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CHORDS AND ARCS

lITHEOREM 1

wWwWw.pakcity.org

Lt two arcs of a circle (or of congruent circles) are congruent then the corresponding chords

are equal.

Br

Given: ABCD and A'B’'C’D’ are two congruent circles with centres O and O’ respectively. So that

n'iADC’ =mA'D'C’
To Prove: mR’ = n—tA’C !

Construction: Join O with A and C, and join Q"+
So that we can form A* OAC and O'A'C”. "

Proof:

Statements

O
. O©
‘and C’.

%SQ

A

Reasons

QY

mADC =mA'D'C’
mZAOC =mmZA’0'C’

Now in AAOC €= AAO'C
mOA=mO'A’
mZAOC=mZLA'OC’
mOC =m0'C
AAOC=AAOC

and in particular mAC =mA'C"

| same circle.

=

In two equ:ﬁ_ tir::les ABC[@@%&/E D .. - AN
with centres O and O respeetively.

Given

the equal circles.

Radii of equal circles
Already Proved

Radit of equal circles

S.A.S postulate

-corresponding sides of congruent triangles.
. oo
Similarly we can prove the thcorem in the ‘
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Converse of Theorem 1
It two chords of a circle (or ol congruent circles) are equal, then their corresponding arcs
(minor, major or semi-circular) are congruent. OR
In equal circles or in the same circle, if two chords are equal, they cut off equal arcs.

R’

Given: ABCD and A"B'C’ D’ are two congruent circles with centres O and Q" respectively.

S0 that chord mﬂf = mA'C'".

To Prove: mADC =mA'D'C’ Q@
Construction: Join O with A and C, and join O wit and C’.
el P ey
Proof: N\
i B ) e —— ———
In AAOC - AAOC <©§é ' -
- SR < &
mOA =m0O'" A Radn of equal circles
mOC =mQ'C"’ Radu of equal circles
| mAC =mA'C' Given !
AAOC =A A'O'C’ SIS . S=2.S.S. |
o mZAOC = mZ AOC’ Corresponding  angles of  congruent
' triangles.
Hence mADC = mA'D'C’ Arcs corresponding to equal central angles.

[.xample 1:F point P on the circumference is equidistant from the radii OA and OB.
Prove that mﬁﬁ = mﬁii :

(riven: AB s the chord of a circle with centre O. Point P on the circumference

of the circle is equidistant from the radii OA and OB . ' O

50 that mPR =mPs . ' R1 S |
To Prove: mAP = mBP A “' 7B
Construction: JToin O with P. Write Z1 and Z£2 as shown in the ligure. F
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Prool;

lﬁ h Statements l Reasons

' In .:-::”irt AOPR and Zrt AQPS -
mOP = mOP Common |
MmPR = mPS Point P is equidistance from radi

| ' (Given)

. AOPR = AOPS |(Inzrta*  H.S=HS)

S0 mLl =msl Central angles of a circle

Chord AP = Chord BP

! Hence mAP =mBP Arcs corresponding to equal chords in a

| circle.

THEOREM
Equal chords of a circle (or of congruent circles) subtend equal angles at the centre
(at the corresponding centres).

Given: ABC and A'B'C’ twc: congruent circles with centres O and O respectively. So that
mAC =mA'C".

To Prove: ZAOC = A'0C’

Construction: Let if possible m£ZAOC # m£ A'O'C’ then consider ZAOC = £ A'O°D’

Proof:

| Statements | Reasons
| ZAOC = ZA'OD ' Construction - -
AC=A'D 3 | Arcs subtended by equal Central angles in|
=AD" ... .. (1) | £
| congruent circles
AC=A'D" ... (i) | Using Theorem |
But  AC=A'C' ......../(iii) Given
. AC =AD Using (11) and (in)
Which is only possible, if C” coincides |
with D,
"Hence mZA'QC'=mZAOD"....... (iv) |
But mZAOC=mZZAOD ...... (v) | Construction
—  mZAOC=m/L AOC | Using (1v) and (v) |
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Corollary 1: In congruent cireles or in the same circele, if central angles are equal then corresponding
sectors are equal.

