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Notes of Calculus and Analytic Geometry, MATHEMATICS12 (Mathematics F. Sc. Part 2

Chapter 3.

Integration:
The technique or method to find such a function

whose derivative is given involves the inverse process
of differentiation, called anti derivative or
Integration.
Differential of variable:
Let / be a differentiable function defined as
y=fx) =y+3dy=f(x+dx)
>dx=f(x+éx)—y=>06y=f(x+6x)— f(x)

o6y . flx+dx)—f(x)
Now lim — = lim
§x-00X  8x—0 O0x
=5 Y _ g
—=f'(
o oy .
v before the limit is reached.a dif fers from

oy

f'(x)bysmall real number €. 1. ea = f'(x)+€

= f'(x)is called dif ferntial of dependent varibale

2"d year

INTEGRATION

s.that it makes an angle @ with x — axis. Also

Draw L PM and QN on x — axix also draw L
PRon QN on x — axis.in fig.|PR| = dx

|QR| = |QT[ + ITR|

= 8y = |QT| + [TR| - (i)

ITR| |TR]
IPR|  dx

= |TR| = tan@dx
So(i) = 0y = tan@dx + |QT]|
ay

In A TPR, tan@dx =

dy

= 0y = (a) dx + |QT]| a = tan®
0y =dy+ |QT| - |QT|is very small
So by neglecting |QT]|

= 0y = dy
Example:
Findoy and dy of the function defined as

f(x) = x*whenx =2 and dx = 0.01

Solution:.

y we denoted dif ferential of y as dy. G2 Lety=f(x) dy=?
sody = f'(x)6x =>dx =06y = f"(x)dx @ y = x?
Note: 1.The differential of x is denoted by dx and &5\&\)\ 5 B Gy s dy = 2dx
- _ Q\) </ X
defined as dx = 0x * Take x = 2 and dx = 0.01

(&
%§§>

d
i.eforyzx:dyza(x)&r
=

= dy =1.6x = dx = 6x

2. f'(x)is used dif ferential coe. £ 8'\e/nt.
Distinguishing betw dy and 0x
KL
y
A

0

Let us draw the graph of curve of a function
y = f(x)Let P(x,y) and Q(x + éx,y + 6y)be two

dy = 2(2)(0.01) = 0.04
Now we find §y,y + 8y = (x + 6x)?
2> dy=(x+x)°’-y ,y=@)*=2) =4

=(2+0.01)* —4 v dx = o0x = 0.01
oy = 4.041 — 4 = 0.0401
Example:
Use differentials find % when% — Inx = Inc
Solution:
- Inx = Inc
X
= d G — lnx) = d(Inc)
= d (f) —d(lnx) =0
= xdy;ydx—ldx =0
X X
o xdy-ydx ldx
x> X
= xdy — ydx = xdx
= xdy = xdx + ydx
= dy = %dx
T
dx X

neighbouring points on the curve at point P(x,y)
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d(y) = d(Vx)
dy = % dx

Q.1:Find 6y and dy in the following cases: Put value of x and dx
) y=2x2-1 dy = — (0.41)

when x changes from 3 to 3.02 2v4

SOLUTION: dy = 0.1025

y = x* —1Asx changes from 3 to 3.02, so Now.
y=x2—-1 y + 8y = Vx + 6x

d(y) =d(x?—-1) oy =vVx +8x—y

dy = 2xdx — 0 =2x dx Put value of y

Put value of x and dx 8y = Vx + 6x —x

dy = 2(3)(0.02) x =4,

dy = 0.12 ox =dx =441 -4 =041
Now Put value of x and 6x
y+ 8y =(x+8x)° -1 5y =4+ 0.41 —/4

oy =((x+6x)"—1—y 6y = 0.1

g;jt:v?iuj gi)); i — 1) Q.2:Using dif ferentials find 3—3\: and j—; in the
oy =(x+6x)*—1—-x°+1 following equations.
oy = (x + 6x)* — x*° i)xy+x =4
x = 3 Taking dif ferentials on both sides
6x = dx = 3.02 — 3 = 0.02 d(xy +x) = d(4)

Put value of x and 6x d(xy) +d(x) =0
6y:(3+002)2—(3)2 xdy+ydx+dx=0

5y = 0.1204 x dy @ 1)dx = 0

ii) y=x%+2x x@ =y + 1)dx

y y+1

when x changes from2to 1.8 &%X@ - and
SOLUTION: (\\S;j/g _ o x

y = x% + 2x P ody T oyt
N i ii) x* + 2y* = 16

Taking dif ferentials on both sides
d(x? + 2y?) = d(16)
d(x?) + 2d(y?) =0

2x dx + 2.2y*"t.dy =0
2xdx +4ydy =0

4y dy = —2x dx

dy . 2x _ X

y = x° + 2x
d(y) = d(x* + 2x)
dy = 2x dx + 2dx
Put value of x and dx
dy = 2(2)(—-0.2) + 2(—0.2)
dy = —1.2

Now axif i vP |3, and
y+ 8y = (x + 6x)? + 2(x + 6x) ?:_2_3’
y X

0y = (x +6x)“ +2x +26x —y

iy ) e D D
Put value of y L Oy = 1)

Taking dif ferentials on both sides

6y = (x + 6x)* + 2x + 26x — (x* + 2x)

0y = (x + 6x)* + 2x + 26x — x* — 2x d(xi—l—yz):zd(xyz)! , .
5y = (x + 6x)2 + 26x — x? dx*)+dy°) =) )+ )«
5 = 3 4x3 dx + 2y dy = dx.y* + 2y dy)x
§x =dx=18-2=—0.2 4x° dx + 2y dy = y? dx + 2xy dy
Put value of x and 6x 2y dy — 2xy dy = y* dx — 4x> dx
5y = (2 —0.2)2 + 2(—0.2) — (2)? 2y —2xy)dy = (y* —4x> )dx

2 3

oy = —1.16 % = ;’y _:iy taking reciprocal
i) y = Vx dx _ 2y —2xy

when x changes from 4 to 4.01 dy  y2 —4x3

SOLUTION: iv) xy—Inx=c

— \/E Taking dif ferentials on both sides

o d(xy —Inx) = d(c)

y =X d(xy) —d(nx) =0

xdy+ydx—%dx:O
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xdy = —ydx+%dx
xdy = —(y—%)dx

x dy = (xy_l) dx

X

dy 1-xy

i = o2 and
dx %%
dy - 1—-xy

Q.3:Usedif ferentials to approximate the
values of:

) V17
SOLUTION:

Let y=4x=xx2

We take x =16 ,

dx=dx=17—16= 1

y = (16)s = (2*)s = 2
1

Now vy = x4

d(y) =d (xi)

dy =1(16)7 (1) =227

1 _ 1 1
dy =2(2)7 =-.-==

32

dy = 0.03125
Thus V17 =y +dy
=2+ 0.03125 @
= 2.03125 %S
1
D G Lo
SOLUTION:
Let vy = xs

We take x = 32 ,
ox =dx =31—-32=-1

I ) 1
y = (32)s = (2°)s = 2
Now vy =xs

d(y) =d (x%)

dy =137 (-1) = 129

| _ 1 1 1
dy =527 =5 5=
dy = —0.0125
Thus (31)s=y+dy
= 2—0.0125
= 1.9875
Lii) cos 29°

SOLUTION:
Let vy = cosx

www.pakcity.org

We take x = 30°,
0x = ax = 29°—=30°= =1°= —0.01745
y = cos 30° = 0.866
Now y =cosx
d(y) = d(cos x)
dy = —sinx dx
dy = —sin 30° (—0.01745)
dy = —(0.5) (—0.01745)
dy = 0.0087
Thus co0s29°=y+dy
= (0.866 + 0.0087
= (0.8747
iv) sin 61°
SOLUTION:
Let y = sinx
We take x = 60° ,
0x =dx =61°—60°=1°=0.01745
y = sin60° = 0.866
Now y =sinx
d(y) = d(sinx)
dy = cosx dx
dy = cos 60° (0.01745)
dy = (0.5) (0.01745)

dy = 0.0087
Thus 61° =~ y+dy
<g/ K = (0.866 + 0.0087
= (0.8747

md the approximate increase

@ (é&qn the volume of a cube if the lenght

of each edge changes from 5 to 5.02.
SOLUTION:

Lenght of each edge of cube = x unit
Volume of acube=L.W .H

V=xxx
V=x3
d(V) = (x°)
dV = 3% dx

when x changes from 5 to 5.02, so
x=5,dx=502-5=0.02

dV = 3(5)? (0.02) = 1.5 cubic units
Q.5: Find the approximate increase

in the area of a circular disc if its
diameter is increased from 44 cm to 44.4 cm.

SOLUTION:
Let radius of circular disc = x cm
Area of a disc = nr*

A = mx?
d(4) = d(nx?)
dA = m.2x dx

As diameter changes from 44 to 44 .4,
so radius changes from 22 to 22.4,so

x=22 ,dx=222—22=0.2

dA = n(2)(22)(0.2)

dA = 27.646 cm?
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Integration as anti-derivative
(inverse of derivative) 2. [ g 3
1 3 " §+1
Integration:  v.v.v.important defination(*x*) = f Ed%‘ = f X 2dx =— +C
The inverse process of dif ferentiation is called X\3 ) + 1
anti — dif ferentiation or integration. _%
Consider F(x)is antidervative of a function if — X : L= — i +C
F'(x) = f(x) then ff(x)dx = fF’(x)dx ) Vx
. —F(x)d
x)dx 1
ax 3. f(2x+3)4 dx =
f FOOdx = F(x) + ¢ [ g 1 @xA3)THE
(2x + 3) *dx =  R—— - C
dx —and f dx are inverse operations of each other. _ 1 Lo
- 5 =
*The symbol [ ...dx indicates that integrand is two Stex 4 8 .
integrated w.r.t "x" 4. [ cos2xdx | [ cosaxdx = —+c
*The anti- derivative of a function is also called _ SInZx -
integrated is called integrand of the integral. 2
*The function which is to be integrated is called 5. [ sin3xdx v [ sinaxdx = Cozax - C
integrand of the integral. COS3X
: = — FC
Some standard formulae for Anti- 3
derivative 6. [ cosecxdx
erivatives S cotx + ¢
Qj:{e Sxtan5xdx
ldx =x+c , | x"dx = i Fc(n = —1) @ sec5x
B ’ n+1 . &@\O =——tc f secaxtanaxdx
b
( /\@Q}) < _secax
fsindx = —CO0SX + C f cosxdx = sinx + C%S a
___.Se3Xx g g
2 _ e B
N 280 dx | e®*dx = ea - C
eax+b
-
a
1 9. f3Mdx = « [e™dx="—+cC
a
fexdx:ex—l—c ,faxdx:—.ax+c A%
Ina -
1 Aln3
f—dx =In|x| +¢c,x#0 f tanxdx = Insec|x| + ¢ 10. | L dx
X ax+b !
= —injcosx] +¢ f(ax B e = —Inlax+ ¥ +2
fcotxdx = [n|sinx| + ¢ a
f secxdx = In|secx + tanx| + ¢
1. Jaf(x)dx =a | f(x)dx
fcosecxdx = In|cosecx — cots| + ¢ 2. [[i(x) £ fH00)]dx = [ fi(x)dx + [ fo(x)dx
Here c is constant of integration. These formulae can Prove that o
n
be verified by showing that the derivatives of right fU(x)]nf’ (X)dx = f ()] Fe,(n# —1
hand side of each w.r.t “x” is equal to the oot n+1
roof:
corresponding integral 00 -
Examples: We know that (f (x))
(n+1)
1. [x°dx v | xMdx = xn; + ¢ = (n+ 1)fn(x).af(x)
x5+1 x® > L (n+1) = m+ D). f(x)dx
= +c=—+c . |
5+1 6 Taking integration
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d > 2
faf(n+1)(x)dx =(n+1) f f(x). f'(x)dx = % + x; +C
S frI) = (n+ 1) [ P @f ()dx 2 810
Ftl(y) =Ex2 +Ex T C
=> [ f(x) f'(x)dx = + ¢ by def. 1
. g b iv) [(2x+3)2 dx
encif’;o”e ' SOLUTION:
Prove that | o dx = Inf(x) + ¢ = [(2x+3) dx
Proof: X and =+ by 2 to make derivative
We know that = %f(Zx + 3)% 2 dx
d Ly
= Unf(x)] = f(x) (%) _ %(Zx;rfiz i
Taking integration both sides * 3
q 1 _ 1 (2x-?l’-3)2 L
| S limf Gl = f s f () "3
f(x) :1—(2x+3)z+c
> Inf(x) = |
P f(x) :§(2x+3)2+c
= ff(x) dx = Inf(x) + ¢ by defination v) [(VE+ 1) dx
(f f(x)dx = F(x) + c) SOLUTION:
Hence proved. = [(WVx + 1)% dx
= [((WX)?%+ 2Vx.1+ (1)?) dx

: = [|x + 2vx + 1}
Exercise 3.2 _fxdxd\zfxédxmdx

Q.1: Evaluate the following indefinate integrals: Xzt

+ X €
i) [(3x*—-2x+1) dx =+
SOLUTION: 0&@& 5
= [3x%dx — [2xdx + [ 1dx (,\/@Q}) _+ ?+X+C
— 2 —_ 3
3£zaildx j;[xdx [1dx %5 1 2_|_2 23 bt
:3'2+1 2.1+1}x+c @ 2wl 3

3 2 __x + xz__x C

-3 2% 4 x4+
3 __2
2 vi) [(Vx—3)" dx

=x°—=x*+x+cC

SOLUTION:
i) [(Vx+5) dx Tt 4,
SOLUTION: Vx i
1 _ 8 1N\ 1
= [VEdx+ [ Ldx = J|(®) + () —2vrz| ax
1 1 1
:fxde+fx_5dx =f[x ;“"2] dx
:xE“, x"E‘”,C =fxdx+f%dx—2f1dx
%+1 | —%+1 | x1+1
3 1 ot Inx —2x+c¢
_ X . 1
= e e 2+1n;vc—2:»c+c
2 2
3 1 .
2k o NOTE. FOR Q. (vi)
3 AGAR FUNCTION OVER M HO AUR FUNCTION KI POWER
iii) [x(Wx+1) dx 1 HO TU AP US PAR POWER RULE NI LAGA SAKTAY.
SOILU 7\’/’_‘)” = FOR EXAMPLE:
= |x(Vx+1) dx co1+1 0 4
dx = [x ldx=——=—===
=fx\/_dx+fxdx f J —i+1 0 0
1 S |v| ANSWER o A GIA SO NOT SOLVED?
= fx 2dx + [ x dx THEN AGAR FUNCTION KA DERIVATIVE UPER MAJOOD H
_fxzdx+fxdx T US K In K SATH LIKH DE.
_ X+ I ;;1*-11 % vii) f3x+2
AL SOLUTION
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fo';z dx
- [2* 2
[|F+7ldx
_ f[g\/fzﬁ \/ZE‘ dx = x =+x.x

= f[3ﬁ+%] dx
= f[3x2+2x 21 dx
=3fxz dx +2 [ x~ : dx

1 1
§+1 x'—'§+1
=3—+2——+cC
~+1 —=+1
2 2
3 1
X2 X2
— 3'7?'4“12 T - C
2 2

3
:3§x5+2.2x5+c
3 1

= 2x2 +4x2+ ¢

viii)

SOLUTION:.
J‘WOH']-) dx

J‘ \X_(y+1) dx

fyj_l dx
_ y 1
= \[_dx+ 5 dx]

= \/_dx+% dx]

= yzdx+y zdx]

a1 .
2 2
=2 4+ 2° 4o¢
244 T —2#1
2 2
3 1
y2
= = i FC
2 2
3 1

LX)
SOLUTION:
f(\/_—l) dQ
_ (\/_)2+(1)2—2\/§
= O EE g
J-9+1 2\/_
e . 1 2V8
= [[&+5-22] a6
= | \/_+——2] do

—[0:d0+[072d0—2[1de

1 1

2 2
3 A
:%‘FQZ 20 + c

1

2 2
2 3 1

2592 202 — 20 + C

[ELD

www.pakcity.org
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" f(l —;/E)

dx
SOLUTION:

=fx5dx+fx_%dx—2j'1 dx

1 1

=1 —=+1
X2 X 2
= + — 2% + €
Sl -
2 2
3 1

x2 X2
—-—F——2%x+C
2 2

3 1

=§x5+2x5—2x+c

SOLUTION:
e?X4eX

f dx

ex
eX
% (ix

525
O

A) dx
@ dx + [ 1 dx
(S5

X% C

=e*+x+c

NOTE: DERIVATION M
EXPONENTIAL FUNCTION KA JAB DERIVATIVE LATYH T
FUNCTION AS IT AUR POWER KA DERIVATIVE MULTIPLY
KARTY H. LAKIN INTEGRATION M DIVIDE KARE GAI.

