Id

—>4
Applying 1;_;-': on €4, 1

L PD(X) = Lim (an'}a:‘_';.‘-';'""' Q"I(f‘i)

X—> ¢ n—> ¢ o
- Q, "+q.,C -t Q,c + 4,
= pec) Thus & pow = Pl
)(-—-)C.
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Prove that
Theorem:
N :
L' m W "'"a: Y')?)" where re 1S
X—> Q N ;
an in’cejer and &7
: 'S
PY'OOft- CaseIt Svppose ™
o +ive intejerz
e
L-H-S= L—am % - 0 (2_)-5:01-':"\
W=>a y_q o
= L—m (X Q‘(;-;)‘Z-TQ +£-.3 lf-m-!')la-l"l‘a-'
A —>Q
)L/Q
_ ‘ n=-] n-=2 Vie 3 n=l n-l
—'AL:-;:( + X -Q+)L-QL+....+)LQ +Q
) n- n-) ne ne-|
-:O.+Cl-a+a (;'.;. -]-a.ax
n-! =] -
= O + Q <+ a + ---

\———4‘1"1
w—>0a Yy—Q

Theorem:-prove that
L—wm @ — |

or O “© 2da
Proof:- '
, a-Ada (©y(rm
L-H:S = L AR (o)%

G, AxratT?)
I Ii':c; X " —_—
= m( .———"’;’"— m+ a
o Yearndrt Z_f-éf/
x—7° %(m*ﬁ)

T owx—>o Z+a+Ja
/(-l-x-t-ﬂ ) _’_'_,__
L —

ixratda Aa+do

$IN )
CQSQ ]I' : SUPF°59 n IS —ive f;

-1 | w,

g
e

Let Nn=—wm 0

A\

int eget. £
o)~ \

(where m is +we lﬁte{\)je
XN\’”
then L.m )z‘—- O.n ,mi’ﬂ“}“ v et
-5 0 = v/ x 2
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(i;) L — 3w
H ——> ) ——

Jd 3+ 4t
Here [ - |Xl=% Qs 27O

D;v{d.‘ﬁj \JP and dowmn b'j »'s

W —) & 04 x = 0—3_:-9_
,/3-‘-;-7"‘4 Jo+4 2
”®
' )
| + — = e

Praof:.- usiNg Bionomial theorem,
we have

= 24 0'S +0-16667+-.--

. %40,dividing up and doun by = 2.71828)
[ ! )

(._-)\)5._.__ __x5 L ('+Jﬁ) = e Hence pro ved.

) =» o
-

- l_,__.-——;ﬂ'! ""_li...- -+ --: —0 +0 £ /

W o 0 _)E___Z-'- = = 0 DBAUCt' Oh:— L (‘_;. )()“

s T By A | I H—Yro
>

ne KKnow that
Exam‘,uq Evalvate o

|+-— :
(0 v, 22— 3% 0y, L., X Sx Nn—y oo ( ) —
K —Y = 08 3 4 1 A —> +od , L .
. I’Tf-: bk Put 7"\-'..'.".l-.‘le =g 'X-T-!r—.;' L
Solutions- ) ——m 2—3x X o, A —% 0
"K-—?-GOJ 3-]-!.{7(" whén N —r / '
- r——-" _ _ » . ’
-L = ‘X\ - =AU Qs < o SO‘ ") ‘—-—-—""'M'II ( l-f")()“ - e
" -Dnh'dt'ﬁa UP and down by —X * =9
j p
= __wm ~= 4 3
N —>=-00 _* = g dis - 3
3__ 4 Jo+¢ 2
x}-
-;0 & pakcity.org
(-
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'ﬂnearem'- Prove that
o_.-\