Corollary 2: In congruent circles or in the same circle, unequal arcs will subtend unequal central
angles.

AN RE The internal bisector of a central angle in a circle bisects an arc on which it stands.

Given:

In a circle with centre O. OP 1s an internal bisector of central angle AOB.

To Prove:

AP = BP
Construction:

Draw AP and BP, then write Z1 and £2 as shown in the figure.

Proot: @
! Statements Q;MQ@HO@E - Beasnns
' [n AOAP <> AOBP N
1 i N
' mOA =mOB ®@ Radii of the same circle
' mLl =m£Ll © Given o°r as an angle bisector of ZAOB
and mOP = mOP ' Common
| AOAP = AOBP S.A.S postulate

L T

Hence TF' = EB

—_— = | Arcs corresponding to equal chords in a
= AP = BF

circle.

In a circle if any pair of diameters are 1 to each other then the lines joining its ends
in order, form a square.

(siven:
AC and BD are two perpendicular diameters of a circle with centre O.
So ABCD is a quadrilateral.
To Prove:
ABCD 15 a square
(Construction:

Write 21, 22, 23, Z4, Z5 and £6 as shown in the ligure.
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Prootf: o
Statements Reasons
CAC uu.‘n BD are two L diameters of a circle wn.h centre Q. | Given
- ; . _ ir of diameters are L to cach
LmZl=ms2=msg3 = mgd =90 Pair of diam -
| other. |
S
Arcs opposite to the equal central
omAB=mBC =mCD =mDA angles in a circle.
— e o Ao ’ | Chords corresponding to cqual
= MAD=mBL =mCD=mbDA  ....ciiiiiiasns (1) P Z
| | ATCS,
Moreover mZA=mZ5+ m”Z6
1 = (] Tl '
mLA =43"+45 =907 ............... (11) e
| = Using (1), (11) and (111).
Similarly, ‘
MmLB =mZC=m£D=90" .............. e (1)
- Hence ABCD 1s a square

If the angles subtended by two chords of a circle@?v@%mgruent circles) at the centre
(corresponding centres) are equal, the chords are

%@%

Given: ABCD and A’B’C’D’ are two congruent circles with centres O and O’ respectively. AC and
A'C" are chords of circles ABCD and A'B'C’D’ respectively and m£AOC=mZ A'0'C".

To Prove: mAC=mA'C

Prnpj:

o ——— - S — Y . — . : — Y L 2 —_————

Statements Reasons

In  AOAC & AOAC’ | ‘ |
ma’i = mﬂ A’

Radu of congruent circles
e F R -
¢ = m 'O Radn of congruent circles

e — e —

AOAC=AO0AC S AS postulate

Corresponding sides ol congruent traingles

| = YT
Hence mAC=mA'C I |
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Q.1 In a circle two equal diameters AB and CD intersect each other. Prove that

mAD = mB(C.

Given: A cirele with centre “O". Two diameters
ABand BC. mtersecting at point O,

To Prove: mAD = mBC

Construction:
JomAtoDand Cto B
Proof:
; ' Statements | _ Reasons
" In AAOD < ABOC '
! OA = OB Radii of the same circle
| JAOD = /BROC Vcrumlf@@iag are congruent
S — the same circle
| OD = QC %ﬂé@

S = S8.A.5

5. AAOD = ABOC P
Gy

‘ AD = BC @ Corresponding sides of congruent triangle
Or mAD = mBC NO
(Q.2. In a circle prove that ircs between two parallel and equal chords are equal

Given: A circle with centre O. Two chords AB and CD Such that
AB Il CD and mAB =mCD

To Prove: mAC =mBD

Construction: Join A to D and B to C. Such that AD and CD intersect

each other at central point O.

Prootl:

- o Statements | Reasuﬁs l |

e FE—

AD and BC are line segment inlersecling at centre O.
1! ZAOC and ZBOD are central angles.
m£ZAOC = mZBOD

Angle subtended at centre. |

Vertical angles

Within the same circle arcs opposite ‘

o the cqual central angles are equal.

e —— ——
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Q.3. Give a geometric proof that a pair of of bisecting chords are the diameters of a circle.
Given: A circle and two chords AB and CD bisecting each other at point O. i.e.