Q.2: Evaluate:

D) J \/mwa

SOLUTION:
f\/mwa
| 1 Vx+a—/x+b dx
-~ J Vx+a+Vx+b Vx+a—-Vx+b
¢ Jx¥a—Vxtb _ JEFa—TD
o f(m)z—(m ; dx =] x+a—x—b o

:%bf(\/x+a—\/x+b)dx
—L{f(x—ka)% dx+f(x+b)% dx}

using [[f(OI f'(x) =L 4 ¢

n+1
~+1 ~+1
2 2
_ 1 (x-l;a) }(x-i;b) 1
a—b —+1 —+1
2 2
3 3
1 (x+a)z =~ (x+b)2 L
_a—b E I E I
2 2

+ C
a—b 3
= b){(x+a)2+(x+b) b+c
1) f1+x2
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SOLUTION:

1o
=2tan"tx —x+c¢

iii) [ ==
Vx+a+yx
SOLUTION:

J' dx
Vx+a+x
_J- 1 VvX+a— \/_ d
Vxta+Vxth vxta—x
:f Vx+a—/x T =
(Vx+a)?—(Vx)?

22 J(Vx+a—+x+ )dx
l{f(:!c + a)% dx + f(x)% dx}
using [IfGOI". f'(x) = L2 4 ¢

n+1

+1 —+1
_ - {(x+a)z n (Ji)Z } 3

~+1 ~+1
2

3 3
:l{(xza)z n (9;)2} o
al 3 2

1 (2 3 2 3
=GO+ @ + (2]

dx

[ YT

X+a—x

= 2 {(x+a)e + (02} + OQ

SOLUTION:

3
[(a —2x)z dx
X and =+ by 2

L f(a—2x)7.(~2) dx

3
1 (a-2x)2""

2 D4

2

5
2

_x) :

2
5 | C
2

5
1 2 =
-(a—2x)z2+c
1 2
— —E(a —2x)2+¢C
FUNCTION AS IT AUR POWER KE DERIVATIVE S DIVIDE KARNA H.
fexdx——-eT+c:ex+c

(1+e*)3

v) O gy
SOLUTION:
J-(l'f'ex)a

; (a+b)3 = a>+ b> + 3ab(a + b)
_f 13+(e*)3+3(1)(e®) (1+e*) L
ex
1+e3¥+3e*(1+e
=]

ex

)dx

www.pakcity.org
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_f[__l_j | 3ex(1+ex)‘ iy
= [[e™™ + e** + 3 + 3e*] dx
=[e ™ dx+ [e** dx+3f1 dx + 3 [ e* dx

—X Zx

=—+—+3x+3—+c

= "x+1 2x+3x+3c—3 + €

vi) [ sm(a + b)x dx
SOLUTION:
[ sin(a + b)x dx

—cos(a+b)x
— |

a+b

1
= = cos(a+b)x +c

DERIVATION M FUNCTION KA DERIVATIVE LENA HOTA H
AUR SATH ANGLE KE DERIVATIVE KO MULTIPLY KARTY H.
BUT INTEGRATION M ANGLE KE DERIVATIVE K DIVIDE
KARE GAL.

vii) f\/l — cos2x dx

SOLUTION:
[V1 —cos2x dx

2 1-cos2x
x:
2
So1— cos2x = 2sin® x

= f\/231n2 ¥ dx
—fVZ 2 x dx
sinx dx

&\ﬁ—cosx)—kc

2COSX +C

As sin

Viil) flnx %dx
SOLUTION:
[Inx . % dx
As f(x) =Ilnx
And f'(x) :i , SO

n+1
using [If)I" = L2

n+1
B (ln x)l-{-l

1+1
~ (Inx)?

> + C
ix) [sin? x dx
SOLUTION:
[ sin®* x dx

2 1—-cos2x
X = >

1—cos2Xx
= ——dx

= %f(1 — cos 2x)dx

1 sin 2x
=5[x ]“

0

As sin

:lx—151n2x+c
2 4
X X
) 1+ cosx
SOLUTION:
= iy
14+CoSsXx
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2X  1+cosx

2 2

So1+ cosx = 2cos

ASs cos
2

T2
sin“ x ,cos“x ,tan” x ,cot*x in functions k derivative
exist ni karty jab b ye function a jay t ap ye

formula use kare.
1—CoS2Xx

2
1+cos2x

2
tan®x = sec’x — 1
cotx =csctx —1
FUNCTIONS K DERIVATIVES K JO ANSWER H UN KI
INTEGRTION HOTI H IS K ILAWA FUNCTIONS Kl

INTEGRATION NI H HOTI. E.G.

sin? x =

COS% x =

sin® x ,cos®x ,tan”*x ,cot*x IN KI INTEGRATION NI HOTI.
(sinx)’ = cosx

(cosx)' = —sinx
(tanx)’ = sec” x

(cotx)’ = —csc®x
(secx)’ = secxtanx
(cosecx)’ = —cscxcotx

FUNCTIONS K DERIVATIVES KJO ANSWER H UN KI
INTEGRTION HOTI H IS K [ILAWA FUNCTIONS KI

INTEGRATION NI H HOTI. E.G.
sin® x ,cos?x ,tan’x ,cot*x IN KI INTEGRATION

. ax+b
.X'l) J‘t:mfz+2b.:uf-;-c dx

SOLUTION:
f ax+b

ax2+2bx+c
X & = by 2 to make derivative upe(

1 2(ax+b) Q

2Y ax?+2bx+c
2ax+2b

1
Efax?+2bx+c

- f&x) _
Using f[f(x)] In|f(x)]
= 2 In(ax?® + 2bx + ¢) + C
xii) [ cos3xsin2x dx

i

0

F
’\S
%

dx

dx

T

SOLUTION:

| cos3xsin2x dx
X & =+ by 2 to make formula

%f 2 cos3xsin2x dx

As 2cosa sin f = sin(a + ) — sin(a — )

— %f[sin(Bx 4 2%) = sin(3x — ZX)] dx
= % J [sin(5x) — sin(x)] dx

1 : .
EUSIHSX dx — [ sinx dx}
. 1

1

2

— COS5Xx —COS X

1

b+

COS5x

www.pakcity.org
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cos2x—1
dx

1+cos2x

SOLUTION:

o J- Cos2x-1 A
1+cos2x

1—Ccos2x
— [ dx
1+C0S2X

X

1—cos 2x :
— 2sin‘x =1 — cos 2x

- sin? x =

1+cos2x

— 2c0s’x =1+ cos 2x

_fzsm-’;x dx = — [tan®x dx

2 Cos“ x
[(sec*x —1) dx ~1+tan’x=sec?x

— [sec?*x dx + [ 1dx

= —tfanx +x + ¢

xiv) [tan®x dx

SOLUTION:

| Tan*x dx

= [(sec?’x—1) dx 1+ tan?8 = sec?0
= [sec’x dx— [ldx=tanx —x + ¢

" COS% X =

Integration by method of

substitution
Sometimes it is possible to convert an integral into

standard form by a suitable change of a variable.
This is ce@egl substitution method.

.
i @ﬁiuﬁte j f(x)dx by method of subsitution

_ Let x = @(t) = dx = @"'(t)dt
> So [ f(x)dx = [ £(B(0))9' (t)dt

Some useful substitutions:
1. Va2 — x2

putx = asin@
(*+ 1 — sin*0 = cos*0)

2. Vx?% —a? put x = asec

(- sec’0 —1 =tan* 6
3. Va2 + x? put x = atan

(- sec*d =1+ tan* @
4. JVx+a(0r)vx—a putvx+a=t

or(\/x —a) =t

5. V2ax — x?2 put x —a = asiné
6. V2ax +x2  putx+ a = asecH

5
2{ COSX}-I-C

5
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Evaluate the following integrals:
—2X

1:
Q.1: | = dx
SOLUTION:

e
= f(4——x2)_5 (—2x) dx
Here f(x) = 4 — x?
f’(x) = —2x

|
N | =

|
H
P

= 2\/4 x24+¢c wt=4— x?

Q.2: fx2+4x+13
SOLUTION:
By completing square

f x2+4x+4 4413

Q.3: f4+x2
SOLUTION:
(+) and (— ) 4

_ 4+x%-4
J- 4+x2

4+x 4
= J-(4+x2 4+x2) dx
4
=J1ldx— [ — dx
=[1dx—4] dx

22+x2

=x—45mn1()+c
:x—2tan‘1(—)+c

Q4 f xlnx
SOLUTION:

1 1
— . = dx
Inx x

As f(x) =Inx
And f'(x) = 1 , SO

using [ f((:f)) In|f(x)]

= In[ln x] -I— &

Q S: f ex+3
SOLUTION

f ex+3 ax
Here f(x) = e”
And f'(x) = e*, so
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. f
using [ [f((;)) In|f(x)] +c

=In(e*+3)+c

Q.6: | b dx

(x2+2bx+c)2
SOLUTION:
J- x+b i dx
(x%2+2bx+c)2
[ (x*+2bx+c)z.(x+Db) dx
Here f(x) = x* + 2bx + ¢
Here f'(x) = 2x 4+ 2b = 2(x + b)
X and + by 2
=1 (2 +2bx +¢)72.2(x +b) dx

1
1 (x%+2bx+c) 20 P
2 gy |
2

1
1 (x%+2bx+c)2
= LA PRReR e
2 1
2

= Vx2+2bx+c+c

sec? x
Q 7: f m
SOLUTION:

J" SeC X
\ftanx
= f(tanx)__ sec? x
Here f (x)\= tan x

@gﬁ@_ sec? x

o&@\ﬁ -5+ e

Q\) < 1
(tan x)2
_ ar;x) >
2
= 2+/tanx + ¢

Q.8:(a) Show that

dx
fJxZ—aZ =In(x+VxZ—a?)+c
SOLUTION

LHS=[-Z

Putx = asecld = dx =asecB tan@ db
asecH tan@ dé asecf tané 40

- f V(asec8)2—a? - f\/azsecze a2

asect tanf secf tand
— [ do = [ do
Ja?(sec? 6-1) Jtan? @

_ secHd tané J8 = T serd b
J

tané@
= In|sec@ + tan@|+ ¢,

Then back substitution:

X

X =asec6 — Ezsecﬁ

And 1+ tan® = sec? 6
tan® 0 = sec* 6 — 1
tanf = Vsec? 6 —1

tan @ = (£)2 —1

N \a
x2_a2
tan 6 = N
2-_ 2
tan @ = L

a
Now put values
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X Vx2—a?Z |
— ln = 1 C]_
a a

x+VxZ—a? [
= In F ¢4
a

Using ln% = [nA — InB

= In| x + Vx? — a?| — lna + ¢,

Where ¢ = —Ilna + ¢4
=In| x +Vx2 —a?|+c
d

Q.9: f - 3

(1+x%)2
SOLUTION:

dx
J
(1+x2)%

Put x =tanéf
= d(x) =sec* 8 do

_ f sec? 0 40

3
(1+tan? 0)2

sin @
= .cosf +c
cos @

= tané@.cosf +c
tan @

sec @ |
tan @

Vsec2 6

tan @ |

— - C
V1+tan2 6

Put tan@ = x

—_— X | C
VitxZ
1

Q.-10: f (1+x2)Tan 1x
SOLUTION:

1
f (1+x2)Tan 1x dx
[ —— . —— dx

Tan~1x (1+x2)

Here f(x) = Tan™'x

, 1
Here f'(x) = D)

using f[f((;)] In|f(x)] +c

= In|Tan" x| + ¢

1+x

Q11: [ = dx

SOLUTION:

By rationalizing
P P
1+x 14X
= | [— X |— dx
\ T—X \ 14X

o o &

dx

1+Xx 1+x
dx

\ 1—=x 1+Xx

2
_ (1+x) dx

\ 1-x2
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f 1+Xx JC
V1—x?2
. X
= 5 I+ i= a
=sin"tx + = - f(l—xz)"( 2x) dx
= sin” x—% (1_f21 e
= sin~ x—% (1 fz)z - C

2
=sin"lx—V1l—x2+4c
0.12: [2%_ 4o

1+cosZ 0

SOLUTION:

1+cos? 6 1+cos2 @

Put x* =t = 2xdx =dt

SOLUTION:

dx
J V7—6x—x2
By completing square

f\/7 x2 6x—9+9

a0

f\/16 (x+3)2
L e K
Using dex sin™' =+ ¢

J7- (x2+6x+9)+9

0.15: f COS X e

sinxinsinx

SOLUTION:

1 COS X
[— — dx
I[nsinx sinx
Here f(x) = Insinx

And f'(x) = === S0

Sin x

using f[ (;)) In|f(x)] +c

= In[Ilnsinx] + ¢
Q. 16: fcosxmsmx d

SOLUTION:

COSX
[ Insinx. dx
Sin x

Here f(x) = Insinx
And f'(x) = ==, so

Sin x

: X
sin x

1+t2
Put t = cosé@
= —tan"*(cos @) + ¢
13:
¢ f\/az—x o
SOLUTION:
f\;az x4 dx — af\/az_(XZ)z

[=2%  g9= [—— sin@ db
Put cos@ =t = —sinf do = dt
[— .—dt=—tan 1t +c

dx

— ) o %dt
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__[Insinx]**1 .
1+1

1 . -
= 5[lnsmx_2 +c
xdx

Q.17 f4+2x+x2
SOLUTION:

f x dx
4+2x+x2
i}

2 f 4+2x+x2
1 F 2x+2-2

2V 44+2x+x?

1 2X+2 2
— _{f 2 dx — f 2
2 4+2X+X 44+2X+X

= l{111(4 +2x+x°)— |
——ln(4+2x+x2) ——f

dx}

|
x2+2x+ 12 4+4—12

: d
e

_1X

= dx = *tan
a“+x a a

Etan‘1 SRy

using |

%ln(x + 2x +4) —

Q.18: fx4+2xx2+5 dx
SOLUTION:

X
o f(x2)2+2x2+5
Put x° =t
2x dx = dt

xdledt
2

V3

i

- f E242E+5
1 1

29 24241451
1 1
dt

Ef(t+1)f*l+22
_q t+1
he—h

- .= tan
2

Put x*=t

1 —1 X 2.4

ry tan

Q.19: f[cos( x—E) X (%—1
SOLUTION:
J cos x—%)X(—-l)]

Put x — =

+C

= [[cost x 2 dt]

= 2 [[cos t dt]
— 9 sint

€
Put value of t
. X
= 2 31n(\/_—5)+c

X+2

Q.20: [ 75 d

Q.19: solve on page 9]
SOLUTION:

www.pakcity.org www.pakcity.org
x+2 _ rx42+41-1 [ x+3 B 1 B
I b= 1" #=I4mG & &5 &=
[vVx+3 dx—f\xm dx = [(x+3)z.1 dx— [(x+
3)_% 1 dx
Now integrate
(x+3)§+1 | (x+3)‘§"‘1 (x+3)% | (x+3)% |
| + C = 3 | 1 r C
o+ -5+1 2 2

3
“(x+3)2+2Vx+3+c
N

Q.21 J‘sinx+-::osx dx
SOLUTION:
1
f\%(cosx+sinx) x
— 1 - T GX
COS X .ﬁ'i‘SlﬂX \/_E
= | ———— (x
COSX c0os45°+sinx sin45
using cos(a¢ — ) = cosa sinff +sina sinf
1
- J‘(:(:Js(;rc—tlfsﬁ") dx
= [ sec(x — 45°) dx
using | secx dx = In|secx + tanx| + ¢
In|sec(x — 45°) + tan(x — 45°)| + ¢
dx
0.22: [—2
ESIII x+— COS X
SOLUTION:
O
_ J‘ wO< : dx
1 —+C05x 5
@%Cf : dx
O 2\3\ sinx. cos60°+cosx. sin60°
v‘usmg sin(a + f) = sina cosf +cosa sinf
1
f sin(x+60°) dx
= [ cosec(x + 60°) dx
using | cosecx dx = In|cosecx — cotx| + ¢
= [n|cosec(x — 60°) + cot(x — 60°)| + ¢
Integration by parts.
We know that for two functions f and g
d / !
E(f (0)gx)) = f'(x)g(x) + f(x)g'(x)

> f0g®) == (F)g®) = £ ()g(x)

Taking integrations w.r.t xwe get

d
f P g (w)dx = f — f(0)g00) — ') g ()| dx
= f E (F0g() - f () g(x)dx
T g g

| £0g' @adx = Fg) - [ g0 @ax
Orf f(x)g'(x)dx = f(x) [ g’ (x) dx — [(g' (x)dx)f' (x)dx

In other words.

f (1st function )(2nd function)dx

= (1st funct).f(an funct.) dx

d
— f (integrated funct.)a(istfunction)dx
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This is called “integrations by parts”
Some basic rules for Integration by

parts.

*some the function as 2" function whose integration is
known or possible.

*if integration of both given functions are known but one
of the given function is polynomial functions then whose
polynomial function as first function.

*if integration of both given function are known but no
one is polynomial function. Then we may choose any
function as 1°.

*if we are given only one function whose integration is
unknown or cannot be easily find.