—20 ‘)L
X L&) L"“""(l-m_b)“
Pr'oof = L.H.S=zu.Q ~ N e %
Xpe gL 3h
put o-1=] = o=1+] “"‘”
Ao o = ‘03;\4' 3}
8
s g o—3n . o 30 T"’C Sandwctclo Theorem
oy Let {,9 and h be functions
| a
L.H S < Yy —>o \oj;"':” s-that £ %) £9cn& h() for all
L ____}____.__—— e L ) '/:, hUMBerS % ir SsoMme OFQH .hierva'
i o 4 log (T Jro Joq () l y bl.
J— 3 *Ja v il Containi nqg ', excepl possibly al
/g C 'tSeLF 9} L—im f(x)-l_ and
= ' e = lo a s im (14 Y) =@ HEh @
| Je I=¥e —m|it%) =L, then 9(x) 'S sandwitch
OJ € X—PcCc
a. = R-HS b/w £ ) and hex) So that
‘ Rl l o
Thus eten Q-—-—""" = °3e LT—_‘\ s () = L
H—ro W ﬁ\ a_.fu — )
- - S C) )
‘DedUC‘t‘Oﬂ' x—-?: (e ) ‘°j eé neoerem:- Q)C 6 s measvred
P x};‘;: 1@ erl.an, {heh L__I"V" S'ne
Since e Knou that \,\”ﬁﬁ\”’ & —ro 9 = 4
X QO , :
L—w @ -~ — Ig\ﬁg\éf (T) PrQOf v~ Dt"CluJ Q Ur"ll't c.nr'l&
n—> O NS (radivs 1) in which
Pu.'l'- a = Al
L _—m»m € -
N —2 O A
B D
ImFor'ta""
M e )"'
remember > T
. s & - ..-‘-- = O
<) \;:v:-o (e”) ‘.-,_.::--o ( é“) Area Of AOAB L Area 0; sector 0AB £ Area of
(W) (0“ =0, where Q s anj AoM('.t)
_._}*eb real numbe r. N ow —_—

' Express each
hrﬂtt N terms

ivy

Examplc §:

3
Ofe la):':(l"'n)'/
(th) L—m (\-{-Ll-;)h
h—> ©
1
SQlutlﬂho' @) L—m (l __g_‘.)
« —p 00 m

Area oL A oAR = -12-_- (bqse)(Perpcndfcular)

Nhere IAC-‘
— = 3in6

|OA |
lPtC-I'-"- loRA|Sn @
lAcCl= SnB

=
—

L |oB||AC

L | oB|]Ac]

- L (1) (5O
2

= _!i_ Sin 8

* Radius =|0Al=(0Bl= 1
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Area of sector oAR=Lr"O = @ (757) =0
1 Exercise 1.3

= | ndicular EVQ‘UQte e.GC.h gl j
Area of AOAD= L(base)(perpendicdr) Qi. 25img. theorems of limits:

L

(1o =

l
~ ©

= 1 A b |ADI :
> 10 HAD mhere —ztandl [y L__m (1= +4)

oAl *—>3
5 b (tané 1 ™
_ _ _ 2(3)+H=
= —;—_— tan € |AD (= tanb = ‘;":‘5(11) + \;,:;-13('4)
N ow bj (I) i) I_,_._Jm('s,e'—),x +4)
U e ' ) w—>
y$in6 L 38 < ltane Solvion,- L—r (3x -2+ Q)
w—> |

o SiINB L B8 <K tan 8 (&’ b‘j )_)
3(1)1- NN+ 4 = 1-ttfy 2 8

i

. B

Lim () 5 Lim 00 o Lim (a50)

g—ro a-—>°c B8 6-9:'-'**”9/’ - (V) l;_:::‘ x A x-u
I \;'_;; 5'%9\@“\” Solution:- L—m * x b
ApPINTY 3 Wity - ol = (D @-y = ©
reA i w0 g (A - 53
Example §1 €v00te S5 | gy tioni- L (5 - e
Selotion: o oL e -Jares = 37370

p—>r06 76 W —>"2 JNn— )R
3
Iy + S
7 X L \— €059 SO|Ut‘on' w—>=1 [N - L
s \IOlUQ €
m ‘C"" °—7% 8 3
Ljons Lm1-C038  1+cosd —  _g
SOlUtION™ oo 5 T Tcesd AN
& o ® = —2—6 - ——
. |- COSBO - _S_l':._?-— -8 4
. — . B
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QZ Evalvate each lirmit bj USing W) e [+ %

