_ Exercise 1.1
oépakt:lty.org %a CALCULUS AND ANALYTIC GEOMETRY, MATHEMATICS 12

Farctior ard bimits

Concept of Functions:

Historically, the term function was first used by German
mathematician Leibnitz (1646-1716) in 1673 to denote the dependence of one quantity on
another e.g. %

1) The area “A” of a square of side “x” is given by the formula A=x".
As area depends on its side x, so we say that A 1s a function of x. x x

2) The area “A” of a circular disc of radius “7” 1s given by the formula
A=m 1~ As area depends on 1ts radius 7, so we say that A 1s a function of r.

3) The volume “V” of a sphere of radius “#”" 1s given by the formula

4 | |
V=—mr’. As volume V of a sphere depends on its radius r, so we say that

3
V 1s a function of 7.

The Swiss mathematician, Leonard Euler conceilved the 1dea of denoting function
written as y=f(x) and read as vy 1s equal to f of x. f(x) 1s called the value of / at x or image
of x under f".

The variable x 1s called independent variable and the variable y 1s called
dependent vanable of /.

If x and y are real numbers then f1s called real valued function of real numbers.

Domain of the function:

If the independent variable of a function 1s restricted to lie

in some set, then this set 15 called the domain of the function e.g.
Dom of f= {0< x< 5}

Range of the function:
The set of all possible values of f(x) as x varies over the

domain of fis called the range of fe.g. y = 100 — 4x".

As x varies over the domain [0,5] the values of y = 100 — 4x” vary between y=0 (when
x=5) and y = 100 (when x=0)

Range of /= {0< y< 100}

Definition:
A function 1s a rule by which we relate two sets A and B (say) in such a

way that each element of A 1s assigned with one and only one element of B. For example

15 2 function from A to B



2
its Domain = {1,2.3} and Range = {4,5}

|
|

In general:

A function ffrom a set ‘X’ to a set ‘Y’ 1s a rule that assigns to each
element x in X one and only one element y in Y.(a unique element y in Y)

>
v

(f1s function from X to Y)

/

y=f(x)

\/

I[f an element “y, of Y 1s associated with an element “x, of X, then we write y=f (x) &read
as y 1s equal to f of x. Here f(x) 1s called image of f at x or value of fat x .

Or ifa quantity y depends on a quantity x in such a way that each value of x determines
exactly one value of y. Then we say that y 1s a function of x.

The set x 1s called Domain of /. The set of corresponding elements y in y 1s called
Range of /. we say that y 1s a function of x.

Exercise 1.1 oﬂpakmty.org%

Ql.(a) Given that f{x) =x"— x

. A2)=(2)—(2)=4+2=6
ii.  A0)=(0)"—(0)=0

H.  fel)=G1) =01)=x=2x+1=x+1=2=3x+2

iv. x4 =@G"+4) -(x+4)=x"+8x+16—x —4=x"+Tx"+ 12

(b)  Given that f(x)=+x+4
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N f(=2)=+-2+4=42

i) f(0)=+0+4 =+/4 =2

i) f(x-1)=vx—1+4 ='x+3

i) FOP +4) =x* +4+4 =x* +8

02.  Giventhat
[) f(x)=6x-9
fa+h)=6(a+h)—9=6a+6h—-9
f(a)=6a-9
Now fa+h)y— f(a) (6a+6h—9)—(6a-9)
h h
=6a+6h—9—6a+9:@=6
h h

ii) f(x)=sinx given

sinﬂ—sintpz2c05[9;$]5in[9;¢']

f(a+h)=sin(a+h) and f(a)=sina
f(a+h)— f(a) sin(a+h)—sina

Now
h h

= %[sin(a + h)—sin a]

1| a+h+a) . (a+h-a)] 1] 2a+h
=—| 2¢cos sin = —| 2CO0S

7| 200 5 Jin{ 52 = 2 25

1| [2& h [h] 2 ( h] | [h)
=—| 2CO0S | sin| — | |=—cos| a+— |sin| —

h| 2 2 2)| h 2 2

Fx#11-—FSc Part 2
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Iil) Giventhat f@) =2 +2x" -1
fa+h)y=(a+h) +2(a+h)’-1=a’ +h’ +3ah(a+h)+2(a’ +2ah+h*) -1
=a’ +h +3a’h+3ah’ +2a” +4ah+2h* -1

f(a)=a +2a° -1

Now  f(a+h)— f(a) %p&kcity.org?a
@’ +h +3a’h+3ah’ +2a° +4ah+2h° —1—(a’ +2a’° —1)

h

1 3 2 2 ? 9 ~
ZEI:QJ +h +3a*h+3ah” +2a” +4ah+2h* —1-a’ —2a’ +1:|

- l[iff’ +3a’h +3ah’ + 4ah +2h2] = ﬁ[hz +3a” +3ah+4a+ 2h]
h h

=h*+3a” +3ah+4a+2h=h +3ah+2h+3a* +4a=h* + Ba+2)h+3a” +4a

iv) Giventhat f(x)=cosx
SO f(a+h)=cos(a+h)
and  f(a)=cosa

Vo J@th = f(@

cos(a+h)—cosa 1| _ . [2a+h) . [h] 3 [ h) . [h]
= ——| —2sin sin| —-||=—-sin| a+ Jsin| =

Q3. (a) [t “x” unit be the side of square.
Then its perimeter P=x+x+x+x=4x .. .................. (1)
A=Area=x.X=X"  oriiiini.. (2)

From (2) x=+/A4  putting in (1) x x

P=4.4

h

h h| 2 2.} 2} 2

P is expressed as Area

(b)  Letx units be the radius of circle
Then Area= A= Tx" .oiiiiiininnnnn, (1)
Circumference=C=2mx ...cooiiiriieen.... (2) X

C

From (2) X=— Putting in (1)

T
2

A=H'i =TT Cj :i
2T 4w~ ) 4w

A= —  “rAreaisa functionof Circumference

(c) Let x unit be each side of cube.

The Volume of Cube =x.x. X=X oiiiiiinennn. (1) 7 X
Area ofbase=A=x" . (2) £

From (2) x=A4 Putting 1n (1)

Ex#11—-FSc Part 2



v=(VA) =(4)”
05. f(x)=x"—ax> +bx+1

If f(2)=-3 and JS(=1)=0
2)’ —a(2)’ +b(2)+1=-3 (-1’ —a(=1)" +(-1)+1=0
8—4a+2b+1=-3 —l-a-b+1=0
9—4ag+2b=-3 —a—-b=0
12—4a+2b=0 @b=0 cusaaess (2)
Dividing by — 2
642D =0..cc0neeels (i)
Solving(1)and (2)

2a— b—-6 =0

a+ b =

3a—6 =
and (2)= b=-a = b=-2

g
0

I
=

a

06.  h(x)=40-10x" "
(a) x =1sec
h(1)=40-10(1)"
=30m

G60m

(b) x=1.5sec
h(1.5)=40-10(1.5)°
=40-10(2.25)=40—-22.5=17.5m

(¢) x=1.75ee
h(1.7)=40-10(1.7)°

=40-10(2.89)=40-289=11.1m
i1) Does the stone strike the ground = ?

h(x)=0

40—10x" =0

~10x* =40 = x*=4
Xx=:2

Stone strike the ground after 2 sec.