1

Vx2 — g2

1

l.e,sin~ e.t.c

x,cos 1 x,v/a? — x2,

Then we take 1 as 2" function.

“Review above Rules”

n 1% function 2" function
x"cosdx .
X COSX
xh sinx
fx”smxdx
. —1 n
. sin”* x X
f x"sin~ ! xdx
_ tan~ 1 x s
fx” tan~ 1 xdx
. NP
. . e* or sinx sinx e .(\@“
e*sinxdx %(S
flnxx”dx
ftan‘1 xdx

f\/az + x%dx

You may remember the word “ILATE”
|I=inverse function
L=logarithmic function
A=algebraic function
T=trigonometric functions
E=exponential functions.

*Remember useful formulas®
1 -1 E
1. f\/az_xzdx—sm ()+c

a

2. f\/le_az dx = In|x + Vx2 — a?| + ¢

3. f\/lemz dx =In|x + Vx? + a? + ¢|

Prove that | ex(f(x) + f' (x))dx +e*f(x)+c
Prove: [ e*f(x)dx = f(x)e* — [ e*f'(x)dx

> [e*f(x)dx+ [e*f'(x)dx = e*f(x)

> [e*(f(x)+ f'(x))dx = e*f(x) +c

Hence proved.
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‘ Exercise 3.4

i) [x sinx dx

SOLUTION:

[ x sinx dx

Here U=x , V =sinx

Using [UV=U.[Vdx— [[U.[Vdx]dx
=x.[sinxdx — [[(x)'. [ sinx dx] dx
=x.(—cosx) — [[1.(—cosx)] dx
= —x cosx — [[—cosx] dx

= —x cosx + [[cosx] dx

= —X COSX +sinx + ¢

=SInX —X COSXx + ¢

ii) [Inx dx

SOLUTION:

[Inx. 1dx

Here U=Inx ,V =1
Using [UV=U.[Vdx— [[U.[Vdx]dx
=Inx.[1dx— [[(Inx)".[1dx]dx

=Ilnx .x —fEx] dx

=Inx.x — [1dx
=x lnx —x+c

iii) [x Inx dx

SOLUTI/O%:
[ x @x%
Here U = Inx

, V=X
~Ysing [UV=U.[Vdx— [[U".[Vdx]dx

\3\3:’ Inx . [xdx — [[(Inx)". [ x dx] dx
b 2

2
=Inx .2 f[l.x—] dx
2 x’ 2
2
:lnx.x2 =[x dx
2 2
=Sl ==, L4o
2 2 &
2
=x—(1nx —%)4—0

iv) [x* Inx dx

SOLUTION:

[x* Inx dx

Here U=Inx , V = x?

Using [UV =U.[Vdx— [[U'.[Vdx]dx
=Inx .[x*dx — [[(Inx)'. [ x* dx] dx

=Inx .5 f[%x?] dx
3
:lnx.x3 = [ x2 dx
X 1 &
=— [Aix ~=. C
3 3" 3
:x—(lnx —%) C

v) [x3 Inx dx
SOLUTION:
[x% Inx dx

Here U=Inx , V =x°
Using [U.V=U.[Vdx— [[U.[Vdx]dx
=Inx .[x3dx— [[(nx)". [ x3 dx] dx

= 5] e

=Ilnx .
4

x4-

= .——ifx3dx

4
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x2 1

x4
=—|lnx —-. —+c
4 4

:T(lnx ——)+c

vi) [x* Inx dx

SOLUTION:

[x* Inx dx

Here U=1Inx , V =x*

Using [UV=U.[Vdx— [[U".[Vdx]dx

=Inx .[x*dx — [[(Inx)'". [ x* dx] dx
5

X 1 x°
= Inx . [—.—] dx
5 fx 5
5
X 1
=Inx .= —=[x*dx
5 5
5 5
X 1 x
= — lnx —T- T C
5 5 T

=x55(lnx ——)+c

vii) [tan~!x dx

SOLUTION:

J1.tan 1 x dx

Here U=tan"'x , V=1

Using [UV=U.[Vdx— [[U".[Vdx]dx
o ]

=tan X . fldx—f[(tan x)". [1dx]|dx

= tan” xx-—f[ ]dx

+x2

= % tan™t2 ——f dx

1+x2

= xtan ~x —-Eln\1+x2|+

viii) [ x* sinx dx

SOLUTION:

[ x* sinx dxn

Here U =x?* , V =sinx

Using [UV=U.[Vdx— [[U.[Vdx]dx

= x%. [sinxdx — [[(x?)". [ sinx dx| dx

=x?.(—cosx) — [[2x.(—cosx)] dx .

= —x* cosx+ 2 [[x.cosx] dx N

Using [U.V=U.[Vdx— [[Uk

= —x% cosx + 2{x.[cosxd (x)'. [ cosx dx] dx}

= —x? cosx + 2{x.sinx — [[1.sinx ]}

—x% cosx + 2x.sinx — 2 [ sinx dx

= —x“ cosx + 2x.sinx —2(—cosx) + ¢

= —Xx“ coSXx + 2x sinx+ 2cosx +c¢

ix) [x*tan"lx dx

SOLUTION:

[%% v % d%

Here U =tan"'x , V = x?

Using [U.V =U.[Vdx— [[U.][Vdx]dx

=tan" ' x . [x? dx — [[(tan"" x)". [ x? dx] dx

= tan‘lx.x3 f[1+1x2 x3] dx X
1+ x2/x3

T $x% 4 1

Jfgtan X ——f( 1+x2) dx —1
=—tan 1 x ——fxdx+ f dx

x3 i I
=—tan"'x —=-=—
3 3 +

N

2

—x—atan X ——f

1x2

mu+xﬂ+c
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f'(x)
f(x)

dx =In|f(x)| +c

x) fx tan"!lx dx

SOLUTION:

[x.tan™tx dx

Here U=tan"*x ,V =x

Using [UV=U.[Vdx—[[U".|Vdx]dx
=tan"'x . fxdx — [[(tan" ! x)". [ x dx] dx

2 ] |
2 2
_—ztan X ——f1+x2 dx | 4 222
= tan"lx ——f (Hx ;1) dx +x%+1
2 1+x
- 1+x2 1, 1 —1
=—tan™ " x ——flxz dx — = [ — dx

x2 1 -1
=X tan"lx —=[1dx—= tan"lx
2 2 2

x? _ 1 1

="tan"1lx —=x—= tan" 1x+cC
2 2 2

= G tan‘lx) (x?+1) — %x +c
xi) [x3 tan~1x dx
SOLUTION:

[x3 .tan"tx dx

Here U —tan'lx V =x3

Using { = {J; dex—f[U [V dx] dx
= @x Cfx3 dx — [[(tan™! x)". [ x3 dx] dx

_ xt 1 x* 2 __
&%@an 1x'? B [1+x2 T] ax . :
< 2 [ n4
=X tan~lx — -2 X dx Lt \/x
4 4- 1+x2 +x%* 4+ x?2
4
X 2
—tan 1y —= (x —1 ) dx —X

4 +x= + 1

_x— —— — — —

=—tan"" x fx dx + = f1 f1+x2 x 1
x* 1x

—Ttan X —Z?-l- x——tan ly+¢
1 4 x3

:Z[JC tan x —?+x— tan X]+C

—1[(954—1) tan™'x — x—3+x]+c

1 x3
4[3{ tan x—?+x—tan x]—l—c

xii) [ x> cosx dx

SOLUTION:

[ x® cosx dxn

Here U=x3 , V =cosx

Using [UV =U.[Vdx— [[U.[Vdx]dx
=x3.[cosxdx — [[(x3)". [ cosx dx] dx

= x3.(sinx) — [[3x%.(sinx)] dx

= x> sinx — 3 [[x* sinx] dx

Using [UV=U [Vdx— [[U" [Vdx]dx

= x3 sinx — 3{x?. [sinxdx — [[(x?)". [ sinx dx] dx}
= x> sinx — 3{x“.(— cosx) — [[2x (— cosx) |}

= x> sinx + 3x? cosx — 6 [ xcosx dx

= x> sinx + 3x* cosx — 6{x [ cosx dx — [[(x)" [ cosx dx] dx}
= x3 sinx + 3x% cosx — 6{x sinx — [[1.sinx] dx}
= x3 sinx + 3x% cosx — 6{x sinx — [ sinx dx}
= x> sinx + 3x% cosx — 6{x sinx — (—cosx)}+c
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= x> sinx + 3x* cosx — 6x sinx — 6cosx + ¢
= (x> — 6x) sinx + (3x* —6) cosx + ¢

xiii) f sin~!x dx
SOLUTION:
[1.sin7'x dx

Here U=sin"'x , V=1
Using [UV=U.[Vdx— [[U".[Vdx]dx

=sin" x .[1dx— [|(sin"'x). [ 1dx]| dx
x‘ dx  skip

=sin"tx .x —f[ =
' Vi-x2°

= xsin"tx — _if(l — x%) 2(—2x) dx

~241

1 (1—-x2%) 2
= xsin~ ! x +—( ) F C
2 ——+1
1
1 (1-x2)2
= x i+ % -I— ( T ) +C

2

=xsin"lx +V1—x2+c

xiv) fx sin~!x dx
SOLUTION:
[x.sin"tx dx

Here U=sin"'x , V=x
Using [UV=U.[Vdx— [[U".[Vdx]dx

= sin" 1 x Jxdx—| [(Sin_1 x). [ x dx] dx

:sin‘lx.x;—--f[\/__x2 ]dx

X .

2 2 V1—x2 @
2 2

X . 1 1—x 1 1 1 x'
2 2 f dx 2 1 @

% sin1x 41 — 22 de ~a0R

=—sin"lx +- [VI-x @mdx+c
2

Using Va2 — x%dx = %sin E\/a2 —x2+c

a

x?.

_ i _1 1{1 i _1 JC 2} 1 = _1
— —sin — {=sin -vV1 — — = sin
—S % += 18 x+2\/ X : | x +

C
xe . 1 . _ X 1 . _
=Zsin"lx +=-sin"lx+=Vv1—x2—-=sin"1x+c
2 4 4 2
xe . 1 1\ . _ X
=—sin"'x +(———)sm lx+=v1—x%2+c
2 4 2 4
x% . _ q

i X
= —sin 1x—zsm 1:1c+2\/1—x?-+c
xv) [e*sinxcosx dx

SOLUTION:
Let I = [e*sinxcosx dx

Multiply and divide by 2

I'= %feXZSinxcosx dx

:% [ e* sin2x dx

Here U =sin2x , V =e”*
Using [UV=U.[Vdx— [[U".[Vdx]dx
[ =sin2x [ e* dx— [[(sin2x). [ e* dx| dx
I =sin2x e* — [[cos2x.2 .e* | dx
I =sin2x e* — 2 [ cos2x e* dx
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Using [U.V =U.[Vdx— [[U.][Vdx]dx

I = sin2x e* — 2{cos 2x [ e* dx — [[(cos2x). [ e* dx| dx }
[ =sin2xe* — 2{cos 2x e* — [(—sin2x) e* dx }

[ = e*sin2x —2cos2x e* —2 [ 2 sinx cosx e* dx
I = e*sin2x —2cos2x e¥ —4 [ sinx cosx e* dx
Put I= [e*sinxcosx dx

I = e*sin2x —2cos2x e* —41

5] = e* (sin2x — 2 cos 2x)

I = ?(sin 2X — 2C0S 2x)

XVvl) f X sinxcosx dx

SOLUTION:
[ x sinx cosx dx :% [x.2sinx cosx dx =

= [ x sin2x dx
2

Here U =x , V =sinZx
Using [UV =U.[Vdx— [[U.[Vdx]dx

= %[x.fsin 2x dx — [[(x)". [ sin 2x dx] dx]
e (227 a (22 o -

—lx c052x+—f cos 2x dx

1 1sin2x 1
=——x c052x+— - c:;[—-x COS 2x +
+ C

sin 2x‘ n

2sinx cosx
[—x COS 2X 4 ]

\Q@Zx + sin x cosx] +c = i[sinxcosx —

Xvii) f x cos®x dx

SOLUTION:

fx cos®x dx = fx_ 1+cos 2x

2
= %fx.(1+c032x) dxzif (x + x cos 2x) dx

1+C0S 2Xx

dx As cos®x =

1 x4

=§fx dx+%f xcos2x dx =~ —+- ~ [ x cos 2x dx

Here U=%" V = cos 2x
UsinngV U.[Vdx— [[U.[Vdx]dx

J cos2x dx — [[x. [ cos2x dx] dx]

+ - ~ [x
[x i 2 f[  sin Zx] dx]

1 |
2
1 sin 2x
-X. —fsm 2x dx
2 4
X

sin 2x 1 —cCcos?2x

x
4
x2
4
X2

_|_
+
= =+

4
._1(
4

SOLUTION:
| xsinx dx= [x.

1—-cos2x

4 4 2
1
+ xsin2x + ECOSZJC)-I—C

xViii) fx sin? x dx

1—cos2x ;
dx As sin®x =

2

= lfx.(l—cost) dlef (x — x cos 2x) dx

= = xdx—— X COS2x dx = Ly 1 X COS 2x dx
— | 2 2

2

Here U=x , V =cos2x

Using [UV=U.[Vdx—[[U.[Vdx]dx
xZ

— T_% [x.fCOSZx dx—f[x’.fCOSZxdx] dx|
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2

— x__l[x_smzx f[ S‘“Zx]dx] =x—+vV1—x2sin"lx +c

fz 21 . zzx ; Q.2: Evaluate the following integrals:
= —— -X. - = [ sin 2x dx

@ & 2 & i) ftan‘*x dx

X X sin 2x 1 CoS 2x
S + () +c

14 4 4 21 SOLUTION:
=7 (x2 — Xxsin2x — > COS Zx) C ftan“x dx
Xix) f( ]nx)z dx = ftanzx tan® x dx
SOLUTION: = [tan®*x (sec“x — 1) dx
f(lnx)z.ldx = [tan®x sec®*xdx — [(sec’x —1) dx
Here U= (Inx)? , V=1 :tmjx [ secxdx+ [1 dx
Using [UV =U.[Vdx— [[U.[Vdx]dx  tan®x
= (Inx)2. [ 1dx — [[((Inx)?)". [ 1 dx] dx =T @nxTx4c
= (lnx)*.x —f[Z(lnx)i.x] dx ii) fsec‘*x dx
=x(Inx)* —2[Inx dx SOLUTION:
=x(Inx)* —2[f (Inx).1 dx] [sec*x dx
Here U=Inx ,V =1 = [sec®x .sec’x dx
Using [UV =U.[Vdx— [[U.[Vdx]dx = [sec?x (1+ tan®x)dx
=x(Inx)* —2[Inx .[1dx— [[(Inx)". [ 1dx]dx] = [sec?x dx + [ sec?x tan®x dx
= x(Inx)* —2[lnx X —f[ix] dx] = tan x A Izaljx+c
=x(Inx)? —2[lnx .x — | 1dx] :tanx+§tan3x+c
=x(lnx)? —2[x lnx —x]+c _ .
=x(Inx)? —2x Inx +2x+c lv) ftan xsecx dx
=xIlnx (Inx—2)+2x+c SOLU
xx) [In(tanx) sec’x dx ftan @ dx
?OILE]TIO;V: oy x tan x secx dx

RLERL) SBCTX X Of(sec x — 1) tanxsecx dx
Here U =In(tanx) , V =secx 0 &%

’= [sec?xsecxtanx dx — [secxtanx dx
Using [UV =U.[Vdx— [[U'.[Vdx]dx %éﬂ@ f . J

In(tanx) . [ sec”x dx — ——sec X —secx + ¢
[[[In(tanx) |'. [ sec* x dx] dx

sec? x

= In(tanx). tanx—f[ — tanx] d&

=tanx.In(tanx) — [sec®x dx 2
=tanx.In(tanx) —tanx +

v) [ x3 e>* dx

Q SOLUTION:

& 3 59X

| x* e>* dx

Here Ug=8k3), V =¢>*

Using [UV =U.[Vdx— [[U.[Vdx]dx

(. sintx =3 '& fesx dx — f (x3)’ [ e>* dx] dx
xXXi) N dx
— & =x3 £ — [3x2 - ¢
SOLUTION A )
1 =itz L ) 2 5
P gy 3 e[ty 2] 2 e an
X 1 o Again inte gratmg by parts

Here U =sin""x , V=(1-x%) 2(—2x) =" - PY o' [ .5x
Using [UV =U.[Vdx— [[U.[Vdx]dx =X g Jedx— fl)-f o dal dd

o o e 3( e 45%
= —~{sin"lx [(1 - x?) "2 (=2x) dx — =x? ——z1x? 2 2x — dx

1
J [(sin‘1 x). f(1—x%)"z (—2x) dx] dx} = 3 ?_:_sz o 5% +%fx 25%
1 1
U | . ;’6(1—3;:2)‘5+ [ (1-x2) 2" dxl — Again integrating by parts
- -3+1 i-x? " -+ - — x3 £1_ 3425 {x [ e>* dx —
) 5 25
a2 —ne2¥2 ! 5X
— = sin~!x c i‘ )2 f 2 € ZJLC i dx J-[(X) .{xe dx dx} 5X 5X
2 I = I =x3 _Sxzesr y S € [1.27 gy

1 _— - 5 25 25 5 5
:—5{2 S11 x\/l—x — dX}: 3 i_i 2 5x_|_ 6 5y ifesxdx
—1{2 sin~!x V1 —x?% -2 f 1 dx} = egx 235 25 1(255 e5%
—sin" 'xvV1l—x24+ x4+ 5 25 125 125 5
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_ ﬂ(xz _342 .6, _i) 1 21 = —cosec x cotx + In|cosecx — cotx| + ¢4
; : 2 123 I = —=[ cotx cosec x — In|cosec x — cotx|] + =c¢
vi) [e™® sin2xdx T b
SOLUTION: I = —%:cotxcosecx—lnlcosecx—cotx: +c
Let I = [ sin2xe ™ dx TIT BIT-

Here U =sin2x ,V=e*
Using ([UV =U.[Vdx— [[U'.[Vdx]dx
[ =sin2x [e ™ dx — [[(sin2x)' [ e™ dx] dx
[ = sin2x _x f[(cost.Z)% dx
[ =—e*sin2x + 2 [ e ¥ cos2x dx

Again integrating by parts

[ = —e*sin 2x + 2{cos 2x fe"x dx — [[(cos2x) [e™™ dx | dx}
I = —e " sin2x + 2{(:05 2x - — f[( sin 2x. 2)— dx}
[ =—e *sin2x —2cos2x e™* —4 [ e *sin2x dx
] = —e™sin2x —2cos2x e ™ — 41 + ¢,
5] = —e ™ *sin2x — 2cos2x e ™ + ¢,
[ =—2cos2x e™* ——e *sin2x + 2

5 5 5
I = —Ee"f (cos2x +%e‘x sin2x) +c¢ wherec = C—;

vii) [e** cos3xdx

SOLUTION:

Let I = [e** cos3xdx
Here U =cos3x , V =e?*

Jab pure quadratic equation h aur us ka derivative b
majood na h t substituition s solve karty h aur
substitution m trigonometry functions hi let karty
lakin j ¢ s start hu w let nai karny nai t book answer
ni aye ga ut jin pure quadratic equation walay

qguestions Ki power% htun kap by parts integration
k method s b kar saktay h.