’ Qlaebl‘dlc teCh”‘ques X —> -l '_;f:—)_
: 3 . 3 Lt
)y L—m X R Solotion:- L~ _72_'_"__’},) (S )forms
X—> % -+ \ 9 "H.-'—)' ! x"-—’
Selvtion:- L—m % (Z)Form L L A (% e X
*—> =1 o] % =) = | (x—l)(}ﬁ/) K>y R =
b B
_ oLim X (=1 e (=04
W= =] W+ ) - W—> = WA — ("") = )—
_ - =1 -
= —m x(x=1) =(-D)(-1-1)= : <
X —y - \ w)y L—m ) x - 52
(ll) L_—m 3_2(__18—.5 ) x—> 4 7_3 - '—(7(:
:_ ’ R
* e e e Solvtion:- L_m X2 (2)ferms
')L-——'?O 'x_-l'x - L_——'m Q_(X_—fé) L_;nz(zf)(xf&)

X —> 0O x(x-ﬂ) x—>o ~ -+ |

—
o 3(_0)L+’-4 _ -C-;_ _ 4 n—7 U 2t (“/)2
o + |

W —2 L x—l(—&-'f'-f:)

L __wm P _Lm
{ ait (x<2) (Jx+2) gl

! )

-x.-—‘?l ) - — - R
(1_14'3) (1 e n— -Jf'f'ﬁ Z,J-{.
\__—m -x_+L|+2-7'~ (2-)-)' +
* X Twx3 T ar3 5 | L n;m%’-ﬁ
: 3 ’- —\
. —_— 3% + %
(v) L—" 1__’__________’— oNn'- L—m r’— fi
 —> \ 2 - % SO‘Ut‘ b (_)frm
L3 - -
: rer L 1'31'}'31 _9.. ™M
Solution: APl TS (3 For _ L m--ﬁ J:Tﬁ&
h —©°
_ i Lx-—') “Lx—l)"-_-; 2_311_’_31-’ h «Jﬂ'i"h "'\r;-
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™= <.‘. L—m x—-o

=NAQA
mQ w-ya 4 —Q '\'heﬂ ‘x—"?‘ﬂ: the
1= 4 - : -
"’D-&"'""_: n M .mw_'ums.z(_ﬁ__)
m ™ e AEY R - t
: 7 TJL—*
3 Evaluate the following r=7
» l. . ts - L—-1M SI‘nt o0 St'H(K"G)
e I A d T = SIng
' : %

) L—em S _'_.. = A

L —2?0 W

s , V) Tas NAX
Solution:- L_—m S 11X ( e E‘"‘"’""

R —>0 WK [V < Sin b K
. g e sin10) (=7 izl Selukionie L_m Sihax o, ¢y,
Wy L—im Sin %X "o = —m S AX g%
C ) — A \-\\Q:J':l R p. ¢ __> O a L
X—ro % Holieg
O«M Sin bx b
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(vii) L—m V—CO32%X

K—206 ){" = o6 1L
. Pe .
), & & 3 ——
. - L it S!‘"?_P_ 3 - Q" d"-g)
= L-m 285N % e 1=¢050 = 2 5'n e 8 —Yo i Kq,.-
R —p0 L Qo *
- -+ (-CoS20=15~ 0 Pl ) -
=32 [ Lm Sinw\" 8
X—) o %) = 2—(|)L-:: = —7;,/ __ E
1 A wl—
LV“]‘) L___.'m | — COSK Y
P ° .SI-I'":-X. (%") t tone — Sln 8

ey g — °yform
) St (-5')'f

50 ,Ut;on;" L~ tan6- S'n8 ( g'){orm

6>a .3,
- L | — Co Sw® - "6 | e
X—Po 2 ¥ Sin @t co3 ='L ” (S‘he Siné
\—= Codn g Sl‘r?)-ﬁ*: |- CoS 6 8 —>0 Sin K oS8 )

™ I — Sin O ~SING cosg)
6 —»0© 5:‘036 oS0

“L__—m SO/ 1 - C(oso ) Lim 1 (1-co30)