0
MmAO = mOBand mCO = mOD .
A
To Prove: Chords AB and CD are diameters. ’
Proof: o _ _ - -
L Statements ~ Reasons i
mAB=mCD = (i) Two chords can bisect each h other cmly
o - | % ‘hen they are equal (given)
| . Ois the mid point of AB and CD | Given
| mAO = mBO = —%— mAB ... (11)
| nfﬁf_):'m_c—D:%mEE ......... (1i1) i
| ITIE — m% = maﬁ - mDT.- ......... (l"‘u’) From (1). “1) and (111)
The points of circle A, B, C and D are
| equidistant form the fixed point “O". - rm 9
This fixed pint O i1s the centre of the circle niti1on
| having the pcvints A, B, Cand D. ’“\
>

As chords AB and CD D pass through the
;_D therefore chords AB and CD are d};} ers.

Q.4. If C is the midpoint of an 8 in a circle with centre O. Show that line segment OC

bisects the chord AB.
Given: A circle with centre’ 0" ACB1s an arc with C as 1ts midpoint and
mAC = mCB . Center “O" is joined with C such that OC meets ABat M.

To Prove: mAM =mBM

Construction: Join center “O"” with A and B to make central angle AOB.

Prool:

— — T ——
e —

Statements B ‘ B ~ Reasons |
" /AOB is central angle Construction |
| & MA=SMEZ  cuscssesema{l) C is the midpoint of ACB (Gjyen)
|
[In AAOM S ABOM | Common
OM = OM Proved |
Ll =42 ‘
OA = OB g:iliisc:;hisgmc Circle
AAOM = ABOM e

Corresponding sides of congruent triangles.

AM BM
Hence mAM mBM
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MISCELLANEOUS EXERCISE - 11

Q.1 Multiple Choice Questions
Four possible answers arc given for the
tollowing questions.

1.

E-J

EJI

(a)

A+ em long chord subtends central angle
of 607, The radial segment of this, circle
(@) 1 (b) 2

(c) 3 (d) 4

[f an arc of a circle subtends a central
angle of 60°, then the corresponding
chord of the arc will make the central
angle of:

(a) 20° (b) 40°

(c) 60° (d) 80°

The semu circumiference and the diameter

of a circle both subtend a central angle of
| 80°
360°

90°
270°

(b)

(c) (d)

N

6.

8.

The length of a chord and the radial
segment of a circle are congruent, the
central angle made by the chord will be:
(a) 30° (b) 45°

(c) 60° (d) 75°

Out of two congruent arcs of a circle, 1f
one arc makes a central angle of 30° then
the other arc will subtend the central

angle of:
(a) 15° (b) 30°
(c) 45° (d) 60°

The chord length of a circle subtending a

@ral angle of 180° is always:
(0)Ya) less than radial segment

& QE/\O (b) equal to the radial segment

L

(c) double of the radial segment

The arcs opposite to incongment@@al _ (d) ilwne e | |
.. _ - O 9. A pair of chords of a circle subtending
angles of a circle arc always;\ _ |
- ,. two congruent central angles 1s:
(a) Congruent (b) ongruent 5 | .
(c) parallel (d) ~ perpendicular &) CDHEZUEHT . ( d) mneongruent
If a chord of a circle subtends a central . ‘:) OVELTApp 1(:;;; ol o
angle of 60°, then the length of the chord H\ Vg arc subten oA DENTTEN. SgRs o 50
and the radia] segment are: then the corresponding chord will
_ - ~ subtended a central angle of:
(a) congruent  (b) Incongruent A )
(c) parallel (d) perpendicular (a) 2 (b_) 40
(c) 60° (d) 80°
ANSWER KLY
L|d[2]c b [4.] b |5 |a
6. 7.1 b | 8.] ¢ 9.{ a | 10.] b
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