Q.3: Show that fe‘”‘ sin bx dx

1 b

= e’ sin(bx — tan™! (—) +C
V a? + b? a

SOLUTION:

Let I = [e% sinbxdx

Here U =sinbx , V =e%

Using [UV =U.[Vdx— [[U".[Vdx]dx

I =sinbx [ e dx — [[(sinbx)'. [ e** dx] dx

I—smbx——f[cosbx b.? dx

Using [UV =U.[Vdx— [[U.[Vdx]dx ] — smbxx e ——fcosbx 00X oy
!
[ = cos3x fz_fzx dx — [ [(cos3x) {xezx dx] dx Agm atmg by parts
I = cos 3x 82 f[( sin 3x.3) : ] Qg\{ — -—{cosbxfe“x dx —
Z2X ax
I = cos 3% 87 +%f[sin 3x e%*] dx Q{& ?OS bx) fe stxc] e o .
Again integrating by parts @ 1=sin be “E{COS bx—— | [_Sm B - b. T] dx}
{1.15 b
[ = COS 3x _|_ {Sln3x J'E,Zx dx — J’ (SIH3JC) J'E,Zx % [ = sin be -PCOS bx e** ——fSlIl bx e dx
2 e b b2 |
I = ¢os 3% T+E{sm3x f[cos 3%, 3 } ' Smbe s e — gl
2% ' e | e b ax
I:COSBxeT+%Sin3xe _ZIC X de I—I—al sin bx — Ichosbwce 4Gy
a’+b* b
2% [ =e% (sinbx= -—cosbx) + ¢
I = cos3x %+Zsin3xezx ( 3 )2 ( * @ ) "
5 28 3 = ;’bze (smbx——-—zcosbx) -——,
[ +-=1=cos3x —+-=sin3xe®** + ¢, e a a as+b
s % - 2 . o | = ——e*(a sinbx -bcosbx) +
—] = cos 3x F=sin3x e?* + ¢4 a?
4 2 4 C (A) where —— ¢ =c

4 g% 3 . 4
I = (cos3x + -sin3x) +—c;
13 2 2 13

4

2 : 8
| = Eez’f (cos 3x +sin 3x) + ¢ where 361 =

C
[ = %ezx(sin?)x + gcos 3x) +c

viii) [ cosec? xdx

SOLUTION.

Let I = [ cosec”x cosecx dx

Here U = cosecx , V = cosec? x

Using [UV =U.[Vdx— [[U.[Vdx]dx

= cosecx [ cosec?x dx — [[(cosecx)’. [ cosec? x dx]| dx

I = cosecx (—cotx) — [[(— cosecx cotx)(— cotx)] dx
I = —cosecx cotx — [ cosecx cot?x dx

I = —cosecx cotx — [ cosecx (cosec’x — 1) dx
| = —cosecx cotx — [cosec®xdx + [ cosecxdx

I = —cosecx cotx — I+ [cosecxdx

Let a=rcosf (1) , b=rsin6 (2)
Squaring and adding (1) and (2)
dividing (1) and (2)

a’+ b* =r*cos*0 + r*sin“6 rsmo _ 2
r cos 6 a
a* + b* = r*(cos* @ + sin” 8) tan g = g
a* + b* =r* = r =+ a?+b? than"l(g)
Now Put values in (A)
1 i . e o
| = ——e%(rcos@ sinbx -rsin6 cosbx) +c
I o ax : e
| = ——e%(cos6 sinbx -sinf cosbx) +
C (Take r common)
. J a2+b2 COC 7 :
[ = ———e®(sinbxcosf -cosbxsinf) +
C (Put value r)
_ ‘ aAX [ o _
| T e™(sin(bx — 8))c

Using sin(a — ) =sinacosf -cosasinf
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. _1 (b
| = —— % sin(bx — tan™?! (—) +c
V aZ+b2 a
b

Put 6 =tan™! (—

a

) have proved.

Q.4: Evaluate the following indefinate integrals:

i) [Va% —x%dx

SOLUTION:

Let 1= [Va%—x?.1dx

Here U =+Va?—x2,V =1

Using [UV =U.[Vdx— [[U.[Vdx]dx

I =vVa? — x? fldx—f[(\/az—xz)’.fldx] dx

—2X
| = ¥ig? —xz.x—f[waz_xz.x] dx
— 2 a2 —x*
I =xVa*>—x* - [ == dx
_ = - T
I=xva?—x%2— T dx
2
- 7 .2 [&=X
[=xVa* —x* - [ == dx+f\/a2 = dx
- T w2 7 w2 2
I=xva?—-x2— [Va? —x2dx+a f\/az—xz dx
Using f\/az_xz dx251n‘1x+c
[ =xVa%2—x2—1+a?sin” 1E+Cl
I+I:x\/a2—x2+azsin‘1§+cl
ZI:x\/az—x2+azsin‘1§+cl
2
——\/c:r,?-—x;~’+—sm‘1E =
2 a
2
=E\/a2—x2+%sin‘1§+c where = =c

SOLUTION:
Let I = f\/xz—az.ldx
Here U =Vx2%2 —a? ,

Using [U.V=U. dex‘éJ
I—-\/xz—azfldx—f[(x -

az).fldx] dx
= 2 _ A2 —_
[ =+vVx?—a?.x flszZ—az ]dx
xz

I=xVx*—a® - [ == dx

_ 5> (x’—a’+a’
[ =xVx?—a®— [ == dx

_ 5 5 xz_az B az
[=xVx?—a® - [ 7= dx — [ ;5= dx

- 2 _ g2 2 _ g2 — a2
[=xVx?—a?— [Vvx?—a?dx—a f\/xz—az dx
Using f\/xz—az dx = In|x + Vx%2 —a?| + ¢
[ =xVx%2—a?—1-a’ln|x +Vx2 —a?| + ¢,
[+1=xVx?—a?—a’ln|x +Vx? —a?| + ¢

2] = x Vx? — a?

2
I == Va2 —a? ——ln|x + Vx? — a?

a’ln|x + Vx? — a?| + ¢,

C1
4 =
2

2
[ == Vx2—a? ——n|x +Vx% - a?
C1

T iC

where C

iii) f\/4—5x2 dx

www.pakcity.org
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SOLUTION:

Let I = [V4—5x2.1dx

Here U=+v4—-5x2 ,V =1

Using [UV =U.[Vdx— [[U.[Vdx]dx

[ =Va—5x% [1dx— [ |(V&=5x7).[ 1dx| dx

2 —
| = V4 —5x2.x J‘LM 5x2 ]dx
T . Z .
I =xV4—5x f\/‘f} dx
. — > 4—5x2—4
I =xV4—5x f\/4 —
[ = x V& —5xZ — [425%2

f\/z} 5x2 dx+f\/4 52 Gk
[V4—5x2dx+4 ]
\/5(3"‘2)

] = xV4 —5x2 — dx

I =xV4—5x%2— [V&—5x2dx +— dx
f ‘/gf\/(i)z_xz
NG
— o=l &
Using f\/az_xz dx = sin™' =+
I:x\/4—5x2—1+%sin‘1(%)+c1
NG

—_ 2 i = | \/gx I

2] = xV4 —5x + Z=sin (2)1(:1

_Xx — > i . —1 [(V3X) |, €4
1—2\/4‘ X +\/§Sln ( )IZ

_ X 7 —Sx? 4+ Zgin-1 (V5 =
1—2\/4 5x? + Z=sin (2)+c where — =c

O&@}mt [ = f\/3 4x% .1dx

Here U=+V3—-4x%2,V =1
Using [UV =U.[Vdx— [[U.[Vdx]dx

[ =3 — 4x? fldx—f[(\/B—ész)!.fldx] dx

. [ 2 . —8X
| = V3 —4x2 .x J'[z\/g_ilxz.x] dx

2 ——5 [ —4x’

[ =xvV3—4x f\/3_4x2 dx

A — =735  3—4x>-3

[=xV3—4x?— [ —= dx

it ~ T o7 [ 3—4x7 3

[ =xV3—4x f\/3_4x2 dx f\/3_4x2 dx

I =xV3—4x2— [V3—4x?dx + 3 [ ——— dx

Ire=
I:x\/3—4x2—f\/3—4x2dx+%f[ — dx
EE
\ 2
— —1£

Using f\/az_xz dx =sin"'=+¢

[ =xV3—4x2—1+= sml(ﬁ)+cl
2
_ 2 -1

2] = x V3 —4x2% + = sm (\/_)+(:1

__ ¥ — 2 b —] 2X I Cq

—2\/3 4x +4Sln (ﬁ)l >
I:E\/3—4x2+zsin‘1(3}_€)+c where = =

V) fJxZ + 4 dx
SOLUTION:
Let 1= [Vx?+4.1dx
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Here U=+Vx?+4,V =1
Using [UV =U.[Vdx— [[U'.[Vdx]dx

[=VxZ+4 [ldx— [|(VaZ+4).[ 1dx| dx
[ =vVx%2+4. x—f[zxfif_.x] dx

- 2
[ =xVx2+4— f\/xz_er

xX?+4—4

VxZ+4

xX%+4
VaZ+4 \/m
=¥ Vx2+4—fo2+4dx+4fmdx

dx
dx + |

[=xVx?2+4—|

[=x Vx?+4— | dx

dx = In|x + Vx% + a?| + ¢

Using |

\/x2+a2
[ =xVx?+4—1+4ln|x +Vx? + 22| + ¢
[+1=xVx?+4+4n|x +Vx?+ 22|+ ¢,
21 = xVx? + 4 + 4ln|x + Vx? + 22| + ¢
Iz%x/x2+4+§ln|x+\/x2+22|+(;—1

[=>Vx2+4+2In|x +Vx2 + 22|+ ¢

c

vi) [x%e®™ dx

SOLUTION:

| x* e dx

Here U =x*, V =e¥

Using [UV =U.[Vdx— [[U'.[Vdx]dx

C1

where

=x? [e™ dx — [[(x?). [ e™ dx] dx
2 €7 e™

=x* —— [2x — dx

_ 28" 2 ax

=x* — a{fx e dx}

Again integrating by parts

, pdx 9 o 04X o aX
= X 1. @
a
2 g 2 ‘

= X4 — — —xe%™ +

a a?

e X 2
= x* ~x e ¥

a a

e

Take common —

—(2-ZE+2)+0
Q.5: Evaluate the following integrals:
. x (1
i) f[e*(;+Inx)dx
SOLUTION:
_ 1. x 1
= [e (1.lnx+x)dx

e af(x) + f'@)]dx = e¥f(x) + ¢
=—e* Inx+c
=—e*lnx+c
ii) [e*(cosx+ sinx)dx
SOLUTION:
= [e! *(1.sinx + cos x)dx
v [e™[a f(x)+ f'(x)]dx =e™f(x)+c
=el*sinx +c

eax

= e*sinx + ¢
1
iii) [e%* (a sec lx + ) dx
) f xv x%-1

www.pakcity.org
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[ e%* (asec‘lx f — )dx
XVX

v ofe™[af(x)+ f'(0)]dx = e®™f(x) +c

=e%secTlx+c
; 3x (3 sinx—cosx)
iv) [e o dx
SOLUTION:
3sinx COS X
= fe?’x( — - )dx
Sin- X sin
3 COS X
= fe3x( . ——— )dx
SInx S1In X.S1n x

= [ e3%(3 cosecx — cotx cosecx)dx
o[ e®™[a f(x)+ ff(x)]dx = e f(x) +c
= e>* cosecx + ¢

v) [e**(—sinx + 2 cosx)dx
SOLUTION:

= [ e**(2 cosx — sinx)dx

= [ e“*(2 cosx + (—sinx))dx
vofe™af(x)+ fl(x)]dx = e™f(x) +c
= e**cosx + ¢

SOLUTION

B x [1+x-1

- fe [(1+x)2] dx

1+Xx 1

o J- . [(1+x)2 (1+x)2] dx
_ A -

— ex @\ (1+JC)2‘ dx

1.

= <,

it) [e *(cosx — sinx)dx

SOLUTION:

= [ e *(—sinx + cosx)dx
= [e™ ! *(—1.sinx + cosx)dx

v Jeaf(x) + F(x)]ldx = e®f(x)+c
— emndsinx + ¢

— e *sinx +c

-1

em tan X

dx

viii) [
SOLUTION:

-1 1
s J’emtan X - dx
1+x
Put

y = tan‘ X
~ dx
14X

eMmy

:femydyzm}cz —+c

dy =

tan 1 x

UC) fl—smx
SOLUTION:

f 2X > 1+sSinx
1-sinx 1+sinx

J-Zx(l sin x) A = J-zx( 1 | sin x

- - ) dx
COoS* X COoS= X COSX COS X
= [ 2x(sec* x + tanx secx)dx = [ 2x sec*x dx —

| 2x tanx secx dx

Here U =2x , V =sec’x
tan x sec x

Using [UV =U.[Vdx— [[U.[Vdx]dx

[ 2x(1+sinx) .
dx _f 1-sin2 x dx =

and U =2x,V =
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= [2x tanx — [ 2(1) tanx dx] + [2x secx —

| 2(1) secx dx]

= 2x.tanx — 2In|secx| + 2x .secx — 2 In|secx +
tanx| + ¢

x) | (;E:)? dx
SOLUTION.:

=Je? iz—:;;] S

= [ e* [ ax
=Je* ;é:j)z (2-:x)2] -
- fex _zix (zjx)z] ax

[e[a f(x) + f'(x)]dx = e*f(x) + ¢
—eX.— + ¢
2+x

xi) J»( sinx) el

1-cosx

SOLUTION:

1-2 sinE cosE
_ X 2 2
= |e ax
f ( 2 sin2Z )
2
R 1 X
f 2 SIHE COSE d
— E’ X
2 sm2 2 sinzg

= [&%* ( coseczg—cot )d
= [e* (— cot5+5cosec 5) dx
Je™[af(x)+ f'(x)]ldx = e™f(x) +c

= g* (— cotg) ¢ =

X
—excotE C

Integration involving Partial 8 (@Q
Fraction @\Sg
If P(x),Q(x)are two polynomial functio x) #0
In rational fraction % can be factorli linear and

Quadratic (irreducible) factors then\tﬁ ional function is
written as as a sum of simpler rati functions, each of which
can be integrated by methods already known.

Here we discuss examples of the three cases of partial fraction
and then apply integrated.