#—___—_
-—_.——

= L c_og =(1—¢a$0)(i+ ¢o3B)
A =—p O
(V- S 1+ Cosn)

i \ \ |

—_— = = e a—>o0 : ‘be (059 80 San To50
* 7% 14 cosx l\+Cedo 1+1 o \ .
. |— C 65
(IX) L_—-"rh S "nL e = @ =
| @#” (1— CoS 6)LosH
’f\'ﬁiw\\<>i
AN )
form L U imeese
N B
//'*\f’f s (l— Cos8) I+ Cos coSH
| 1 ﬁ’iﬂ 0= 1.0
{“1\ O\ = _ —_|—___-_—__ _ __L_.--—— _ -!_
(14 coSo)cesSo (14 1)1 2
L' E)‘LP\’QSS eQQh \imit im terms
() Form Q *of ‘e’
" L
e mSl i-)o B Cosx ) 2 ' R
d 9 L | +—
( 5'“’" l_.‘,..., SNU L SINR SD'Utlon."' n-—)m( r-\\
w-—-)-o CGSK T x>0 R—$ s ¢ oS R [ /4 ( - )n]l. e)_
= 3 =
M
= L SN L imigne = 4.tano=0 N —> o h
—3y S R—> © ‘ —
* (W) — \_,__1___ L
(K1) L_—wm 1\ — cosSPp8 Yoo ~ )
—> ‘ o
] ™~ —> 09
SDlUt‘on:" i - LOSPB (_O_) f-ﬁl’m ‘/L 3/\-
0> \+ Co3U8 © [L———-m (\"""")] - b
= L ,XStn Pe L—-m SlﬂPQ Nn—>re
o= ¢° "'__"" e 2_) uu) L—-—-—‘m<|+
X 3in ?E S n —> oo 3N
- g
vm Sine8
8—>o 1/ ) So\utldh" L—-‘"" (|+
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\ \ "
Nn—> oo r‘)

# . . ._..__'_ N
Solovtion: L—",,.. : (| n)
- l—;m ‘ n -n -!
| + (-2)) - )
=g

™ "
N —) o0 ( \+ 9;—.,)

Solvtiom— L_im (,_,_ %)ﬂ
Y —) o0

(A
un n
= — U\ . .
n_): (s 'ﬁ) =[“—>u( '+'HE)J
= ¢
] L___..' ,71:,
) 1___;:( 4 3%)

p U
r : 7
Sofvution:— —im (. -
N—> 0 '
i > 3 e
- .m 'ix 3 L——J‘h (‘+ 3155

T x—> 0 (14 3%) 6-.: .

N —>p O ‘
L RE
*7° v o\
p QIR
' : L\ 2\
L QI o
| Tt }} ;Lx
Ry
- ™ (v 2 ) (o (rrax
X —> O AN wila
L
ol e '
h

wiy —m (| —1h)

i

h
Solotion:— L —m (1=2h)

héﬁ y
. h : P
i} = (14 2m) = == (1 )
h=—3r0 ' h=>o
| . :T;‘J-l _ e-z_
- e i —
[h,_” ( 1+ ¢ zb))l
LIR) L___—m p &
—> 0 \+ X "
1 b g L__-—jm 'x'
Soletion:— — (___-—-‘*x

X

| — 1+%\ - Lm [ L&

- '>L->: A )'_ x-——r? 7f-+ )
& Bl _ -
(e (esf] e
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Lak hes . .

to'a’ -(-rom the |€§t sid e of-h’ XY w—p Y
('1-2--, from -~ o0 to Q) +then \;—*__"25(:1-:1. e .M. L £ R. H-L
is clled left hand |l'm"t- so i~ £ex) does not exisk.
The Efﬂht Hand L?nnt - x—>Y
y ¢ L—m L= L. 4t means CantfHUOUS functlon:"
N —> A . : d & be
takes VG'UE L. a3 %K aPFroaches A -fUﬁC{‘JOﬂ } s S o |
c h . ht Sfde & ra, COnl:inUOUS Qt (0| number’ x=0Q ‘f
> r- . . ‘
to "Q f-rom the ‘3 f ( {fay vs defmed ¢ :':-f(m et
(i-t, from a to o) then 1—:)} fo=L Gy i Len s fen

n—>Qa

s called Rijht hamnd limit. .
i | a N iad

Discontinvovs §uncki
' S .SQl'ci to be

# ’ y o
Existence of Limit of A fonckion fon
- F(il#{'ca:

fUth‘Oh (Cl"lte"‘a) ¢ d;Si@iﬂUOUS at x=0a LF v
:: &(‘l): L. ‘f th Dn\j ‘f ii@.,?g; .f(x) ' S ot defrneol Clt =0

then £y ¥s called drscontin uous.