Graphs of Function Dépakcity.org%

Definition:
Fx#11—-=FSc Part 2
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The graph of a function f1s the graph of the equation y = f(x). It consists
of the points in the Cartesian plane chose co-ordinates (x, y) are input - output pairs for /

Note that not every curve we draw 1n the graph of a function. A function f can have only
one value f{x) for each x 1n 1ts domain.

Vertical Line Test

No vertical line can intersect the graph of a function more than once. Thus, a circle
cannot be the graph of a function. Since some vertical lines intersect the circle Twwe It

‘a’ 1s the domain of the function /', then the vertical line x = a will intersect tl ¢
in the single point (a , f(a)).

I qaph of foction = mul u graph ll|-|llllt'|.il.1rl
pakcity.org %a
Types of Function

ALGEBRAIC FUNCTIONS

Those functions which are defined by algebraic expressions.
1) Polynomial Functions:

P(x)=a x" +a, x"" +....... +a,x+a, Isa

Polynomial Function for all x where a,,a,,a, ....... a, are real numbers, and

exponents are non-negative integer .a, is called leading coefft of p(x) of degree n,
Where a, #0

—> Degree of polynomial function is the max imum power of x in equation
P(x)=2x"-3%" +2x—1 degree =4
2) Linear Function: if the degree of polynomial fn is ‘1,_is called linear function

J.e. p(x)=ax+b

or = Degree of polynomial function 1s one.
f(x)=ax+b a+0

y=5x+b

3) Identity Function: For any set X, a function I: X’ — xofthe form y = x or
f{x) = x. Domain and range of I 1s x. Note. I (x)= ax +b be a linear fn 1fa=1,b=0 then
[(x)=x or y=x 1s called 1dentity fn
4) Constant Function: or
C:X—>y definedby| f: X — ylf f(x)=c, (const)then fis

called constant fn
Clil=a VxeXand aey

eg. C:R-HR eg y=>

C(x)=2o0r y=2 VxeR
Ex#11—-FSc Part 2




5) Rational Function:

R(x) = 2
O(x)
Both  P(x)and Q(x)are polynomial and O(x) # 0
3x* +4x+1
e.g. R(x) = -
$ ) 5x° +2x” +1

Domain of rational function 1s the set of all real numbers for which Q(x)= 0

6) Exponential Function:

A function in which the variable appears as
exponent (power) 1s called an exponential function.

i) v=a ..xeR a>0
ii) y=e€ ... x€Rand e=2.178

7] = 2:-: = xh .
iif) Y or y=e Dé;pakmtyﬂ%a
are someexp onential functions.

7) Logarithmic Function:

If x=a’ then y=log,~ x>0
a>0 a=#l

'a'is called thebaseof Logarithemic function

Then y=Ilog," is Logarithmic functionof base'a'
/) If base=10theny = log,,"

is called common Logarithmof x

i) If base=e=2.718

y=log, =Inx is called naturallog
8) Hyperbolic Function:

We define as

X A

—e
2
Dom = {x/x € R} and Range=1{y/ye R}

i) y =sinh(x) = < Sine hyperbolic function or hyperbolic sine function

- e’ +e . : . .
ii) y = cosh(x) = - is called hyperboliccosine function = xeR,ye[l,w)
, e* —e ' sinhx _ cosh x
iii) y=Tanhx = ———= iv) y =cothx =—

e"+e " coshx sinh x

1 2

V) y==8echx = = — _ X €R

coshx e +e

: I 2

Vi) y=¢osechy = = - Dom={x#0:xeR

smhx e —e"
9) Inverse Hvperbolic Function: (Study in B.Sc level)

Ex#11—=FSc Part 2



) p=sinh™ x = ln(x x4 1) for VxeR
i) y =cosh™ Jrzln(Jr+\f.Jur2 —1) for VxeR
1, |1
iii) y=Tanh'x=—In il x#1 and |x/<I
2 |l—x
/ :
1 ]l —x"
iv) y=sech 'x=In +J : J D<x=s]
X 5
\
1 1
V) y=coth ' x= s x| >1
2% =]
vi) y—cosechlx—ln(l +~/1+x‘ J x#0
x|y
10) Trigonometric Function:
Functions Domain(x)
I)y =sinx All real numbers
'w —00< X+ 00
ii)y =cosXx All real numbers
=00 < X <00
iii) y = tan x xr—:R-(2k+l)g
kelZ
iv) y =cotx xeR—kr
keZ
T
V)y =secx xeR—(2k+l)E
keZ
Vi) y = cosecx xe R—(km)
keZ
11) Inverse Trigonometric Functions:
Function Dom(x)
y=sin"'x < x=siny —-1<x<1
y=cos X< x=cosy 1gx<l

Fx#11-FSc Part 2

and x>1

a@ pakcity.org

Range(y)
—-1<y<lI

=1L y=<1

- '"R'all real numbers

R—(~1,1)

or R—(-1<y<l])
R—-(—1<y<l)



y=Tan"'x < x =Tany xeR —% <y i%
or —0 < X <00
' —1 T
y=38ec x> x=secy xe R—(-1,1) r})E[U’ﬁ]_{E}
y = Cosec ' x & x= cosecy xeR—-(-1,1) Y E[_%’g}_{ﬂ}
y=Cot 'x <> x=coty xeR O<y<rm

12)  Explicit Function:

[f v 1s easily expressed in terms of x, then y 1s called an
explicit function of x.

=>y=f(x) eg. y=x"+x+1 et

13) Implicit Function:
[f x and y are so mixed up and y cannot be expressed in

term of the independent variable x, Then y is called an implicit function of x. It can be
written as. fix,y)=20
e.g. X'y xXy+ )y =2etc.

14) Parametric Function:
For a function y =f(x) 1f both x& y are expressed in

another variable say ‘t" or @ which 1s called a parameter of the given curve.