Casel.

when Q (x)contain non — repeated linear factors.e. g;
P(x) A B

x—a)x+Dh) '

x+a x+b

—-X+6 A B C
Or = I I e.tc

(x—2)(x—-3)(x—4) x=2, x-3  Xx—4
Case2.

when Q (x)contain non repeated and repeates linear factors.
P(x) A B C
X—a)x+b? x—a x+b (x+Db)
2X A B C
(x—l)z(x+1): =(x—1)2+x+1e't'c
Case3.

When Q(x)contain non repeated irreducible quadratic
factors.

x—1

P(x) A Bx+C
(x+b)x2+¢c) x+b x%2+c

www.pakcity.org

?) 5x+8
O&dﬁig} (x+3)(2x— 1)

\)‘Solutlon |

www.pakcity.org
1 A Bx+C
(x—Dx2+1+2x) x—1 x2+1+2x

‘ Exercise 3.5

Evaluate the following integrals.
3x+1

1. dx

Q J.xz-;vc 6
3x+1

X2—x—6

Solution: | dx

Now
3x+1 A B

X2—x—6 x—3  X+2

= 3x+1=A(x+2)+ B(x—3) = (i)
Putx —3 =0= x = 3in(i)
33)+1=ACB+2)+B(0)=>54A=10=>A4 =2
Putx +2=0=x = -2 in(i)
3(-2)+1=A0)+B(—-2—-3)=>-5B=—-6+1

=>—5B = =5 = EiEN
3x +1 2 1
SO = |
X + 2

xX¢2—x—6 x—23
f d Zf 1 +f 1 d
= | — =
G\x—fi * x—3 Jx+2™

3x +1
21n|x—3|-l-ln|x+2|+c

5x+8
(x+3)(2x—1)

Now.
5x + 8 A B

(x+3)2x—1) x+3 2x—1
= Sx+8=A(2x—1) + B(x +3) - (i)
%in(i)
= 5(1)+8=A(0)+B(%+3)

N 5*;‘5’_3(”6) 7B =21=B = 3
Putx +3=0=x=-3in (i)
> 5(—3) + 8 = A(2(—3) — 1) + B(0)

= —154+8=-7A=>-7=-7A=>4=1
5x+8 1 3
2x—1

Put2x—1=0>=>x =

. (x+3)(2x-1) X+3

f X+ d—f1d+3f1d
x+3)2x—-1) "~ Jx+37 x—1

— In| +3|+3[ Sy

— 7| 2 —1%*
X8~ Infx 4 3]+ oln|2x — 1] 4

x+3)2x—1 - g ‘
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x2+3x-34

Q3. | dx

x2+42x-15
x%+3x-34

Solution: | — dx
o

50 f (1 T x2+2x-15) dx }
= [1dx + [ zx-19 x% + 2x — 15/ x2 + 3x_— 34

x-—-19x +2x—A15 ix2 + 2x F 15
s x2+2x-15 R %45 > (D) x —19
=>x—19=Ax +5)+B(x—3) = (ii): 2 + 2x — 15
put x —3 =0 = x = 3 in(ii) — x24+5x —3x —15
= 3—-19=A(3+5) + B(0) x(x+5)—3(x+5)
= —16 =84 =>4 = -2 (x —3)(x + 5)
put x +5=0= x = =5 in(ii)
= —-5—-19=A4(0)+B(—-5—-3) > —24 = -8B
= B =3

n x — 19 2 3
= — {
l x*+ 2x — 15 x—3 x+5
Thus,
2 -
S5 —dx = [ldx + [ —dx + [ —dx
=x—2In|lx —3|+3In|x+ 5| +c
(a—b)x
Q4. | T dx, (a > b)
. (a—b)x
Solution: [ o X
Now
(a—Db)x A B

(x—a)(x—b):x—a+x—b @Q
:,r(a—b)x—A(x—b)—l—B(x—a)

Thus
(a—b)x  a N —b
(x—a)(x—b) x—a x—bhb
(a—b)xd_fad J‘bd
(x —a)(x—b) T ) x=a™ x—b
= alnlx —al = bln|x — b| + c
Q. f —-—x-—6x2 . 2
w1 —x — 6x
Solution: [ _x_6x2 dx — ex? — x4 1
Now 3xQ2x+1)+12x+1)
3-x A B (2x +1)(1 — 3x)
1-x—6x2  2x+1 1-3x

=>3—x=A(1-3x)+BQ2x+1) - (i)

www.pakcity.org

0&632a—14(a+a)+8(0):Za—ZAsz—1

www.pakcity.org
~) + B(0))

16
Put1—3x—0=>1-—3x:>x——m(t)

5= Loaoan(2(h)+1)
8
~5

s (-3) = 4(1-3(-
=3 + > =A(1+5) . =
:Az%

9_1—B(z+3)=>8 S o3
3 3 B
So
3—x  7/5  8/5
1—x—6x2_2x+1'1—3x
'fl-—x—ﬁixzdx__f 2x+1
_T(_2 8J’ -3
“10) 2x+1 7 T 15) 1=3x
7 8
—Eln|2x+1|—§ln|1—3x|+6
Qﬁf
Solution: f 5 aZ dx
Now

B

x“—a*=(x—-—a)(x+a)

Q%ﬂ; E Aj(cx +a)+ B(x—a) - (i)

a=0=>x=ain (i)

Putx+a=0=>x=—ain (i)

= 2(—a) = A(0) + B(—a—a) = —2a = —2aB
> b =1

Qo ST o 1

x2—q? X—a Xx+a

2X 1 1
f 5 2dx=[ dx+f dx
X —a X—a X+ a

=In|lx —al+In|x+al|l+c
=In|(x—a)(x+a)| +c
= In|x? — a?| + ¢

1

1
Put2x+1=0=>x=—§in(i)

dx

Q. f 6x%+5x—4

Solution: | x2+5x —dx

Now 2w 6x2+5x—6
1 A | B = 6x2—3x+8x—4

(2x-1)(3x+4)  2x—1  3x+4 3x(2x — 1) +4(2x — 1)

> 1=AC@x+4) +BQ2x—1) - (i) ¥~ DE+D

Put2x —1 =0 = x = ~in(i)

=1=4(3(3)+4)+B0)=1=4(=)
=>3=—118=>B=—%

4
Put3x+4=0:>x=—§in(i)

=40 +5(2(-9)-1) = 1= ()

3
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3
>3=-11B=B =——
11
So
1 A B
(2x—1)(3x+4) 2x — 1 3x+4
1=ABx+4)+B2x—1) - (i)

1
Put2x—1=0=>x=§putin(i)

1 3
> 1=4(3(5)+4)=>1=4(5+4)
3+ 8 11
=$jl==14(: > )3=>]_==/1(7§{)=$14==

Put3x+4=0>=x = —%putin (1)

2

11

www.pakcity.org

:>1:A(O)+B(2(—§)—1)=>1:B(_ g

1 —
" 6x24+5x—4

= 2
6x%+5x—4

1 1
—Hln|2x—1|—ﬁln|3x+4|+c
B 11 2x — 1
T11

3x + 4
2x%—-3x%—x-7
dx
2x%4-3x-2

11
2x—-1
1

dx = —
11

So

1

11

3
3x+4

dx

2x—1

+ C

Q.8/
X
2x2 —3x—2J2x3 =3x2 —x—7
+2x3 + 3x?% F 2x
— 7

q\@o@

J‘Zx =3xt=x=7 __f

2x% —3x — 2 it Q@f — 3x — 2

=fxdx—
2x2 — 3x — 2
NOw
x—7 A B w2x% — 3x =2

(x—2)(2x+1) x—-2 | 2x+1 =2x*—4x+x =2
x—7=AQx+1)+B(x —2) - ((pP¥x—2)+1(x—-2))

SPutx—2=0=x=2in(i) *—-20Cx+1)

5

=>2—7:A(2(2)+1)+B(0)=>—5=5A=>A:—E:
A=-1
r
Put2x+1=0=>x=—§m(l)
1 y | —-1-14 —-1—4
=>—15=-5B=>B =3
So
X —7 B —1I 3
2x2—-3x—-2 x—2 2x+1
2x%—3x%—x—7 1 1
Thusf e dx:fxdxzfxfzdx——szxH
_F In| 2|+3f ‘4
- s 2 ) 1

O\
S

—1

dx

£§-\1¥efc 2)(x—3)
g\y\ \”f 3x4—12% + 11

www.pakcity.org
x2

3
7—ln|x—2| +§ln|2x+ 1] + ¢

3x%-12x+11 d
(x-1)(x—2)(x—3) x

3x%2—-12x+11
(Xx—1)(x—2{(x—3)

Q.9

Solution: |

Now
3x%2—-12x+11 A B C
e | wd | i
3x2 —12x+11=A(x—2)(x —3)+ B(x — 1)(x — 3)
+C(x—1)(x—-2) - ()
Putx —1=0=>x=11in (i)
=3(1)*-12(1)+11=A1 -2)(1-3) + B(0)
=3—12+11=A(-1)(-2)
=>2=24=>A=1
Putx—2 =0=x = 2in(i)
=3(2)2 = 12(2) + 11 = 4(0) + B(2 — 1)(2 - 3) + C(0)
=12 —-24+ 11 = —B
>—-1=—-B=>B=1
Putx—3=0=x=3in(i)
=3(3)*—-12(3)+11=A4(0)+B0)+CB—-1)(3 - 2)
= 3(9)—36+ 11 =C(2)(1)
= 27—36+11 = 2C
=22=20=>C0=1

3ﬁ=$x§11 _

C(0)

RS S

xX—1 X—2 xX—3

(x—Dx—2)(x - 3)

f 1 1 1

x—1dx+fx—2dx+fx—3

=In|lx —1|+In|x — 2|+ In|x — 3| + ¢
2x—1

dx

Qlo'f x(x—1)(x-3) dx
: 2x—1
Solution: | Do X
Now
2x — 1 A B C

x(x—l)(x—B):x : x—1+x—3

2x—1=Ax—-1)(x—3)+ B(x)(x — 3)
+C(x)(x—1) = (i)
Putx = 0 in (i)
200—1=A(0—-1)(0—3)+ B(0)(C(0)

= —-1=A4(-1)(—3)=>—-1=34=> A4 = —%
Putx —1=0=>x=11in (i)
=2(1)—1=A4(0)+B(1)(1—=3)+ C(0)

1
=>1:B(—2):>B=—§

Putx —3=0=>x=3in (i)
= 2(3) =1 =A4(0) + B(0) + C(3)(3— 1)
=>5=6C=:>C=E

6
So
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2x —1 __1. -1 | 5
x(x—1)(x—-3) 3x 2(x—1) 6(x—23)
2x —1 1 1 5
xx—1Dx—-3) 3x 2x—1)  6(x-3)

f x—1 p
xx—Dx-3)"
1 1d 1f 1 5[ 1
=3 X" 2)x—176) x-3

1 1 5
= ——=In|x|+=In|lx — 1| +=In|x — 3| + ¢

3 2 6
5x%2+9x+6

Q.11 (x2-1)(2x+3) ax

. 5x%+9x+6
Solution: [ D3 dx
Now

5x2+9x+ 6 B 5x%4+9x+ 6

(x2—-1)2x+3) x—-—Dkx+1)2x+3)
A B C
~ X —1 x¥1'2x¥3

5x2+9x+6=Ax+1)2x+3)+B(x—-1D(2x +3)
+C(x+1)(x—1)
Putx +1=0= x = —1 in(i)
5(=1)*+9(—1) +6
=A0)+B(-1-1)2(—-1)+3)+C(0)
=5—-94+6=B(-2)(1)
> 2=—2B=B =-1
Putx —1=0>=x =1 in(i)
= 5(1)2 +9(1) + 6

= A(1+1)(2(1) +3) + B(0) + C(0 @Q
=>54+94+6=A4(2)(5) = 20 = 1410=>A@Jg

3
Put2x+3=0=>x=—=in (i) O
2 Q

= A(0) +B(Qg§5

5(3)+(-7)re=c(=%

)=

45—54+24_C
4 4
= 15=5C==23
5x2+9x+ 6 B 5x* +9x+ 6
(x2-1)2x+3) ((x—-1Dkx+1)(2x+3)
2 , —1 3
x—1 x+1 2x+3

5x2+9x+6

f (x%-1)(2x+3)

dx—Zf—dx 1f—dx+ [

2 2x+3

3
= 2In|x — 1| — In|x + 1] +§|2x+3| + c
44+7x
Q12.J (1+x)2(2+3x) -
Solution:

www.pakcity.org
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f 4 + 7x J
(1+ x)%(2 + 3x) *
Now
4+ 7x A B C

(1+x)2(2—|—3x)_1+x+(1+x)2+2x—|—3
=>44+7x=A1+x)2x+ 3)+ B(2x + 3)
+C(1+x)* - (i)

Put 1+x=0=>x=-1in (i)
=4+4+7(-1)=A4(0)+B(—-2+3) + C(0)
> —-3=B>=>B=-3

2

Put2+3x:0:>x=—§in(i)

2 2\ 2
4+7(—§)=A(0)+B(0)+C(1—§)
. 14_6(3—2)2
3 3
12—14_C(1)

3 \9
: 1(: 2><9 C=C 6
> —===(0 32 —=X=—=0=>(=—
3 9 1
From (i)

4+ 7x = A2+ 3x + 2x + 3x%) + 2B + 3Bx
\ + C(1 + 2x + x?)
:44%(%—2A+5Ax+3x2A+23+3Bx+c
+2Cx+cx

o {”{dénuatmg coefficient of x?

0=34+4+C=>34A=—-C = 34 =—(—6)
6

=>3A:6=>A=§=2=>A:2
So,
4 + 7x B 2 " 3 6
(1+x)2(2+3x) 1+x (1+x)?2 2x+3
4 +7x 1 o\ o
(1+x)2(2+3x)dx:2f1 Jft::lx+3f(1+x) dx+3f2+3xdx
3(1+x)~1
= 2In|1 + x| 4 — —2In|2 4+ 3x| + ¢
3
In|1 + x| — —1In|2 + 3x|* + ¢
1+ x
2
Q13f(x-—1)2(x+1) dx
Solution:
Now
2x° A B C

G—12x+1D) -1 x=-12 x+1
=52x’ = Alx—1D(x+ 1) +B(x+1)+C(x —1)?
Putx —1=0=>x =1in(i)

= 2(1)* = A4(0) + B(1+ 1) + C(0)
> 2=2B=h8=1
Putx+1=0=>x=-1in (i)
= 2(—=1)? = A(0) + B(0) + C(—1 — 1)?
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1
2=4C = C = >
From (i)
2x* =A(x*—1)+Bx+ B+ C(x*+1—2x)
=2x° =Ax* —A+Bx+ B+ Cx*+ C — 2Cx
Equating coefficients of x*, we have

22 =A+C=2=A+-2A=2—-

3
ﬁAZE
So,
2x2 321 1/2
G—12(x+D) (-1 =12 Gx+1D
2x?