L—m L—m Lo = 1; |
%—)a ;-(-x) "ﬂ.-—?a- g\ﬁj—c’f . Rnuj }unchl'oﬂ which does not
(-e., L.k.-L = R@;\;‘E satisfy ot least one of three
\3 s . condibions Of Cmnf:inuf{-j 1S Ccl“EOl
* 'D‘é\/‘termme
ExamFle i t | } Oll.SCQﬂ{‘.nUOUS. |
hether L an m § (%) |
" © Yy e n—r4 E‘xample 92:-Discuss the |
. . - -
LR+ | ;f' oélél at X_.ﬂi )
(R) = 7-n 1§ L EREY g/ & (x):x._.l
{ " f oy g Saluf'mo -g S
_ - - _o
y s t =1, (% 2= - =9
SO‘Ubon'- 3 JL | — | -y ©
. Lt §x) = L (2% 1) > £(D 13 not defined.
X7 s “ Thos S-C)t.) 'S du'scontinuous at w=\
= 2()+1~= .
| te ol )= 3¢ -Sxt+ Y
b o0, L (4m -2 | EXOPPlE3 f ;
> : g ) o t
x 7 e = 5 |[discuss the continuity of £ al %=
@ l
As L.H.L=R-H-L = S SO'Ut‘O”:.—' f(.v():: 3. -~ Sx+4
. t x=1, $(h= 3 -5 +4 =2
= L L) enists. a 5 | 1
W ¥ e Now Liv Lexy= L=m (3 - Sutd)
x{—> | W—>I

= AD-sM+h= 2

19
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. _ .
fs i Lex) = £C1). 50 f(x) ¥

continvoys at x=1

Example L' DrysCcuss the continuity
of_ '&he funcl:ion f-(x) and 9(2)

t n=3.
. ol fx#3 |, 3L1)-'£':§ .
@ foos {53 T R 30T
6 : . x# 3
x—
dekl‘on'—"""&tm: — 't *#3
¢ 'f o=
. qt ‘=3 {'(3)::- 6
~ - 9
Now L__im ,5_(1)._., |G ____...:-_;
A—73 o7 % R
,
R S (X—-'é) (t+3
* >3 T a-3
e L__——wm (-‘_.*.3)-_-_- 3-’-3-: 6
n—>3
as $e3)= L—mf00- §. so o)
n—> 3
s conbtinuous aqt. %= D
3
(b) j('ﬁl): w = ‘S_ x £ 3
x 3 QS L r_,./
N N ““n.e
5t means YOO is not é%f;m

r

#
oy

w=I , fx<&

3, when g(-i):glx_’_' [ 3¢
'f(:t)-:.-{x" ’ .‘}143
LAt i{, 3 <X

Di‘:ﬁirss the continuit
3
x'- |

{Grcr

. S |
Al
"\_" : i"x "-‘ .

T H L )lim feo= Lim (-2 371

w—y 3 n—>3
= 2
R- H- L .~ L—"‘:""_, 5’(1): L_Jr; ().'x—-H)
:-2(_3)*' - 7
i f(-x) - L—m (Lx+D
A —D3 n—>3
= L(d)+) = ]
" LHL‘#R H. L S0 L_Jmf.(q)
n—>3

Joes not exist. Hence

f—(oc) ‘s discontinuovs ot =3

- Exercise 1.4

Determine the left hand
. limit and the right hand

Q1

it and then, frnd the limit
°f- 'H"*e f-ollowfﬁj )Cuncjcfons whenrn

*—2C
. L _ —
M) '5‘("!): Lx T X S, &=

Solption:- [CFL)

L
Lim L)z L—m (2-E+%- ) =200 +1=5
“—>1

n—> |
= -1

. y B -
L e Fe= L—rm (2% +2 S)
-"

L—m (% —3Z) (x+3)

—p-3 —
- 3

_—_wm_(x+3)=-3t3=0

A—>-3

y S

e

>

L___wm f(ﬂ )= L_.fm‘*
A —> -8 R —>=>
(x-3)(1+3)