Such as:
1) x=at’ Parametric parabola

y = 2at

i : : . 2
i) X =dcos! Parametric equation of circle yv-4a

y=asint

-

2 2
X +y =a

iii) x=acosb Parametric equation of Ellipse Y

y=hsinf o,

Vi) x=asech Parametric equation of hyperbola

y=btan6 R

X y _ 1 ) H-"-..._x

a> b’
a@fﬁcity.org %n
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Exercise 1.1 c@p&kcity.org%-:

Q7.  Parabola =5 Vo=4ax e (1)
> =077 TR (1)
=17 | S OO (i)
Toeliminating't' from(ii) = Zl putting (i)
a
x=a[l] = x=d yf. —> xzy
2a 4a” 4a
=5 y* =4ax whichis sameas (1)
whichis equation of parabola.
ir) x=acos6, y=bsinb
= 2 —cosf........ (i) and % =sinf.............. (ii) lToeliminating @ from(i)and (ii)
a
Squaring and adding (i) and (ii)
[E] + [V—] =1 represent a Ellipse
a b
iii) x=asecl, y=>btanb
s secO................ (i) LA tan@.................. (if)
a b
Squaring and Subtracting (i) and (ii)
(JEJ —{y] =sec’ @ —tan’ @ = xj—yjzl—trtanze—tanzﬂ = 1—'];?:1
a b a g © b
. . 5
e A Which is equation of hyperbola

*
. ..
‘-.b._

08. (i) sinh 2x = 2sinh x cosh x

RH.S =25inhxcnshx:2[€ _;' ][Er e ]:2[6“ —e ™" ]: g g®

=sinh2x=L.H.S
i) sec” hx =1—tan” hx

s —X 2x —2x
R.H_S.—l-tan“’hx—l-[e < ]-1-(‘3 ke 2}

e +e’

& 2o P D i s s 4 ]

e +e"" +2 (E"' +e " )E (GI +e " /)2

Fx#11—-=FSc Part 2



- ! —sech’x=LH.S

cosh’” x

. 2 2
i) coseh x =coth™ x —1

_ A2 : e . L e
e“"+e"']2 (E:-:_I_EA) _(EA_EJ) (EEA_I_EEA_I_Z)_(EII_I_EEA_Z)
—1

X —X -/ x —X -
(e —e™) (e —e )
2x

ex e $ =g =¥ %2 4 l ]

(e"' —e’ )2 (e”" —e " )2 (e” —e'%J)z ~ sinh’ x

09. f(xX)=x"+x

replace x by — x

f(=x)= (—x)3 +(—x)=—x" —x= —[f +x} =—f(x)
=% f(x)=x"+x isodd function

ii) f(x)=(x+2)
replace x by — x
f(=x)=(-x+2)" #xf(x)

b (x) =(x+ 2)2 is neither even nor odd
iy f(x)=xJx’+5

replace x by — x

f(—.:r) :(—x) \/(_I)z +5 = —[IM} — —f(x) f(.r)fs odd function.

R.H.Szcuth?‘x—l=( —
e —e”

=gosech2x=LHS

2

x—1

iv) f(x) =

replace xby — x

x+1

—x—1 _—(JH—]) =x—+1¢if(x)

—x+1 —(x—-1) x-1

f(=x)=

b d (x) is neither even nor odd function.

V) f(x):x§+6

replace x by — x

1

f(=x)=(~-x) +6=[(—x)2]3 +6=x +6=f(x)

f(x)is aneven function.
]

Ex#11—FScPart?



ox 2 it
~x—1 T4

f(x) 1s ncither even nor odd function.
v) fx) = x*"+6
f(—x) = (—x)""+6
. H_x}:]l-_‘x L6

= tf)”+6
= X7 +6
= f{x)

f(x) 1s an even function.

3
(vi) f(x) = :z:l
| (—x)’ — (—x)
i—X) = (—x)° + |
T X+
B —(rf — X)
X + |
= —f(x)

f(x) 1s an odd function.
Composition of Functions:
Let t be a function from set X to set Y and g be a function from set Y to set Z.
The composition of fand g 1s a function, denoted by gof, from X to Z and 1s defined by,
(gof)(x) = g({x)) = gl(x)torallxe X
Inverse of a Function:
Let f be one-one funcuion from X onto Y. The mverse function of 1, denoted by
7', is a function from Y onto X and is defined by.
x = f'(y), ¥Vyve Yifandonly it y=1(x). ¥ xe X

vy

Q.1  The real valued functions f and ¢ are defined below. Find
(a) fog(x) (b) gof(x) (¢) fof (x) (d) gog(x)
3
x— 1

(i) fix) = 2x+1 ; gx) = , x #= 1



(i1) f(x) = *u'r.x+1 :

I
f(x) = : X E 1 3
e

(iv)  f(x) = 3x'=2x 5 g(v) =

Solution:

(1) f(x) = 2x+1 ; o(x) =

(a) fog (x)-
(b) oof(x)

(¢) fof(x)

(d)  gog(x)

flg(x))

f| 3 }
X -1,

6+x—1
x — ]
X + 3

s

Ans.
x — |

g(f(x))
g(2x + 1)
3

12 e

2%+ 1—1
ff(x))
f{2x+1)
22x + 1)+ 1
4% + 2+

4x +3  Ans,
g(g(x))

o[ =)

|_ad

Ans.




(i) f(x) =

(a)  fog(x)

(b) a0f(x)

(c) fof(x)

(d) gog(x)

(i) f(ix) =

(a) fog(x)

c2%)
P

.
+

y 1 +x°
: Ans
|
| Ans.
X+ 1]
Ans,
X" Ans.

15 gx) = X*+1)

a@p&kcity.o rg %o




1
VA

I
o
P
| |
il
+
—
""‘———"f
I
=
—
e
| | »4
— |
—
H—#I'i.l

(c)  fof(x) = f(f(x))

(d)  gog(x)= alg(x))

= [{&*+ 1))+ 177
= [x*+ D'+ 17 Ans.

iv) f(x) = 3x'=2x" ; g(x) = % , X # 0

(a)  fog(x) = f(g(x))
2
} f[ﬂ
_ o[ 2) _ (2
- 3() - 27



|

12 rascivog-

48 8
—

X X
48 — Bx
.
8(6 —
= (]zx) Ans.

X

(b)  gof(x) = g(f(x))
g(3x* - 2x7)

2
\3x* = 2x°
2 2
JEOr=0)  mica3
(c) fof(x) = f(f(x))
= f(3x* - 2x%)
= 3(3x" - 2x°)* - 2(3x" - 2x%)
(d)  gog(x)= g(g(x))
-
-{F

2

B

Vi3 L

= /2 \/JT: Ans.
Q.2  For the real valued function, f defined below, find:
(@) ()
(b)  £7'(=1) and verify f(f " (x)) = 1" (f(x)) = x

(i) f(x) = =2x + 8 (Lahore Board 2007,2009) (i) f(x) = 3x’+7
2x +1

-

Ans.

I

(iii) f(x) = (=x+9)° (iv) f)=""_7 ,x>1



Solution:
(i) f(x) = =2x+8§
(a) Since y = f(x)

=x = f(y)
Now,
fix) = -2x+8
y = —-2Xx+8
2x = 8-y
_ 8-y
== B
) 88—y
£ ()= 5
Replacing y by x
["_l' - 8_}:
(1}_ p)
Replacing y by X.
8—x
~ | Y
(b) Put, x = —1]
. 8—(-1) 8+1 9
-] _ _8svi =z
2. A T T
8 —X
—| . o
f(f'(x) = f( > )
8 —X
) ‘2{ 2 ]“"
= —f+x+8
= X
1 (fx)= £ (-2x+8)
. 8-(-2x+8)
B 2
8+2x—8
i )
2X

f (f_'[x}) =5 (f{x]) = X Hence proved.