(x—142(x+1) dx

3¢ 1 . 1[0 1
=Efx dx+j(x—1) 2dx+§fx+1dx
—-31| 1|+(x_1) In|x + 1| +
—an 3 2nx C
1
= —] —1 —] 1
anx | x_1+2n|x+ | + ¢
Q14 s
1
Solution: | Doz 4%
Now
1 A B C
x—Dx+12 x—1 x+1 (x+1)2

21=Ax+1)*+Bx—-1Dx+1)+Clx—-1) - (i

Putx—1=0=>x=1 in (i) %S\@

@

1=A(1+1)2=>1—4A=>A—

Putx+1=0=>x=—-1in (i)
1=C(—1-1) K

From (i)
>1=Ax*+2x+1)+B(x*—-1)+Cx—-C
>1=Ax*+24Ax+A+Bx*—B+Cx—C

Equating coef ficient of x*, we have

1 1
1 _ 4 -y 1)
(x—l)(x+1)2_x—1 x4+ 1 (x + 1)2
1 10 1 110 1 1 .
f(x—1)(x+1)2dx_2fx—1dx_5fx+ x——](x+1) dx
_4nx P 2 -1
1
= {zInlx = 1| = ZIn|x +1 o
{4n|x | —ZInlx + |}+2(x+1)
xX+4
Q'lsfx3-3x2+4dx
. X+4
Solution: | =——=—dx
Now
v x3—3x24+4=x3+x2—4x2+4

www.pakcity.org
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=x*(x+1) —1(x* —1)
=x*(x+1)—4(x—-1D(x+1)
= (x + 1D(x* — 4x + 4)

> x> —3x°+4=(x+1)(x—2)?
Now
X+ 4 A B C
32244 x+1 +(x—2)2
>x+4=Ax—-2)*+B(x+1(x—-2)+C(x+1)
- (1)

Putx+1=0=x=—-1in(i)
= —1+4=A4(-1-2)*+ B(0) + C(0)

1
=>3=9A$A=§

Putx —2=0=>x=2in (i
=24+4=A400)+B(0)+C(2+1)
=6=3C=26=2

From (i)
x+4=A(x*—4x+4)+B(x*—-2x+x —2)
+Cx + C
> x+4 = Ax* —4Ax + 4A + Bx* — Bx — 2B
+iGx+ G
Equating coefficients of x*
1 1
A+B=>0==+B=>B=—=
@@r ; ;
X+ 4 +—1/3 2
@\@\ —3x2+4 x+1 (x — 2)2
x+4 ~
f 3x2+4dx:§fx x—— f(x 2) %dx
—11 lx + 1| 11 | 2|+2(x_2) .
3nx 3nx 7 - C
—1l|+1| 1l| 2| - +
—3nx 3nx — C
1 Z
=§{1n|x+1|—ln|x—2|} _2+c
x3—6x%+25
aie. | (0 1)2(x~2)? ax
Solution:
= —eX 25 A .\ B - D
(x+1)2(x—-2)2 x+1 (x+1)2 (x — 2) C(x = 2)2
x> — 6x% + 25

= A(x + 1)(x — 2)? + B(x — 2)?
+Cx+1)*(x—2)+D(x+1)* -
Putx+1=0=>x=-1in (i)
= (—1)° —6(—1)% + 25
= A(0) + B(—1—-2)*+C(0) + D(0)
—1—-6+25=9B
OB=18=> B = 2
Putx—2=0=x=2in (i)
= (2)° —-6(2)*+25=D(2 + 1)
= 8—24+25=9D
9=9D =D =1

(1)

From (i)
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www.pakcity.org

x> —6x°+25=A(x+1)(x*—4x+4) + B(x* — 4x + 4)
+C(x*+1+4+2x)(x—2)+D(x* + 1+ 2x)

= A(x> — 4x62 + 4x + x62 — 4x + 4) + Bx?> — 4Bx + 4B
+C(x3 —2x°+x—2+2x%—4x) + Dx* + D + 2Dx

= Ax3 — 3Ax* + 4A + Bx* —4Bx + 4B + Cx?
—3Cx +Dx*+ D + 2Dx
Equating coefficients of x3 and x?2

FOr x3

1=A+4+C - (ii)
SA+ B+ D
—6=—-34+2+1

—6—3=-34=>-9=-34= A4 =3putin (ii)

1=34+C=>C=1—-3=-2=>C=-2
x> — 6x° + 25 3 2 2 1
x+1D2(x—-2)2 x+1 x+1)? (x=2) (x-2)2
x3—-6x%+25

— 6

For x?2

f(x-i—l)z(x—-Z)z dx
:BIX_T_1dx+2f(x+1)‘2dx—2fxi2dx+f(x—2)‘2dx
(x+ 1)1 (x —2)1
=3Iln|lx+ 1| + 2 — — 2In|x — 2| + — +C
:3ln|x+1|—xzﬁ—zmlx—ZI—x_2+C
x3+22x%+14x-17
Q17— G X
Solution:
x3 + 22x% + 14x — 17
(x—3)(x+2)3
B A | B | C | D
T x—-3 x+2 (x+2)?2 (x+2)3

=x3 +22x% 4+ 14x — 17 = A(x + 2)° + B(x —
x+2)+C(x—3)(x+2)+D(x—3) - (i) %S
Putx—3=0=x=3in (i) f\@
> (3) +22(3)2 + 14(3) — 17 = A %@53
= 27 + 198 + 42 — 17 =125A Pt
= 250 = 1254 = A =
Putx+2=0-
:>(—2)3+22(—2)2+14(§ )—17 = D(-2 - 3)
—-8+88—-28—-17=-5D = 35 =-5D
D= -7

From (i)
x>+ 22x% + 14x — 17
= A[x> +6x*+12x+ 8]+ B(2 —3)(x* + 4x + 4)
+C(x*+2x—3x—6)+ Dx — 3D
= Ax3 + 64x°* + 124x + 84
+ B(x> + 4x% + 4x — 3x* — 12x — 12)
+ Cx*—Cx —6¢c + Dx — 3D
Equating coefficients of x*and x>
Forx3:1=A+B=>1=2+B=B=-1
Forx*, 22=6A+B+C=>22=6(12)—-1+C
>(0=22-124+1=11=C =11

So
x3 4+ 22x% 4 14x — 17

(x —3)(x+2)°
2 1 11 7

" x—3 x+2 (x+2)? (x+2)3

( @Q\)

www.pakcity.org
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x3 4 22x% +14x — 17
(x—3)(x+2)3

dx + f(x + 2)%dx — 7 f(x + 2)3dx

(x +2)71 y (x + 2)72 |

1 ) r C
11 7 1

x+2 2(x+2)2

dx

fl

x+3

=2fxi3 f

=2In|x - 3| —In|x + 2| + 11

= 2In|x — 3| — In|x + 2| - C

x—2
Q18] (x+1)(x2+1) dx

Solution:

x— 2 A Bx + C
(x+1)(x2—l—1)_x+1+x2—l—1
>x—2=Ax*+1D)+Bx+C)(x+1) - (i)
Putx+1=0=x=-1in(i)
= -1-2=A((-12+1)

3

—3=24=>A=-=
2

From (i)
=>x—2=Ax*’+A+Bx*+Bx+Cx+C

Equating coefficients of x* and x

3
0=A+B=0= 2:

3
Forx;1=B+C=>1=§+C

B =B =

Oy C=1-2=—toC=—-
Q{j _ 2_ g R 2
©
S s 1
</ X — 2 :—3/2+2x 2
(x+1Dx?*+1) x+1 x%2+1
X — 2 d — 3 1 p 1 3x—1d
(x+1D(x%+1) x__ffx+1 x+§fx2+1 X
=2 +1|+1f sy 1[ ~
~ T 2) 2 +1 0 T2 21
= 31 | +1|+3 In|x? + 1] tan~?
= 2n;vc 2.2nx 2an X
= 31 | +'|+31 |x% + 1] 1t “1x +
— an ! 4nx > an~ - x +c
X
Q19 f oty
. X
Solution: | DD dx
Now
X A IBx+C

(x—Dx2+1) x—1 x2+1
>x=Ax*+1D)+Bx+C)(x—-1) - (i)
Putx —1=0=x =1 in(i)
>1=A(D*+ 1)

2 1
= A = =
2

From (i)
=>x =Ax*+A+Bx*—Bx+Cx—C
Equating coefficients of x“and x we have
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www.pakcity.org

1 1
=>0=A+B=>0=—+B:B=—E

2
1
For x; 1=—B+C=>1=—( 2)

1+C 1 ! C=>C
— g = | —— = = =
2 2

For x?

)

C

q 1
— _
2
So,

1 1

1/2 —3x+5

x—1
1

x —
(x—1)(x2+1)
x—1

2 2
f(x—l))(cx2+1)dx 1,[
1f2x—2

x2 +1
1fx—1
2
_ —1] = =
il —1l=7 ) g™
1 2X 1
f dx +

_I_

dx

dx_f x% + !
n} 1] f ! d
g " 4) 241072 2 1™
1 1 1
—lnlx—l\—zln\xz+1\+—tan‘1x+c

2 o 2
X—7
Q20 | ez 4™

9x—-7
Solution: [ PR I

x2

dx

Now
Ox — 7 3
(x+3)(x*+1)
5 9x—-7=Ax*+1)+ (Bx + C)(x -
Putx + 3 =0=x = -3 in (i)
= 9(=3) -7 =A((-3)?+1)

—27—7=10A=> -34=10A=> A =

. 17
>A=——
5

A IBx-l—C

x+3 x2+1
-3) = (1)

34
10

A

From (1)
9x — 7 = Ax* +A+Bx +SBx+
Equating coefficients of x> and x

=7
Forx? =0=A+B=0= B::»B:?
51
andforx;3B+C=9=>3( C=9=2+C=9
(g S1_45-51 6
B 5 5 -5
S0
17 6
Ox — 7 _—17/5 TX7F
(x+3)(x2+1) x+3 x%+ 1
f OxX—=7 d
(x+3)(x%+1) -t
17 1 p +17J’ X p 6 1 4
e X N Y — — X
5 + 3 5] x*+1 5) x2+1
) 171 17 b
= 12 n|x + |+1On|x + 1| ctan™x +
+4Xx
Q21.J (x—3)(x2+4) dx
. 1+4x
Solution: [ = 3)+(x2+  dx
Now
1+ 4x B A Bx +C
(x—3)(x2——4)_x—3+x2+4

>1+4x=Ax*+4)+ (Bx+O)(x—3) - (i)
Putx—3=0=x=3in (i
1+43)=4(3)*+4)+B(3) +C(0)

www.pakcity.org
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=513 =409+4)=>13=134A=>A4=1
From (i)
1+4x = Ax?* +4a + Bx* —3Bx + Cx — 3C
Equating Coefficients of x* and x
=>0=A+B forx?*
0=1+B=B=-1

5>4=-3B+(C=>4—-3=C=>C=1
So
1+ 4x 1 I(—)x+1
(x—3)(x2+4) x—-3 x2+4
1+ 4x
f G- +4
1 X 1
=fx_3dx—fx2+4dx+fx2+4dx

— In|x — 3| lfzxd+f1d
— X 2| x2 x4 2 +4"
= In|x — 3] 1\2+4\+1t 44
= In|x Zx 2an 5 c
Q.22
J’ 12 J
x3+8 ¥
Solution:

12 e 43 13 _ 2 2
fx3+8dx ca>—b>=(a+b)(a*—ab+ b*)
Now

Bx + C
<(J\x3+8 X+ 2 x2 2x + 4

—A(x —2x+4)+Bx+C)(x+2) = (i)
&\IIDX-FZ—O:}JC—'—ZULO)
{81224 +4+4)=12=124=4=1
From (i)
12= Ax* — 2Ax + 4A + Bx* + 2Bx + Cx + 2C
Equating coefficients of x* and x we have
forx? ; 0=A+B=0=1+B=B=-1

forx; 0=-2(1)+2(-1)+C=0=-2-2+4C
=C =4

So
12 1 —x+4
x3+8 x+2 x2—-2x+4
flzd"fldfx_4d
x3+ 8 * = X+ 2 X x%2 —2x +4 X
_f 1 P 1] 2x — 8
= 2™ T2 22—z 14
— Inlx + 2| 1] 2X—2—06
- x 2 ) x2 =2x+ 4
= In|x +2 1] e d+6f —;
- 2 ) x2—2x+4 X 2) x4 —2x+ 4 X
1

dx

1
=In|x + 2| —=In|x? — 2x + 4] + 3

> f

1
:1n\x+2|—§ln\x2—2x+4\+3f

x¢2—2x+1+3

d
(x—1)2++3 ’

= In|x + 2| — =In|x? — 2x + 4] G tan =™ (x— 1) C
s AL
x_
zln\x+2|——ln\x2—2x+4\+\/§tan‘1( ) ol
2 V3
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Q23 J-9x+6
Solution:
9x% + 6
fx3—8 X
Now
9x* +6 9x“ + 6 A . Bx +C
x3 — 8 (x—2)(x2+2x+4) T x—2 x2+2x+4

>9x+6=Ax>+2x+4)+ Bx+C)(x —2) - (i)
Put=x—-2=0=x=2in (i)

9(2) + 6 = A[(2)* + 2(x) + 4] + B(2) + C(0)
=24 =12A=> A =2
From (i)

Ox + 6 = Ax? + 2Ax + 4A + Bx? — 2Bx + Cx — 2C
Equating coefficient of x* and x
Forx:0=A+B=>0=2+B=B=-2

FOrx;9=2A—-2B+(C=9=212)—-2(-2)+C

=>9=44+44+(C=>9-8=C=>C=1
SO
—2x+1

9x“ + 6 2
(x—2)(x24+2x+4) x—2 x24+2x+4
2% — 1

f9x2+6d _Zf 1 2 f 4
3-8 = x—2 = X2+ 2x+4a
2[ 1 P f2x+2—2—1d

X — 2 X x%2 +2x + 4 X

—2f1d f2x+2d+3f 1 P
- 27" ez x2x+a ™ o

= 2In|x — 2| — In|x? + 2x + 4]

2Infx — 2| — Inlx? + 2x + 4] + =t —1(“1 G
nlx — 2| —In|x X —tan
V3 V3
21n|x—2|—1n\x2+2x+4|+\/§tan,<1~f€i\, - C

2x%+5x+3 \

Q[ Ziar
2x%+5x+3

Solution: [ D22 0) dx K
Now

2x*+5x+3 A B Cx + D

(x—l)z(x2+4)_x—1+(x—1)2+xz——4
=22x+5x+3=Ax—-1Dx*+4)+B(x*+4) +
(Cx+D)(x —1)* > (i)

Putx —1=0=>x=1in (i)
=22(1)*+5(1)+3=B(1+4)
24+54+3=5B=>10=5B=>B =2
From (i)
2x% + 5x

3=A(x>+4x —x*—4)+ Bx* + 4B
+ (Cx+D)(x?* + 1+ 2x)
Ax3 + 4Ax — Ax* —4A + Bx* + 4B + Cx3 + Cx
— 2Cx* + Dx* + D — 2Dx
Equating coef ficient of x3,x* and x we get
Forx® 20=A4A+C = C = -4 - (ii)
Forx?:2=—A+4+B—-2C+ D
PutB=2and C = —A
2=—A+2—-2(-A)+ D

-—3[ : 5 dx
(x+1)2+(\/_) @
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>2—2=—A4+2A+D=>0=A+D
= D = —A - (iii)
Forx;5=4A+ C — 2D putC =—Aand D = —A
=>5=44A—-—A - 2(—A)
5=344+2A=>5=54A=>A=1
So (ii))=C = —1and (iii) > D = —1

Thus
2x*+5x+3 1 2 (-Dxz1
x—12(x%2+4) x—-1 (x-12 x2+4
2x*+5x+3 _r 1 N2 [ X
| D20 D) dx = | — dx + 2 [(x-1) fx2+4 dx

—f1d+zf( 1)-2d fx d fl d
= ) 1 - o X2 + 4% W L

. -1
:1n|x—1|:2(x_11) %fxzzx x—f(x)er(Z)z
2 1 1 . x
=ln|x—1|—x_1—zln|x +4|—Etan §+c
Q25.
2x% —x—17
(x+2)2(x2+x-|-1)dx
Solution:
2x% —x—17 A B - Cx+D
(x+2)2(x2+x+1)_x+2+(x+2)2'x2+x+1

= 2X —7=Ax+2)(x*+x+1)
QQ\ +B(x*+x+ 1)+ (Cx + D)(x + 2)*
Putx+2=0=>x=-—2
O
2\1@;2( 2)—2(—2)—-7=B((-2)*+ (-2)+ 1)
=>8+2—-—7=BA4—-2+1)
=>3=3B=>B=1

From (i)
2x%—x -7 =A> +x*+x+2x*>+2) + Bx? + Bx
+ B+ C(Cx + D)(x* + 4x + 4)
= Ax> + 3Ax* + 3A+ Bx* + Bx + B + Cx> + 4Cx*
+ 4Cx + Dx“ + 4Dx + 4D
Equating coefficients of x>, x* and x
forx3;, 2+3A+B+4C+D
PutB =1, C = —A - (ii)
Forx?; 2=34A+B+4C+D>2—-1=—-A+D
=D =A+1 - (iii)
Forx; —1=3A+B+4C + 4D
PutB=1,C=-A,D=A+1
—1=34+1—-4A+44A+ 4
—1—-1—-4=34A=>-6=34A=>A4=-2
So(ii)=C =2 and (iii) > B =-1
Thus,
2x% —x —7 —2 1 |
(x+2)2(xz‘+x+1)_:»c+2+(9c+2)21

f 2x%—x—7 do

(x+2)2(x%+x+1)

2x —1
x**+x+1

zf L +f( +2)2d +f2x+1_2d
X+ 2 * . * x?+x+1 X

(x+2)_1'f 2x + 1 P Zf 1 3
—1 ) x4+ x+1 o x2+x+1 *

= —21n|x + 2|
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= —2Iln|x + 2| :ln|x2+x+1|—2f
X+ 2 2 1 3
;x+x+4 )
1
= —2In|x + 2| 2+ln\x2+x+1\—zf 7 de
xT P2t gty
1
—2In|x + 2| x+2+ln|x2+x+1|—2f n 7 >
1 3
(x+3) +(7)
1
2 (x+3)
= 2ln|x+ 2 Inlx*+x+1| ——tan™1 +c
| | X+ 2 | ‘ ﬂ ﬁ
Z 2
1 4 _ 2x+1
=—Zln|x+2|—m+ln\x3+x+1\—ﬁtan 1(3;)+c
3x+1
Q26] (4x%2+1)(x%—x+1) o
i 3x+1
Solution: | Do
3x+1 Ax + B " Cx+ D
C@x2+1D(x2—-x+1) 4x2+1 (x2—x+1)

=3x+1=Ux+B)(x*—x+1)+ (Cx+D)(4x* + 1)
3x +1 =Ax3 — Ax* + Ax + Bx* — Bx + B + 4Cx3

+ Cx + 4Dx* + D
Equating coefficients of x>, x%, x and constants terms.