—-_————-

c

A L__A'm*

- i (n+3)
Hn—> —3 e

A=y -3

So ki ;(1’:0
-3 -3

]
o

O

L—im fexyz Lim |2-5l= 575
i xS
L——c‘w‘t | x-S

H-Le-| L—rm F() =
R1is]) Limy foos =7
R M. L s

{-(7()-.: O

::‘5'"5'
@)

——
S

As L.H-L=

L_m
nA—r S
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QZ" £ ()
L;) -f(x): {

at

lx+§
Yo + I

Discuss the continu:

= C
f xgn
l'f *>L’

Solution:-

L_,'ﬂ: {(H)’: L_.'y:'} ()_')L ‘]"S.)g 1_(2.) +_5-'=-' 9

R—> 2

U —>
.
1=y

L

f‘(! y = L—im (Cht.-f-l) = 4Q)+ |

w—y 2

> {f()=20)+S5=9

AS

n—>2

L.-H4.L=R-H.L

continuovs at x =)

.e (x) 3""' ;fx <\
ao foos )y o L,
Lx i
@
Solution:- o< L Grl
I d IS
/g\/u
- 3LH-1= L iy /}/)
| ff/
I fons L (xf/z2 (=2
*—> | —> | "’{\ (/\,
15\\/

A
-—

so L—im £(x) ensts
N>

- L—-"’“{HJ-.-.-_-F (2)So ]’-(-x) 'S

{:j o;_

P

‘ Hence f(x) 'S

So —irm L£en) = £c2)
n—> 2

contiNUoUS at x=1L

So

—r(x) l‘s deContfnu ous Qt ®*= - L

l-l-').- , " 'Y,
{ , fl'ﬂd c
C+21 , o$ P -

so that L—m £ ) exists.
ol — -1

&S

Selution:-

4
| i A ¥(1,= ——wm (X—PL):‘"""‘L:.!-
RHL so Ld'r“.f(x) e_xi:;{,S.l 'x-———)"T ®—> -1

: R-H-L o] Lmm f(a)= L=am (e +1)
but t—;"}" ‘fo) == -f(l) Hence §cx) - o _‘4- “—’_r
15 discontinuous. [ 34 i oxg-2 = C+2
3 3¢ )Ccoc);- ol if aexdn niven that L—m 0 exists. se
¢ 3 f L H—p -
Discvss cantinuity at x=1 and x=-2 L.H- L= R-H.L
. . e, —— " _ftuz L—m {0
Solution:— i3 ] "
= C+
T e
x> A —>3 > =L = C = C= -)

= Q)-1= 3 QS Find the value 07C m and
Lim f0) = Limm (3) = 3 . n,‘.so that 9iven )(unc{:ion)c
® =22 =23 's continuovs gt =3
. . 2gk’ 8 ff-)((_g
_ 1 seo Lm Lo exdsts _ ‘
3 (_.H-L- R. H-L 1_)1; () ‘S:(X)—{n |f X =33
22+9 1f n>3

and _im -§“U = 3
N—y L
2
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Now we find i f (%)
R=—> 2

Sotution:- [Cri)

‘——"'"’":'.‘5-(1)": L (mx) = lat
+—> 3 —73

ultiplying & dividing by J Ln+s T . ' 2 <4+7

e (a5 - Ja47) (e ts + J2t7)
(w= 2) (J12#S +Jxe7)

as  (a-b)(a+b)=(a - b)

L LxX+§ - (x+7)
= D

(22 (JTa75 +I#7)

We know that for a continvous

fonc{'l'on Lom fea)= Lam fex)= fe3)
®—>3 %*—>3

3m= 3= T-
= 3m= 3 andn=3

Hence ™M=\ nNn=3

=+ given foncbion is cont invous

at x=L. So

y QoY .
L—m L= Lm (7292 3m L—m Loxy = FQ2)
X —>3 = 3 A(,ﬂ.\}l \\ | a %
R.H-Ls—
L—im fe): Lim (2)=(®)=9 > Lo K=Kz

N I HOR

Gyiven that fht) 's conkimuous. so

L. H L= R'H'L’:f'(g)
» IM=9=9 = 3mM =7

Qé 5; *(x)t{sz*s-m’ X £ 2

x—1

K €+ =1

Find valve o7f K So that f IS

continuous.

Soltion

fix) =k = f)=K
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