(i)  f(x)
(a) Since
—
Now
f(x)
}f
3x’

x.‘-‘

X

. ]
£ (y) = (ﬂ)?

Replacing y by x

1
f—] (K)= (E;TJE
(b) Put X = —1
. i
—1—7\3
f—l(_”:( : )3
) (—_8)_%
=[5
e 1]
wo ()
3 |
-'—IT
= 3 [";7) 8
i |
'x—17
- 3 (%5 )”
= x-7+7 = x
' (f(x) = f'3x'+7)




f(f“'lfx')) =f"! (f{x)) R Hence proved.
(i) f(x) = (-x+9)
(a) Since y = f(x)
3 ‘

= £ (y)
Now
flx) = (—x+9)
y = (-x+9)’
|
y = —=%X+9
1
X = 9y’

Replacing y by x

(b) Put x = —1

£ (1) = 9—(=1)}
f(f'x) = r(g—x%)
= [—(9—1‘%}-*9]3
:f—9+x%+%3

Ijs
= (:{3_ = X

£ (fx) = £ ((x+9))

l
= 9—[(-x+9)'
=9 _(—x+9)
= 9+x-9

— X

f(f"'[r«:)) =f (f{x)) =X Hence proved.

”égfﬂf?w““9§&°




(1v)

Now

Replacing y by x

f(x)

Since vy

f(x)

y

y(x—1)
yx—y
VX — 2X
X(y - 2)

X

£ (y)

F(x)
(b) Put X
f'(-1)

£ (' x))

2x + 1

£ (x)
£'(y)

2%+ 1

2x + 1

2x + 1

x> 1

2x+ 1D+ (x—=2)

X—2

X+1—-(x-=2)

X—2

%pakcity.org%n




|
12

!

o

p- (2x+l)
X — |

2x+1 |
Xx—1
21{—31_
x—1
2x+ 1 +x-1
Xx—1
2x + 1 =-2(x—=1)
x — 1
3X
2x +1—-2x+2
_ X

. o@;pakcity.org %
f (f"[:{)) =f~ (t‘(:-:)) = X Hence proved. —

Q.3  Without finding the inverse, state the domain and range of ',

£ (fx))

1

7,

—

(1) f(x) = yx+2 (11) f(x) = m JX#4
(i) f(x) = ‘I{IT3 s X#-—3 (iv) f(x) =(x—- 5)‘-1 ; XD
Solution:

(i) f(x) = \x+2

Domain of f(x) = [-2, +o)

Range of f(x) = [0, +x)

Domain of f '(x) = Range of {(x) = [0, +o0)

Range of {'(x) = Domainof f(x) = [-2,+x)
(i)  f(x) = ;:l  x#4

Domain of f(x) = R— 14}

Range of {(x) = R-1{1}

Domain of fl(:-:) = Range of {(x) = R—-{1}

Range of I'(x) = Domamoff(x) = R-{4)}




1
() f(x)= "7 .x#-=-3

£ +3?

Domain of f{x) = R-{-3}

Range of {(x) = R - {0}

Domain of '(x) = Range of f(x) = R— {0}

Range of f '(x) = Domain of f(x) = R— {-3}
(iv) f(x) =(x-5),x25 (Gujranwala Board ZEHJ 7)

Domamof f{x) = [35, +x)

Range of f(x) = [0, +o0)

Domain of f '(x) = Range of f(x) = [0, +0)

Range ﬂl‘ﬁ(x) = Domain of {(x) = [5, +0)

Limit of a Function:
Let a function f{x) be defined in an open interval near the number *a’ (need not at a)
if, as X approaches ‘a’ from both left and right side of *a’, f(x) approaches a specific number
L’ then L7, 18 called the Iimit of {x) as x approaches a symbolically 1t 1s written as.
Lim f(x)= L read as “Limitof f{x)asx — a,1s L™

K—ril
Theorems on Limits of Functions:
Let f and g be two functions, for which Lim f(x) = L and Lim g(x) = M, then

X—>d X—*aA
Theorem 1:  The limit of the sum of two functions 1s equal to the sum of their limits.
Lim [f(x) + g(x)] = Lim f(x) + L1m g(x)

XN—3l X—» X
= L+M
Theorem 2: The limit of the difference of two functions is equal to the difference of
their limats.
Lim [f(x) — g(x)]

Lim f(x) £ Lim g(x)

X—>d x—»d X—¥d
= L-M
Theorem 3: [If K 1s any real numbers, then.
Lim [kf(x)] = K Lim f(x) =
X—id x—d
Theorem 4: The limit of the product of the functions 1s equal to the product of their
limits.
Li:n 1(x). g(x)] = [Limf(x)] [Lim g(x)] = LM
X—>d X—»a X—>d

Theorem 5: The limit of the quotient of the functions 1s equal to the quotient of their
limits provided the limit of the denominator 1s non-zcro.

c%pikcity.org%u
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) Lim f(x)
. (@) xea - L " |
Lim Lg{x}\ T Limgx) M 80 # 0.M=0

Theorem 6: Limit of [f(x)]", where n is an integer.
Lim [f(x)]" = [Lim f(x)]"= L"

X—rl X—»d

The Sandwitch Theorem:

Let f, g and h be functions such that f(x) £ g(x) < h(x) for all number x in some
open interval containing “C", except possibly at C itself.

[T, Limf(x)= L and Lim h(x) = L.thenLim g(x)=L

Prove that
It 0 1s measured in radian, then
, 5110
Lim == = ]
60— v
Proof:

Take 0 a positive acute central angle of a circle with radius r = 1. OAB represents
the sector of the circle.

I0OA| = |OC| = | (radn of unit circle)
From right angle AODC
| DC , | .
SinB = ocl IDC| (. |OC|=1)

From right angle AOAB

_ |AB| _ . _ #
Tand = 570 = AB (. [OAl= 1)

In terms of 0, the areas are expressed as

] 1 , I
Arca of AOAC = 5 OA| |ICD| = 5(1] sin = 55111(}



0

I |

| 5, |
Area of sector OAC = 5 18 =5 (1)@) =

I I I
Area of AOAB = 5 |OA||AB|=7 (I)tanf = Elanﬁ

From figure

Area of AOAB > Area of sector OAC > Area of AOAC

| | |
Etanﬂ}iﬁ}isinﬂ

1 sint }Q }sinﬂ
2 cosh 2 P

|
As sinb 1s positive, so on division by 5 sin0, we get.

] 0 |
cost - sind > 1 (0<8<n/2)

1.C.

sino
cost) <—— <]
0
When, 0 -0 ., costh — 1

_ sinB _ , , .
Since g ' sandwitched between 1 and a quantity approaching 1 itself.