Forx®: 0 =A +4C - (i)

For x*;0 = —A+ B + 4D - (ii)
forx;3=A+ B+ C — (iii)

For constant term ;1 =B + D - (iv)

From (i) A= —4C and (iv) > B =1-D
Put in (ii)and (iii)
>0=—(—4C)+(1—D)+4Dand3=—-4C—(1—-D) +C
0=4C+14+4D 3 =—-4C—-1+D+C

N
0=4C+3D+1-(v) 0=-3C+D ﬁ@b@
= D = 3C + 4 put in (iv) @
-0 =4C +3(3C +4) + 1
0=4C+3(3C+4)+1

As A = —4C =2 A = —4(=
AsD =3C+4=>D=3(-1)+4=-3+4
=>D=1
AsB=1—-D=1-1=0=>B=0
Thus
4x + 0

:4x2+1

3x+1

(4x? +1)(x? —x + 1)
3x +1 _1 8x

(4x2+1)(x2—x+1) 24x2+1
3x + 1 L[ 8x 1 2x-2

(4x2+ D(x2—x+ 1) x_§]4x3+1 Efxz—x+1 *

1 1 2x—1-1
=—ln|4x2+1|——j > dx
x¢—x+ 1

2 2

il i 2x — 1 1
_1n|x2+1|——f

1
dx+—f
2 2) x*—x+1 2) x4 —x+1

_1f 1
. 2—x—l—l

X )

(—Dx +1
T (x? —x+1)
(—D(x—1)
x?—x+1

dx

1 1
= —In|4x* + 1| —Elnlx2 —x + 1]

2

3
7
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1 , 1 , 1[ 1
2 2 2 112 (\/g)3
s

=—=Inl4x“+ 1| —=ln|x*—x+ 1| +
(x=32) -

1
1 1 1 1 ) (x—g)
_Eln|4x2+1|_§ln|x2_x+1l+§'Em 1 ﬁ +c
2 2
1! 14x% + 1| 11 | x? + 1| ! t 1(2x_1)+
—In|4x —=Inlx* —x | an C
2 2 V3 V3
4x+1
Q27.J (x2+4)(x2+4x+5) ¥
Solution:
4x + 1
[ dx
(x% +4)(x? + 4x + 5)
5 4x + 1 _Ax+B] Cx+ D
" (x24+4)(x2+4x+5) x2+4 x24+4x+5

=>4x+1=Ax+B)(x*+4x+5)+ (Cx + D)(x* + 4)
= 4x + 1 = Ax3 + 4Ax? + 5Ax + Bx* + 4Bx
+ 5B + Cx3 + 4cx + Dx? + 4D
Equating coefficients of x3, x% , x and constant term.
Putx3;0=A4+C - (i)
forx%;0 =4A+ B + D - (ii)
forx;4 =5A+ 4B + 4C — (iiii)
For con(st ntterml = 5B + 4D — (iv)
Fro %A——Cand (iv) >5B =1—4D

- 1—4D ¢ in (il)and (iid)

o = put in (ii)and (iii

A8 5
so(1£)=>0—4—( C)+ - +Dand(iii)=>4:5(—C)+4(T)+4C
= (0 =—4C 4 1_54D FD = 20=-25C+4—16D + 20C
0=-20C+1—-—4D+5D = 16D =-5C+4—-20

—56 — 16 |
=>0==—20C+D+1 =D-= T > (Vi)
=D =20C—-1 - (v)
~5C—16

By (v)and (vi) = 20C — 1 =

16
= 320C — 16 = -5C —-16 = 320C +5C =0
= 3200 =0=2C=0
As a=—-—-C>=>A=0

AsD=20C—1=D=20000—1=D = —1
- 1 —4D . 1—4(-1) 5 .
= — — e~
> 5 5 3
B=1
So
4x + 1 _0x+1+0x+(—1)
(x2 +4)(x2+4x+5) x2+4 x2+4x+5
4x + 1

(x%+4)(x? +4x + 5)

_.f ! J
) x2+4 *

1
d S
x fx2+4x+4+1

1

__t ""'1__ d
2 f(x—2)2+(1)2 *
—1t -12 tan 1 (x — 2) +
-—-2 dal ) daln X C
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6a*

Qz8. | (x%+a?)(x%+4a?) ax
B 6a* Ax+B Lx <+ 1D
C(x2+a?)(x2 +4a?) x2+4+a?  x2+ 4q?

= 6a* = (Ax + B)(x* + 4a*) + (Cx + D)(x* + a*%)
= 6a* = Ax® + 4a*Ax + Bx* + 4Ba* + Cx?
+ Ca’x + Dx* + Da?
Equating coefficients of x> + x*, x and constants term.
Putx>:0=A4A+C - (i)
for x%;0 =B + D - (ii)
forx;0 =4a*A+ a*C = 0= (44 + C)a*
= 44 + C - (iiii)
For constantterm 1 = 5B + 4D — (iv)
From (i) > A= —C and (iv) = B = —D
Put in (iii) and (iv)so
(iii))4(—C)+ C=0=>—-4C+c=0>-3C=0

= C =0
(iv)4(-=D)+D=6=>—-4D+d = -3D =6
D= -2
AsA=—C =2A4A=0~C=0
AsB=-D=>B=—(-2)=B=2+D=-2
So
6a° C 0x+2  0x+(=2)
(x2 + a?)(x2 + 4a?) x2+a? x2+ 4a?
1
f(x2+a2)(x2+4a2)dxzzfx2+a2dx_2fx2+(2a)2dx
=ztan'1£—ltan'1 Al N
, ) a1 ax a 2a %S@
=Etan 1;:}31';171 1—a‘|‘C @@
Q'2'9'f(:c4+3t:2+1)(;vcz—x+1) dx &
Solution:
2x% — 2 Cx -+ D
f(x2+x2+1)(x2—x+1)\§c\2+x+1 c=x+1

2x*—2=(Ax+B)(x*—x+ 1)+ (Cx + D)(x* +x+1)
= Ax3 — Ax?* + Ax + Bx* —Bx+ B+ Cx3+ Cx* + Cx
+Dx*+Dx+ D
Equating coefficients of x3, x*, x and constant term.
forx3 0=A+C - (i)
forx>;0=A—B+C + D - (ii)
forx;2 = —A+B+C+ D - (iii)
for constant term; —2=—-A+C — 2
> 24+2=—A4+C=>-A+C=4- (v)
PutA+C = 0in(ii) = 0= —B + D — (vi)
Now by (i)+ (v) =2C=4=>C =2
aSA+C=0=2A4A4+2=0=>A4=-2
Now by (iv)+(vi) = 2D =—-D =D = -1
AsB+D=-2=>B—-1=-2=B=-1
So:

2x% — 2
(x?+x4+1D)(x*—x+1)

B —2x —1 N 2x — 1
S x24+x+1 x2—x+1

www.pakcity.org
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f 254 — 2
(x2+x+ D(x%2—x+ 1)
B J‘ 2x + 1 P +[ 2x—1 g
— Zrx+1 Z—x+1
==In|x*+x+1]|+Mnx®?—=x+1|+c
: x?—x+1 N
= N C
x“+x+1
3x—8
Q 30'f (x2—x+2)(x62+x+2) dx
_ 3x—8
Solution: f (x2—x+2)(x62+x+2) ax
) ax = 'd _ Ax+B  (x+D
(x2—x+2)(x2+x+2) x2—x+2 xZ+x+2

3x—8=UAx+B)(x*+x+2)+ (Cx+D)(x*—x+ 2)
= Ax> + Ax* + 2Ax + Bx*+ Bx + 2B + Cx> — Cx* + 2Cx
+ Dx* —Dx + 2D
Equating coefficients of x3, x%, x and constant term.
forx®, 0=A+C - (i)
forx%;0=A+ B —C + D - (ii)
forx;3=2A+ B+ 2C — D - (iii)
for constant term; —8 =2B 4+ 2D = B+ D = —4 - (iv)
From (i) > A= —-C and from(iv) = B =—-4—D
Put in (ii)and (iii)so
(iil)=>0=—-C+(—-4—-D)—C+D
O=—C—-—4—-—B—-C+D

Q\ 0=—2C—4
éﬁ-—é}iC——Z as A=—-C=>A4A=2
(ii)=>3=2(-C)—4—-—D+2C—-D

3=—20—4+2C—2D

7
$3+4=—2D=)D=—E

AsB:—4—D=—4(—§)=—4+§="82"‘7:-
1/2=B = —-
So

3x — 8 C2x—1/2  —2x+(=7/2)
(x2 —x+2)(x2+x+2) x2—x+2 x24+x+2

3x — 8
— % +2)(x%—x +2)

f (x°

2x+1—-1—1/2 2x+1—1+7/2

:_f x2 —x + 2 d‘”f x24+x+2 e
2x—147% 2x+1+3
_fxz—x+2dx+fx2+x+2dx
_J‘ 2x — 1 q 1f 1 g J‘ 2x + 1
) x2—x+2 ok X2 —x+2" rx+2 "
_f 5/2

tx+2
1 dx
In|x —x+2|+§[ ] In|x? + x + 2|
X% — +E_Z+2
5[ 1 1
— = X
. x2+x+%—%+2
; 1 dx 5
= In|x —x+2|+§ T In|x* + x + 2|
(x-32) +7
SJ‘ 1 p
— = X
2 NG . 7
(x+3) +3
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dx — In|x* + x + 2|

1
=ln|x2—x—l—1|+5f

s
| N

1
=ln\x2—x+1\+z.f dx — In|x? + x + 1]

2\/_

1 2 1
ln|x2—x+1\+—tan“1( - ) In|x% + x + 1

V7
—~ \%ta:m'1 (Zf/; 1) FC

3x> +4x*+9x+5
Q3L J (x2+x+1)(x2+2x+3) d

: 3x3+4x%4+9x+5
n:
Solutio f (x%2+x+1)(x%+4+2x+3)

3x3+4x%+9x + 5 Ax + B Cx+D

= 4
(x2+x+1D)x%2+2x+3) x?*?+x+1 x?2+2x+3
=>3x°+4x*+9x+5=UAx+B)(x*+2x+3)+ (Cx+D)(x*+x + 1)

+Dx+ D

ax3 + 2Ax%* 4+ 34Ax + Bx* + 2Bx + 3B + Cx3® + Cx?% 4+ Cx + Dx?
o(\\g

Equation coefficients of x3, x4, x and constant term.

€
forx33=A+C - (i) %S
Forx2;4 =24+ B + C + D > (ii) @

Forx;9 = 34 + 2B + C + D — (iii) @
For constant term; 5 =3B + 2B+ C + D - (iv) O\

From (i) > A=3—C and from (w{%g

Putin (ii) and (iii)
(ii) =>4 =2(3—-0C)
4=6—-—2C+B+C+5—-3B
4 —-6—-5=—-C—-2B=>-7=—(C+ 2B)
= (C+2B=7- (v)
(iii) =>9=3(3—-C)+2B+C+5—3B
=29=9-3C+2B+C+5—-3B
=29 -9 —-5=-2C—-B=B=-2C + 5 put in(v)
=>C+2(-2C+5)=7=>C—-4C+10=7
= -3C+10+7=-3C=7-10
= —-3C=-3=>(C=1
AsB=5-2C=5-2(1)=3=B=3
AsD=5-3B=5-33)=5—-9=—-4=D=-4
AsA=3—-(C=3-1=2=A=2

So
3x° +A4x*+92+5 ~ 2¢+3 == x—4
x24+x+1D)x2+2x+3) x2+x+1 x242x+3

3x3+4x*+9x+5 4
rx+ D2 +2x+3)

_fo—-1+2d +1f 2x — 8
“ it +1 ™ "2 w2 2x 13

2x +1

= In|x?

_f p +2f 1 p +1f2x+2—10d
N EETTS Zrx+1 0 2) @ v2x+3
= In|x* + +1|+2f d+1f e
- e T x2+x.1.3x2x2+2x+3x
4 4
[
XZ+2x+3
1 1
+x+1|+2[ 2dx+zln\x2+2x+3|
(x+3) + (L2
2 2
[l s
2t+2x+1+2
1
2 PP i 1 R
=In|x* +x+ 1|+ 2.—tan + = In|x? + 2x + 3|
V3 v3 | 2
2 Z
1
—5[ 5 dx
(x+1)2 + (V2)
In|x* + x+ 1| + 2 ‘1(2x+1)+1ln\x2+2x+3|
=In —tan —
V3 V3 L
5t _1(x+1)+
——tan C
V2 V2
1 4 2x + 1
=ln|x2+x+1|+ln\x2+2x+3|2+—tan‘1( )
V3 V3

5ta _1(x+1) .
——tan |
2 V2

4 2x+1
= In|x? + x 4 1|\/x2+2x+3+—tan“1( - )

V3 V3

Q@ — ; tan™1 (x\_/;l) - C

Please visit for more data at: www.pakcity.org



www.pakcity.org

The Definite integrals:
If [f(x)dx = @(x) +
c,then the integral of f(x) from a to b is denoted by f; f(x)dx

And read a+cs definite integral of f(x) here a is
called lower limit and b is called upper limit.
*the interval [a, b] is called range of integration.

We evaluate fj f(x)dx as;
Consider [ f(x)dx = 0(x) + c

=>fff(x)dx = |@(x) + clg
= [0(b) + c] —[0(a) + ]
=@(b)+c—0(a) —c
ﬁf:f(x)dx = @(b) — @(a)
Note: if the lower limit is a constant and upper

limit is a variable, then the integral is a function of
the upper limit.

[Ffdt = [8®IE=0(x) — O(a)

The area under the curve

b
f Fx)dx = 0(b) — 8(a)

Represented the “area of region” bounded under
the curve of function f(x) the x — axis and
between two ordinates x = a,x =

b as shown in figure.

X <

Fundamental theorem of calculus:
If f(x)is continuous V x € [a, b] and @' (x) = f(x)

b
[reac =00 - 0@

Is called fundamental theorem of integral calculus.
Properties of Definite integral

J: fx)dx = — J:f(x)dx

= @(b) — ?(a)
= —[@(a) — 0(b)]

= —f:f(x)dx

www.pakcity.org
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J:f(x)dx = — Laf(x)dx

b C b
(b)[ f(x)dx=f f(x)dx+f f(x)dx a<c<b

Proof:

f F(0)dx = 8(c) — B(a)

b
f Fx)dx = B(b) — B(c)

fcf(x)dx + fbf(x)dx =

= @(c) — 0(a) + O(b) — B(c)
= @(b) — B(a)

b
| reax
[ fO)dx = [ f(x)dx + [ f(x)dx

() [ f(x)dx =0

Proof:
N | fFadx = 0(a) - 8(a)
@Q@ |
=4

=5 faf(x)dx = (
Also member f; cf(x)dx =c fjf(x)dx
andf;[f(x) + g(x)]dx = frff(x)dx + fjg(x)dx

Please visit for more data at: www.pakcity.org
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R . (2x—1)" 2+1
Exercise 3.6 ) ‘ 2+ -
Evaluate the following indefinate integrls: _ 40
Q.1: flz(xz +1) dx T
0
SOLUTION: = _% 2x1—1 _2
f12(x2 +1) dx ~ _%[(2(01)—1) (2(—;)—1)]
3 2
=[5+, =-:15)-)]
:(23—3+2)—(13—3+1) =~ _1+§]:_E[_55+1]
- (+2)~G+1) -4
= (29) - (&) Q.4: [ V3—xdx
_ 144 SOLUTION:
3 3 i
144 _ 10 = [ B—x)2dx
3 3
1V (2 (2 e
0.2: [%,(xi +1) dx = (-1 f<3 2x> (~1)dx
SOLUT(’I?N: ) — %1;%3 .
— f_l x3.1+ 1) dx O 3 2
o @?Cf
= Jffﬂ X @Q> S
N %g 2
s 1 @@ —b
= ’%—3+ i ) ¢ = -2[(3-2%) - (3 - (-6))]
2 3 3
P | - ~3[(@h) (@)
4 -1

SOLUTION:

= f_()z (2x —1)"% dx

1 00 _
Ef_z (236—1) Z.de

21~ (69

F2[1-27] ==

Q.5: f‘/_\/(Zt 1)3 dt

SOLUTION:
3
— [Vt - 1)z dt

1 V5 2
— Efl (Zt — 1)22 dt

3 V5 5 VD
1|2t-027 [ _ 1]@t-1)2
2 341 2 5
2 1 2 11
12 2 5\
=55 _((2\/5— 1) ) - ((2(1) ~ 1)2)_

Please visit for more data at: www.pakcity.org
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~1(2v5 - 1) -1

Q.6: |, VS aZ — 1 dx

SOLUTION:
= fzx/g(x2 — 1z x dx
1 /5 2
— EJ'Z (xz == 1)2 2x dx

V5

2

24 2
2

(1))
s[(@2) - (32)] =3[(@2) - (=)

=§[8—3\/§] =

W

Wl N

1
2

dx

Q.7: flz -

x%+2
SOLUTION:

1 2 2x

291 x242

dx

o ~[In(x? + 2)3

[In(2% + 2) — In(1% + 2)]

%[ln(6) —In(3)]
;

n(3).