So by the sandwitch theorem i1t must also approach 1.
1.€.

[ s1nb |
m —
0—() H

Theorem: Prove that
-l n

Lim [l +—] = e
n

n =+

Proof:

Taking
l‘j n(n— 1) (L) n(n — 1)(n—2')(1)3
I+n(n_, LT n, ol 3! n, W s

lI'L
[rag
T Iy, L Iy, 2
= I+l+2! Ll—nj+-3! (I—n)(l—n)+ .........

Taking Lim on both sides.

1 — +X

, Ly Lo 1
nlill IJrrl I+l+2!+3!f41+5!+ .........

| + 1 +0.5+0.166667 +0.0416667 +.........



--------
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As approximate value of e 1s = 2.718281
| 1Y
Lim (] +‘—J = g
n — +oc n
Deduction:
Lim (1 +x)'% = ¢
x —3 ()
We know that.
Fa l n
Li Ll +—] =
§] —:rlr'ldl n- e
I ]
Put X = — then — = n
n %
As n—o>+ec ., x—0
Lim (1+x)"™ = ¢
Beprgie)
Theorem:
Prove that:
oa =1
Lim = log.a
X — d
Proof:
Taking.
oa -1
L.im
Let a'—=1=y
a = 1l+y
X = log, (1 +y)
As, XxXx—=a , y—0
a — 1 v
L = |1 »
L. Lim fog(1
_ | _ 1
= Lim | = Lim |
v = () -I{]](I_ } y = () ;
¥ &a Y loga“ L3 },,]
| i
r— . | + ¥ =
log,e 1.2111] (1+y) v




Deduction

fet — ]
Lim L - } = log.e = 1
x —» () X A .
We know that
_ a—1)
Lim | = log.a
x = ()
Put a = e
_ gt = ]
Lim : = log.e = 1
x— X 4 -

Important results to remember

_ _ . . , . _ 1

(1) Lim (¢') = = (n) Lm (¢) = Lmm ﬁ—e—;t) = ()
X = + ot X =p — o X = — 0

(111) Lim (;] = 0 , where a 1s any real number.
Xx—t+tw M

domassp

Q.1 Evaluate each limit by using theorems of limits.

(i)  Lim (2x + 4) (ii)  Lim (3x" —2x + 4)
=3 X=>1
(ili) Lim/x"+x + 4 (iv) Lim x\/x* -4
x—>13 x—>2
. _ 3 E _ C2xT+ 5x
(v) Lim (1/x'+1 = v/x*+5) (iv) Lim"
—>»2 X—p2 33: — 2'
Solution:
(1) Lim (2x+4) = Lim (2x) + Lim (4)
=33 x=»3 =33
= 2Limx+4
= 2(3)+4=6+4 = 10 Ans.
(i) Lim3x’—2x+4) = Lim (3x")— Lim (2x) + Lim (4)
—>1 X=>1 =1 Xx=>1
= 3Limx —2Limx+4
% —> | x— |
= 3(1) = 2(1)+4
= 3-2+4
= 5 Ans.
(iii) Lim~x +x+4 = [Lim(x’+x+4)"

—>3 X—p3
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Important Limits

[. lim =na""', where n is integer and a > 0.

[1. ljm =

I11. lim[l +l] =e.

1n—»{ H

I

IV. lim(l1+x)* =e.

X—»00

V. lilga-x_l—-lna,where a>0.
Vi  Time gl
r—() X

sm@:L

VII. If @ 1s measured 1n radian, then Lina 7

Question # 1
(1) IIm(2x + 4) =lim(2x)+l_in;1(4) =21jrq(x)+4 =2(3)+4 =10.

x—3 x—3

(i1) 1im(3x3—2x+4) =31 -2(D)+4 =3-244=5,

x—>]

(i) lmVx+x+4 =3 +(3)+4 =0+3+4 =.16=4.

r—r3

(iv) limxyx’—4 =2y22—4 =0.

x—2
(V) ljn;(\/X‘1+1—\/x2+5) =ljn3(\/x3+l)—ljn21(\/x2+5)

- (J(2)3 ' 1)—(\/(2)2 ' s)
=J8+1-v/4+5 =J9-9 =0.

2x* +5x  2(-2)'+5(-2) _-16-10 _-26 13

(vi) Imm =
2 3x-—2 3(-2)-2 —6—2 —& 4
Question # 2
3 i’
_ _ - _ <] : +1)(x—1
(i) lim * 7% =lim e -l lim HE+ -l
x->-1 x¥+1 x—>—-1 x4+1 x——1 x+1

—limx(x—1) =(=)(=1=1) =2

r——1

3 2 2
i) lim[Bx +4x] L XG44 3%+ 3(0)+4

= 4.
x“+x =0 x(x+1) =0 x+1 0+1

x—)
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3
i : x —8
111) lim
(it} 2 x° +x—6

3193 = 2
_ lim—, X —=14) =1im(x 2)(x"+2x+4)
2 X" +3x—2x—6 -2 x(x+3)—2(x+3)

2 2
:Iim(:c—Q)(x +2x+4) i (x° +2x+4)
=2 (x+3)(x—2) =2 (Xx+3)
@ +20+4) 12
(2+3) D
3 2
(iv) ]in}x 3.i +3x—1
X—>r x -—x

3 3
~ lim ("“jl) W
=x(d—1)  =lx(x—1)(x+1)

G- ()

=lim =|im

lx(x+1) =1 ()(1+1)

3, 2 2 2
{x + X ] o x(x+1) i >

(v) I

x——1 -

x2=1) - l(x+D)(x=1) -1 (x=1)

)" 1

=
2 2
vi) lim= 2 iy 2 19
x4 X7 —4x =4 x*(x—4)
2(x+4)(x—-4
it i) e
x—4 x('}:—ﬁl) x—4 X
_ 2(4+4) 16 _
4? 6
N 2 - RRN ~3 ,  N I
(vil) lim = lim
=2 y =7 -2 x-=2 \/.;-P\/E

 lim () ) lim——~ 2

s (I—Z)(\/;“I—‘\/E) =R (x—2)(x/;+\/§)

. ] | ]
= [im = =
=2 x 442 V2442 22

Nx+h —\/J_c _lim\/x+h—\/;_\/x+h+ﬁ
h

h—0 h Jx+h+x
W) (5] avns

viil) Iim
( ) h—0

=0 p(Varh+x) =0 n(Nar )



I
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. h .
= lim =lim
I:—}ﬂh(\/m_l_\/;) fr—}ﬂ,fx+h+\/;
B | ]
Jx+0+Jx 2Ux
(ix) lim——
X—> x -—-a
: (% —a)(x”_l X a7 a +a”_')
=lim

m—2 m—

E 3 9 )
-T—*ff(_r—a)(.r’" ' e a0 .+ at ])

e

2 3.2 n—1
d4+X" ad *F..+1 )

n—

(x”'l +X

m—1 m—2 m—

f‘*‘—*ﬂ(.r T +X a+x 3.'::.'E+....+f.-::.r."”_l)

A ) e 0%, i, SRR o

m—1 m—2 m—3 2 m—1

a” +a" a+a""a’ +....+a
ad A" il # o AET (nterms)

m—I m—I1 mi—| m—1

a +a +a +..+a  (mterms)

n—l1

nda n n=l-m+l n

m—1

ma m m

n—m

—_— —
— —

Law of Sine
. . . . siné
[f & 1s measured 1n radian, then Lma — =1

See proof on book at page 25

D%pakc ity.org %a

Question # 3
B fim B
x—( X
Put t=7x = —;—=x
When x—0 then 7—0 ,so
. sIn7x . sin/
lm[} = 111:1[]1—!
. X /7
: In/ .
= 71111{]1% ="7{1) =7 By law of sine.
(i) lim>222
=0 x
Since 180" = rad = T e rad = x .. rad
180 180
. sin X
So lim el = lim %80

x—() X x—0 X
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(iii)

(1v)

(Vi)

(vil)

. 1801
Now put =t ie x=—n
180 T
When x—0 then 7—0,so
. Siﬂﬂ-%gg . sin/
o = 0 oo
=0 x o =0l1807
=y limme — a (1) e by law of sine
180 x>0 ¢ 180 180
. l—cosé . l—cosé@ 1+cosé
lim— = lim— :
0-0 sIn @ 0-0 sin@ |+cosl
; | —cos* @ , sin” @
= lim — = [im—
0-0sin@(1+cos@) -0sin&(1+cosb)
_Tiin sin & _ sin(0) _ i _0
0->0(1+cos@)  l+cos(0) 1+1
. sInx
l[im

XTI — X ‘
Put (=7-x = x=rm-I n%pakmty.org %a

When x—m7 then 7—0,so0

. SInx . sz —1
lim = |lim ( )
X2 T — X f—l) [
. sint . . T .
= lim—— sm(:r—f)zsm[}——r]zsmf
-0 )
= ] By law of sine.
. sinax I ]
[im — = limsimax-—
x—0 g1n hx x—0 sin bx
o ax | . sinax |
= |limsinax- = lim - X —
x—0 5 o L bx x>0 ax sin bx
sinbx | — -bx
bx bx
a .. Sinax | a ] a .
=gllm : s g-(l)-T = by law of sine
r—0 . SIinbx
A (D)
-0 hx
. 2 . X _ X
[im = ]lim— = lIm——-cosx
0 tan x xr—0 SINn X -0 gInx
COS X
. | | . ]
= IIm— .COSX = . -Ilmcosx = --1 =1
x—0 S111 X . SINX x-0 |
— Ihm——
X r—l) X
. 1—cos2x
[im -
%0 X - o | —cos2x
e 2 “ SIn x =
. 2sin" x 2
= lim >
=0 x . 2sin’ x=1—cos2x
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. 2 . 2 :
= 21im[ﬂj =2£1imﬁj = = 2 %P“GIW-W%
x—() i =0

I

(vi1) Do yourself by rationalizing
Gl L G e
-0 @ 00 £
. SN ..
—LIEST-I';E%Slné' = (1):(0) = 0
. SecCX—Ccosx
T
| 1 —cos’x
—COS X
— lim COS X — lim COS X
x—0 X x—0 X
. 1=cos’x . sin®x . sinx sinx
= lim = lim = lim :
>0 XCOSX x>0 X COS X x>0 X  COSX
_ limSinx-lim SN X _ (1) sin(0) = (1)9 _ 0
x>0 x  x0COoSX cos(0) 1
. . 1=
(x1) hm %08 o
-0 ] —cos gl
.. DO
= Iim2Sln 2 i sinzf—l_msx
4 5 i B ' 2 2
2
(%)
R Y SRR K, F . 8L B i
x—0 2 sinzq—a x—0 2 p_ﬁ < q_ﬁ"'l
2 . 290 \ 2
S1n : g
2 (qg6)
2
/ N
Sinzp—g 5 | sinp—ﬁ | p397
= lim (p—ﬁ) : =lim : : ,,4
x—0 (ﬁ)z 2 Siﬂjﬂ x—0 p_@ [ qg \’-12 qze/
2 e B b v
D °
x & J
Z ; g\z
D sin l »? | »?
== | Im 92 p =5y e—y = =
q | P . gf" q (1) q
SIn—
Y 2 7 | tim
x—0 ﬂ
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N . tan@—sinéd
(x11) lim —
68— sin” &
sin@ . sin@—sin@cos @
—siné
_ |jmc0s@ = lim cos &
0—0 Sin3 () 6—0 SiI’l3 G
. _sin@—sin&cosO . sin@(1—cosh)
= llm .4 = llm .. A
-0  sin’ @cos @ 0-0 sin” @cosl
. | —cosé . |—cos@ 1+cosé
= lm— = IIm— -
60 sin”~ @ cos @ 6-0sImn~ @cos@ 1+cosd
| | —cos® @ | sin” @
= lim— - = lim— -
0-0sin” @cos O(1 +cos b)) 0-0sin” @cosO(1 +cos b))
. ] . |
= lIim = lim
-0 cos@(1+cos b)) 0 cos (1 +cosb)
| | |

=
-

cos(1)(1+cos(1)) [-(1+1) 2

Note: % pakcity.org g

a) lim[l+l] =g

n—>a0 n

1

b) l_in[}(1+:r)§ —e¢  where e=2.71828]1...
See proof of (a) and (b) on book at page 23
.a -1
C) lim = log_a or Ina
x—0 X
Proof:
Put y=a" -1 ........(0)

When x—>0 then y—0
Also from (i) l+y=a’
Taking log on both sides

In(1+y)=Ina* = In(l+y)=xlna v Inx" =mlnx
In(1
_ In(l+y)
Ina
Now limg N — lim—-2
x>0 X -0 In(1+ y)
Ina
= lim rng [im na

i) T )
8



Ina

limln(1+ y)»

y—0

Ina

In(e)

FSc-1I / Ex-1.3-7

Inx" =mlnx

lim(1+x)x =e

x—

y—0
= InTa = Ina * lne=1
Question # 4 % pakcity.orgg
| | 1 2n " | l n - 1
(1) lim [1 +—] =| Iim [1 +—] = e°
n—>--o0 N H—»+a0 7
P N
. _ 1 )2 _ 1Y [2 1
i) lim|l+—| =|lim|l+— - e2 = e
n—+aoo H n—>+tw H
| n - —n:_l
(mm) hm [1——} —| lim [1_1] L l
n—+o0 N n—+w n e
(iv) Im [1 +Ljn
N—>+0 3n
in — _1
' l 3 ' l 3n |3 1
= lim (14——) — | lim [1 _|__} — o3
n—+w 3ﬂ n—»+o 3.\‘?
) dn i’ ) 11_4
n T 1
(V) lim [l +E) = |im (1 +i] =| I (1 + i] =g*
n—»+o0 1 n—+ao H 1n—r+a0 n
(vi) ll_l‘}l{}(l-l—fﬁI)r
. s [ £ (
= !E[}(l+3x)3r = _Ll_l;[{}(l+3.l)3-\‘_ = g
1 2 T BN
. . 21,2 — 1 2 19,2 _ - 2 \9,2 _ ;.2
(vi1) 11$(1+2x ) LI_I}]{’;(1+2.1‘ ) 1_1_1}nu(l+23: ) e
o L 2 I |
(viii) }EE(I—Zh)h= }31_1};}(1-—211)—2#= }’1_1}1[}(1—2}7)—2!: ==
(ix) lim( 2 ]
x-o\ 14 x
=]im[]+—x} =1im(l+5] =1im(l+1]
X—>»a0 _I' X—»00 _I" _I' X—>ro0 I
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| 1Y I |
]lm(l-i-—J — e ' = —
X —»oD x €

|
: eA —1
(x) lim 7 : x<0
x—() e ¥ +1
Put x=-—t where >0

When x—0 then 7—0, so

=] . =1 =)

lim = lim =
0 /e 4 1 0 /4] e/ +1
— € _1 = E Eﬂmz I = 1 =0
e +1 0+1 e o0
=—1
e%—l
(x1) lim 7 : x>0
I_}”EI‘F]
(. 1" 1)
e’¥| 11— 7 | — v
= lim € £ = lim >—%~
x—( y l x—0 I
el{l+y [1'1- y
& e
I 1 1
| —— [ o5
1+L 1+L 1+l L+

e 0 € o0
ﬁ pakcity.org %
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Question # 1:

(1) f(x)=2x"+x-5 =]
lim 7 (x)=1lim(2x* +x=5)=2(1)" +1-5=2+1-5=-2
x—l x> ‘
. i ) ) 3 2
Jl_i_{ﬂf(x)znl_l_ﬂ}jx +.1—5}=2.(1) +1-5=2+1-5=-2
= 115]1"1' f(x)= }1_2’1 f(x)=-2 !1‘1{}1] f(x)=-2
: x' =9 |

i X)= C=-3
(i) 1(x)=2=

- lim (x* -9 2V _ =
i o (s Yo 2 9:“_3-( )=(3) 2 9= 0 .
x5 x>3 x—3 _lm}_(x—S) -3-3 -6 -6

> lim (x*-9) (_3)’—9 o_
Now lim f(x)= lim = 9=""ﬁ‘3+( )=( ) e 2 oall
x>-3' >3 x—3 _1111}(1'—3) -3-3 -6 -6
=3 _lin}_ fx)= _lin;g f(x)=0 1ir2f(x)=0
(iii)  f(x)=|x=5 C=5
lim f(x)= lim x5 x—5|=+(x-5)
—(x-3) +(x-93)
—o0 5 +00

0

|

= lim [—~(x~5):| =—lim(x-5)=—(5-5)

x=»3 x—»5

lim / (x)= lim |.1'—5 = lim (x-5)=5-5

r—5 r—5 r—51

0

= lim f(x)=1lim f(x)=0

r—5 r—5

lim f(x)=0

x—5

Question # 2:

Discuss the continuity of f(x) at x=c
2x+5 if x<2
(i)  f(x)=14x+1 if x»2
c=2

We haveto discuss the continuity of f(x) gl x=2
(@)  f(2)=2(2)+5=4+5=9 (1)
5) tms(x)=1
f(x)=2x+5 f(x)=4x+1
—a0 2 +00

lim f(x)=1im(2x+5)=2(2)+5=4+5=9

x—2

and lquf(x):llm(4x+l)=4(2)-|—]=8-|—l=9

x—2
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(c) from (1) and (2) we gel
im /(x) = £(2)

X2

f(x) iscontinousat x=2

3x—1 if x<l1
(H) f(x)=14 x=] e=2
2 x>1
if =2 f(e)=1(2)
is not defined so given functionis discontinous a% PakCltyﬁ rg %Q
(if) Correction
3x-1 if x<lI
f(x)={4 i x=1
2% if x>1
c=1 (correction)
f1)=4
—00 ] +00
f(x)=3x-1 F(x)=2x
(a) f(l) =4 (given)
()  lim f(x)=
lm () = lim (3x 1) = 3(1) 1
and }1{'{1]( )—I:E‘II(ZA) 2(1)=2
= lim f(x )—}prf( x)=2

(¢)  From (1) and (2) weget
lim /' (x)= f(1)

x—l
f(.l‘) is discontinous at =]
(3321 if x<l
(i) f(x)=+ -
(2X if x>1

(a) f(l) is not defined

b (I ) is discontinous at x =1

Question # 3:

Griven that
3x if x< -2
f(x)=4x"-1 if 2<x<2
3 i x22
—00 +00
f(x)=3x -2 f(x)=x"-1 2 F(z)=3
) We check continuity at x =2

a) f(2)=3 ceeenennnnennennenenennnnne( 1) (@EVER)
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(6)  lim f(x)=?

lim f'(x)=lim(x 1):(2)3—1:4—1:3

x—32 x—»2 (

=3

i ()= Bm(3)
> lim £ (x)= lim /(x)=3

(¢)  From(1)and(2),  weget

lim f(x) = 1(2)
. f(x) iscontinuous at x=2
i At x=-2

(i)
() FD=3(-2)=6 unioisaiini(l)
(

b)  lim f(x)="?

lim f(x)= lim (3x)=3(-2)=-6
and  lim f(x)= I_in_'uﬁ(xz - I] =(-2) -1=4-1=3
= lim f(x)# lim f(x) = lim f(x) doesnot exist

f(x) isdiscontinuousat ~ x=-2
Question # 4:

(Griven that % pakcity-O rg %
x+2 x<-]

(0|

c+2 x>—1
&=1
—0on +a0
f(x)=x+2 ~1 f(x)=c+2
lim 7 (x) exists
lim f(x)= lim f(x)
xr—»—| x——1
= I}er_1|(x+2) = }Lrt_ll(t*+ 2)
=2 —-14+2 = ¢c+2
=5 l =c+2
— c=1-2 — c=-—1
Question # 5:
(7)
mx if X<3

f(x)=4n if $=3
—2x+ 9% X3

here )‘ (3) =n (gﬁ_ﬁ{g”)
7 (.r) Is continuous af xr=3
lim £ (x) = lim f(x)=7(3)

=% lim(mx)=lim(—2x+9)=n

x—»3 r—»3
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Question # 6:

(m)(3)=-2(3)+9=n

3m=—-64+9=n

dm=3=n

3m=3 : n=3

m=1 n=3

f(x):{nzx .{‘f e
X if X2

f(4)=(4) =16

f(x) iscontinuous at

lim £ (x) = lim £ (x)= 7 (4)
lim (mx ) = lim (f ) =16

x—d x—r
am=(4) =16
dm=16=16

m=4

x=4%

— dm=16

(riven that

f(x)=

here

V2X+5—~/x+7

rd2x+5—ﬁ
) x—2

K =2
K =7
f(2)=K

I (,r) Is continuous at

lim £ (x) = £(2)

X#£2

given

x=2

lim

xr-p

Foc-1/Ex 1.4-4

s%pakc ity.org 9':

=K

X—32

x—2
2 A

(2r+5) (Vx+7)

. V2x+5—x+7 2x+5+Jx+7 _

x—2

J2x+5+Jx+7

(2x45)—(x+7)

2 (x-2)(V2x+5+x+7) (x-2)(V2x+5+x+7)

2x+5-—x—7 . . (x-2)
(x=2)(V2x+5+3x+7) (x=2)(V2x+5+4x+7)
. 1 1
lim =K = =K
2 \2x+5 +x+7 lim| V2x+5 +x+7 |

1 1
=K = =K

V2(2)+5+3/2+7 V9 ++/9
.
343
K

K

= J<

=K
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Q.1  Draw the graphs of the following equations.

i) K+y'=9 i) o+t =1
(iii) y = ™ iv) y =3
Solution:
(i) Xy =i
Y = - X
i = i\ﬂr
[ts domain 1s -3 < x < 3+
X -3 -2 ] 0 l 2 3
y=+9-x> | 0 |+22|+£28| +£3 [+28|+22]| O

1;.
K ¥
M 6+ 4 =1
Yo%
4 16
y - 4( 16
s
T4
[ =+
16— X7
}r —-t 2

Its domainis -4 < x £ 4.



=z 2 4
9 —x- +13 117|119 £2 |19 | <L1.7 0
=ik
!
—0.5 0.5 l
0.4 2.7 7.4
A
—1 0.5 1.5
y =3 0.3 1.7 3 5.2
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X€

> X

y
Q.2  Graph the curves that has the parametric equations given below.
(1) X =t , ¥ = t*, -3<t<3 where ‘t’ is a parameter
(11) x =t=1, v = 2t=1, =1<t<5 where ‘t’ is a parameter
(ili) x = sec®@ , y = tanO where ‘0’ is a parameter
Solution:
(1) X =1 , ¥ = t°, —3<t<3 where‘t’isa parameter
t -3 -2 -1 0 | 2 3
- -3 -2 -] 0 s 3
| y=t 9 4 1 0 4 9




(11) = t—1 y = 21—1, —1<t<5where U 1s a parameler
t 0 | 2 3
x=t-1 —] 0 ] 2
y =2t | ] 1 3 5
X
X<
(111) = sech ., y = tanb where ‘07 I1s a parameter
‘= sec’®, y" = tan’d
X' -y = sec’® — tan’®
xé—yt=1 (v 1+1tan’0 = sec™® == | = sec’® — tan’0)
2 = y2_
= +fx*—1
X -3 -2 ~1 2 3
y=4/x —1 2.8 e B} 0 £ 1.7 + 2

fpasciyou




Q.3 Draw the graphs of the functions defined below and find whether they are
continuous.
,  fx=1 if x<3 3 X' —4 L,
® ¥ = {1 if x23 W ¥ " gz 2 X ¥
(x+3 , x#3 , x' — 16
(i) v —’lz  x=3 (iv) y = «_d4 ° X # 4
Solution:
, [x-1 if x<3
(1) Y = lax+1 if x23
vy = x—-1 , x<3
% —2 -1 0 |
y=x-—1 -3 -2 ~1 0
y = 2x+1 , x 2
X 3 4 3
y=2x+ 1] 7 9 11




11+

10+

Break Point

> X

Since there 1s a break in a graph. So this function i1s not continuous,

2
-4
(ii) -, wwd
(x +2)(x —2)
= D , X#2
= X+, X#2
3 | -2 [ -1 0 ] 3 4
- 0 ! > 3 5 6

pakcity.org%:




Break Point

X € } ; -'u 0 } t
5 w4 =8 R 1 22 3 4
14
- N
v
Y
Since there 1s a break 1n a graph so this function 1s not continuous.
_ [x+3 if x=# 3
) y=12 ~ it x =3
y = x+3 ¥ x£3
X -3 -2 — ] 0 1 3
y 0 1 2 3 1 5
y = 2 if x = 3




Break Point

X' € : : 3 : : > X
5 -4 -3 -2 -1 1 2 3 4 5
-1+
22 4+
W
yi
Since there 1s a break in a graph. So this function 1s not continuous at x = 3.
2
_ X —16
(1v) \ = xd , X #4
(x +4) (x —4)
= , X #4
x—4
X -3 -2 — 1 () 1 2 3 5 6
y | 2 3 4 5 6 7 Y 10

c@?a—kcity.orj




10+

e i

Break Point

X €

> X

=
on

e i, il i, i, i il . i, s o

Since there is a break 1n a graph. So this function 1s not continuous at x = 4.
Q.4 Find the graphical solution of the following equations.

X

(1) X = sin 2x (i1) 5 = cosX (ifi) 2x= tanx
Solution:
(1) Let v = X = sin2x

Therefore y = x and y = sin2x

X — 90" — 60° — 30° 0° 30° 60" 90°
V=X |-n22=—|-m3=—|—-n/6=— 0 6 = /3= | nf2=1.6
1.6 .05 0.52 0.52 1.05

c%p-aﬂ(city.org%c




y = sin 2x

X —90° — 60° - 30° 0° 30° 60° 90°
y = sin 2X 0 —0.87 —0.87 0 0.87 0.87 0
The graphical solution 1s the points of intersection of two graphs, 1.e. x = 0%, 54°
nY

4' Y
2 X
(i) Let y = 5 = cOsX
. X
Theretore y = ) and y = cosx
A
y 2
X —-90° - 60° - 30° 0° 30° 60° 90°
_X — /4 — 1t/6 — /12 0 /6 /6 /4
772 | =_79|=-052|=-026 =026 | =052 | =0.79
Yy = COS X
X —9(° — 60° — 30° 0° 30° 60° 90°
y = COS X 0 0.5 0.87 | 0.87 0.5 ()

The graphical solution 1s the point on x-axis, which 1s just below the point of
intersection of two graphs. Hence x = 60°.

a%pakcity.org %:




Y

30" 60" 90°

¥= -1
Y
(iif) Let y = 2x= tanx
Therefore y = 2x and y = tanx
y = 2X
X - 90° — 60° - 30° 0° 30° 60° 90"
= 2x —m=-314 | -203=-209 | —w3=—1.05 [ 0 | w3=105 /3 = 2.09 n=3.14
y = tan x
X — 90° — 60° —30° 0° 30° 60° 90°
y = tan X o0 —1.73 — (.58 0 0.58 1,73 o0

The graphical solution is the point of intersection of two graphs, i.e. x = (°.

Y