— 11’12% = ln+2

Zln2
2

Properties of natural log

In(AB) =InA +1InB

ln(g) =InA-InB

In4A2 = Bln4A
2

Q.8: |, (x——) dx
SOLUTION:
_3(.2 , 1 1
=/, (x b= = 2. ;) dx
= f23(x2 + x4 —2)dx

2+1 —2+41 3
= |= i R = Zx‘

2+1  —2+1 2

www.pakcity.org
g o . S |
=~+% 2x|2: = - 2x

N

~J

Wik
=

Q0

= . SR

(16—3—24)
6
16+11 27

O-()-22-2

SOLUTION:

2x+1

—f_ (x> +x+1)2(

~ [P+ x4 1)2(2x + 1)

www.pakcity.org

2

+%)\/x2+x+1dx

)dx

dx

1
1 [(xz +x+1)2
2

- 1
~+1
2

2

(@) (a-1+7)
@) -()

1 3 1
1| (x2+x+1)2
- | ! |

3
b
>
=:[3v3-1]=V3-; ANS.
3 1 3
32 =(32) =(V3)* = (V3)*(V3)' = 3V3
3 d
Q.10: [, 75
SOLUTION:
3 1 1 x|3
— dx = |>tan™'=
0 324x2 3 0
1 <3 10
=|(tan™*3) = (tan™3)]
=§[(tan ) — (tan™1 0)]
— 21 _ gl = .E
3 [4 12

Q.11: [3cost dt
6

SOLUTION:

L
= |sin t|3
6

- (3)-

¥3

2

. 1T
)
6

V3-1

2

1
2
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1

Q.12: [, (x+-)*(1-3) dx

SOLUTION:

Here f(x) = x +§
f)=1-
1,14 3|4
()| [ ()
=
1 1

2 5% =
-2(@F)- (@)
:3[5 E_zﬁl

3|2+ 2
_25V5_2
37242 3'2\/E
~ 5V5  4y2  5V5-4(2)
C3W2Z 3 32
_ 5v5-8
342

Q.13: [, Inx dx

SOLUTION:
Consider
JInx dx =[Inx.1dx

Here U =Inx ,V =1

Using [UV=U.[Vdx— [[U.[V

=Inx.[1dx— [[(Inx)". [1dx]dx

=Ilnx .x —fl%x] dx
=Inx.x — [1dx

=xInx —x+c

Taking limits

fflnx dx = |x Inx — x|?
=2In2 -2)-(1In1 -1)
=R2In2 -2)-(10) —1)
=2 1n2 -2

X

Q.14: foz (e% — e_f) dx

SOLUTION:

www.pakcity.org

www.pakcity.org
a “‘E : X X
2 (e ~e72) dx = T - 267 + 277 z

=, [(EE 3 e‘é) _ (eg + e‘%)]

=2[(e*+e7 1) — (e” +e")]

2[e+§—1—1]:2[e+§—2]

2 [ b 28] = (e 1% — 2e)

Q 15 J-(;Lcosﬂ+51n9 do

cos 260+1

SOLUTION:

T . T .
— C0SB+siné@ — C0SB+sin @
4 dx = |4 aé
0 14cos?26 J"0 2c0s2 0

:%f%[cosﬂ |‘ smﬂ]dx__f [ | sin @ ]d@

0 Lcos?28 ' cos?6 cos® cosB.cosB

T
= Ef04~[sec6' + secftan 6] d6

:%llnlsec9+tan9|+sec9|§
1nE€;\+tan ‘+sec )— (In|sec 0 + tan 0| +sec0)]
+1‘+\/_)—(1n\1+0\+1)]
&O[(ln‘\/_+ 1| ++v2) - (0+ 1)]
E[ln\\/?+1\+\/§—1]

Q.16: [fcos® 6 do

SOLUTION:

= J¢cos@ cos?6 df = [scosB (1—sin”6H)db

= J¢(cos — sin® § cos @) dO = ‘sin@ Sirjg °
0

L 7T Sin?’% . sin® 0
— [ sin— (smO )
6 3 3

Q.17 fﬁcos 0 cot*0deo

SOLUTION:

fg cos® @ (cosec? 8 —1)db = ff (cos® @ cosec” 8 —
6

6
cos 20)do =
f (COS  — cos?0)db = [ (cot® B
6

— c0s“ 0) do

sinZ6@

Please visit for more data at: www.pakcity.org
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1+cos 26

= fg (cosec? 9 — 1 ) d@

— _2cosec?0-2—-1—cos 26
—_ 2

) de

= %fg (2cosec? @ — 3 — cos 268) db

T
= =[-2coto — 39 - ==
2 2 |7
6
— [(—2 cot—— 3= Sinz@) 7 gt~ — 3= Sinz@)
2 4 4 2 6 6 2
3 1 T

=3[(-2 - - gsn3) - (-2v3 -3 - g5m3)
|

2 2
=12-Z 1423+ 14+
= ~|-2 L N R =47
tfateame s

1 [—8—2+8\/§+\/§—3ﬂ:+2n]
2 4

_1 [—10+9\/§—n]

2 4

—1049V3—-7
o 8

Q.18: [tcos*t dt

SOLUTION:

T T
4 4 — & 2 2
Jicos*t dt = [+(cos?t)* d

n 2
_ f’* 1+4+cCos 2:+2c052t d

=—f ( '1+C°S4t 2c052t) dt

t

. f (2+1+cos 4t+4 cos 2t

1
> ) dt :§f04(3 + cos 4t +

4 cos 2t) dt

- [ae+ 22 42

_ %[(3§+ Sm:(%) | 451{12@) — (3(0) P
RLEO)

= [ 2sin (2)) - (0+ 220+ 4220))

www.pakcity.org

www.pakcity.org

a9 =2[E vor

[ 2e21) -0
)~

(4 2)] =3[ = e

=] O

ool I

Q.19: [3cos® O sin6 do

SOLUTION:

fagcos2 0 sinfdf = — f05 cos? 0 (— sinf) db =

T

ol (D) 0] =o't
cos30]
3] - r] =21 -2
__[‘_7] -7

318] ™ 24

Q.20: [*(1+ cos”0)tan* 6 d6

Sou%@)\g:

&\ #(tan® 6 + tan” 6 cos* 0) d6
S

—f4(tan 0 + tan” @ cos* 0) do =
fU (tan? L 0) do

cosZ6

= J# (tan® B +sin” §) dt = [+ [sec29—1+
1—cos 26
=

o f;[seczﬁ S1 4 % Cozzgldﬁ =. fog[seczf? %
%cosZB]dQ
= [tanG _1p ;smzer [tan@ — —9 ——SInZEJ‘
- [(an? - 35 o2 5)) - (ano-0-
lSmZ(O))]

- [(1-5-35n) (00~ 150

=[(1-F-3sin3) - @] = [(1

Q.21: [*—= 4g

0 sinOB+cos¥8

~(D) - (0)]

SOLUTION:

Divide uo and down by cos @

Please visit for more data at: www.pakcity.org
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T sec 6
— (2 sec o J._ o5 B 10
0 Sin9+C059 0 sinB@+cos@
cos 6
~secf secO =~ sec?
= I3 g = [+ do
tan 6+1 0 tanf+1

Here f(x) =tanf8+1 = f'(x) = sec?8

T

= [In|tan 8 + 1I]§
= [(ln ‘tang A ID — (In|tan 0 + 1\)]

= |(In|1 + 1]) — (In]0 + 1])]

=In|2|—In|1|=In2—-0=1In2
5
Q.22: [ |x— 3| dx
SOLUTION:
f_sllx — 3| dx
5
= [7,Ix =3 dx + []x — 3| dx
= [ —(x—3)dx+ ['(x — 3) dx

=~ (x—3).1dx+ [, (x—3).1dx

www.pakcity.org

www.pakcity.org

- f13 (x =1 1:-x) ax

X

3
— —x — In|x + 1]
< 1

=(Z-3-mB+1)-(t-1-ml1+1])
=(2-3-In4)-(;-1-1n2)
:3—3—-1n4—%+1+1112
e e 5 s s T o o 7

2 2

9—4—-1

= — In2% +1n2

=2—-—2In2+In2=2—-1In2
3 3x%-2x+1
Q.25: |, e T T dx

SOLUTION:

J-3 3x2—2x+1
2 (x—1)(x?+1)
x— 1|3

3 3x%-2x+1
= |

_ 3 _ .2
N dx = |In|x° — x“ +

= (n|33 =32 +3—1|) — (In|23 —

—(lr\/@9+3—1|)—(ln|8 4+4+2—-1))

224+ 2—1)

(x—3)2|° (x-3)2|°
‘ | y QQTQ — In5 = ln— In 4
= —%[((3—3)2) —((—1—3)2)]+§[((5—3)2)— (G-3)%) Oi& T sinx—1
1 ) @ Q.26: 0 cos? x d
= —3[0-16] +5[4-0] Go> SOLUTION
T —10 o SO '
— 2[0 16] + [4 0]=8+2=10 S _f (smx )dx
COS? COS? x

l 2
Q.23: [ (xgzz) dx
8

x3

(+2) o,
fg g dx :3f%1(x3+2) .%x 3 dx =
1 2+1 1
3 (xs;zz =y (xé + 2)3 - (((Di + 2)3)

ool o

= ((1+42)3) - (((2_3)§ T 2)3) =3 - G T 2)3

3 >
27 (1;—4) — 27 125 _ 216—125 _ 2

8 8 8
x—1
) 13 J;J:z dx (Improper frackion} Vx%—2
+xc4x
_ (3 R —X—2
o fl (Q T D) ax FxF1

|

Sin x

t
— f4 (
O \cosxcosx

T

= J#(secxtanx — sec” x) dx

dx

cos? x)

T

= [secx — tanx|;

= (secZ—tanZ) — (sec0 — tan 0)
=(V2-1)—-(1+0)
—V2—-1-1=+2-2

Q.27: f04 dx

1+sinx

SOLUTION.:

n
— (4
0O 1+4sinx

T :
== 1=SIn.x

dx = |+

1 1—-sin x

dx

1—sin x 1-sin? x

Zsinx—1
dx = — | +——
0 cos4x

- )dx
COS™ X

_ 41 Sin x

0 cos?x

_f (smx

cos?

dx
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_fﬂg( cos? ) ax

— J(secx tan x — sec” x) dx

sin x

COSX COSX

T
= —[secx — tan x|

— Ksec% — tan E) — (sec0 — tan 0)]

4

www.pakcity.org

www.pakcity.org

T
1 05 |COSX
cosx dx =§f§[ .

__f[

SIn x 2+sin .'X.']

— lsinx
cosx‘ "
2+Ssin x
T
i . . —
= \ln\smx\ — [n|2 + smxl‘%
6

= %Kln |sin§| — In ‘2 + sin%l) — (ln ‘sin%‘ —In |2 +

= —[(VZ-1) - (1 +0)] sin] )]
=—V2+1+1=2-v2 :%[(11«1(1) — |2 +1|) - (m%- ln‘z +§D]
1 3x
e J-O V4-3x ax = %[0 —In3 - ln%+ lng] = %[—lnB — (In1 —In2) + (In5 — (n2)]
SOLUTION: =>[~In3 - Inl+n2+In5—In2] =[~1n3 -0 +In5]
[ 2 dy=—[ =X dx=-[ =22 dx = 1 1], 5] _1,_5
0 Va—3x 0 Va—ax 0 Vis3x =>[In5—-n3] =[In2| =2
—014_3x dx — [, —— dx = — [, V& — 3x dx
V4-3x 0 Va-3x ’ sinx
1 1
4f0 VA—3x dx Q 30: fz 0 (1+cosx)(2+cosx) dx
1 1 1 4 (1 SOLUTION:
= —=J, (4 =3x)2 (=3)dx + = [ (4 - | i 1
1 — SIN X — (3 .
3x)-5 (—3)dx f 0 (1+cosx)(2+cosx) ~ J0 (14cosx)(2+cosx) Sin X dx
1 1 1 &
_ 1|@-30)2 s|a-302 | _ 1]@-swe = J¢ (””m‘*"i?)éii‘;‘fﬁ) sinx dx
e Y 3 2 B Q&t?
2 0 “ 0 é 0
1 (24+cos x) (1+cosx) ] sl % dx
i (4—3x)2 B 1 E |(4 B 3x)% 1 - f E |(4 - 3x)% 1 0&6\ . (1+cosx)(2+cosx) (1+cosx)(2+cosx)
N o33 (@i\\) t ﬁ[ 1 ‘ oy d
) —J0 (1+cosx) (2+cosx) SIx ax
2 2 8
— — |(4 — 3.76)2 — E |(4 — 396)2 _ fg[ sin x sin x ] i
3 3 o —Jo (1+cosx) (2+cosx)
3(1))2) — ((4 = 3(0))z)| -2 | |
) 1 __fz [ sin x sin x ] d
_ = —-170 |(1+cosx) (2+cosx)
(4 —3(0))>
\ \ . . _ 1 —sinx —sinx dx
— % [(1)5 _ (4)5] _ g [(1)5 . (4)51 — %[1 Wi -1 fO [(1+cosx) (2+cosx)]

2y2] _ 8 2 2v5] — 2 31 _8 1
(22)2| 2|z — (@2z2| =2[1- 23] -2 [1 - 2]

2 8 8 —-14 1
=2[1-8]-3[1-2] =2[-7] - 3[-1] = =>4
8 _ —14+24 _ 10
3 9 9

2 COS X

Q 29: f sinx(2+sinx) dx
SOLUTION:
:lg 2_ .COSX dx =

2 Y= 51nx(2+51nx)

J-Hz (2+51nx) sin x eBEE i

— sinx(2+sinx)

_1 g (2+sin x) sin x

2 fg [sinx(2+sinx) sin x(2+sin x) cosx dx

T

= —[In[1 + cos x| —In|2 + cos x|]?

= — [(ln ‘1 + cosg‘ —In ‘2 + COS%D —
(In|1 + cos 0| —In|2 + cos OD]

= —[(In|]14+0|—=In|2+4+0|) — (n|1 + 1| —1In|2 + 1])]
= —[In(1) —In(2) — In(2) + In(3)]
= —[0-2In(2) + In3] = 21In(2) — In(3)
=In(2)? —In(3) =In4 —In(3) = In=
alnb = Inb“
v Ina — Inb
= lnE
b
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Application of definate integral.:
Area under the curve:

Casel. if f(x) = 0Vx € |a, b] then curve lies above
X — axis.

b
= f f(x)dx wherea <b
a

Ais areaof region above x — axis.under the curve

of functiony = f(x)fromatob
Casellif f(x) < 0Vx € |a,b| then curve lies below

b
X — axis.so A = —j f(x)dx wherea < b
a

Ais area of region below x — axis, under
The curve of function y = f(x)fromato b

Q.1: Find the area between the x —
axis and the curvey = x*+1 fromx=1tox = 2

SOLUTION:

Given y=x*“+1 Asy=x*+1>
0in |1,2], therefore curve is above x — axis

2

2
Required Area = f y dx = f (x“+1) dx
1 1

2] = Cr2)- (1)

1
DN
w‘ 2
_I_
N
\~_—-—"/I'—'IL

Q.2: Find the area above t{a
axis and under the curvey =5 — x> from x =
—1tox =2

SOLUTION:
Given y =15 — x? Asy=5—x%>

0in |—1,2], therefore curve is above x — axis

2 2
Required Area = f ¥ iy = f (5—x%) dx
—1 —1

2

5 X
— X — —

33—1 3

2 (—1)

=(52——]—(5(-1
= (10-3)-(-5-5)
B 3 3
_(30—8) (—15+1)_22 —14
B 3 3 -3 3
22+14 36 . .
— 3 3= sq.unit

www.pakcity.org
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Q.3: Find the area below the curve y =

3+/x and above the x — axis betweenx =1tox =
4

SOLUTION:

Given y=3Jx Asy=3Jx>0

n |1,4], therefore curve is above x — axis

4

Required Area = f

1

2
ydx=3f Vx dx
-1

4

¢ 1 (07
=3f(x)2.1dx:3 T
1 7+11
34
(x)2 2| 3
— = 3.— 2
3 3 33(x) 1
2 14

=2 ((4)% _ (1)5) = 2 ((22)% _ 1)
— 223 —1)=2(8—1) = 2(7)
=14 sq.unit

Q.4: Find the area bounded by cos function from

x@l&__

Asy =cosx =

\) 0in [ ] therefore curve is above x — axis
13 13 -
2 Z —
Required Area = fﬂ_y ax = fﬂ_cosx dx = \simc\fE
g 2 .
. n L] 7-[ T
= Sm(E) — Sln(—E) =1-(-1)
=14+1=2 sq.unit

(Q.5: Find the area betweeen the x —
axis and the curve y = 4x — x*.

SOLUTION: Puty=0 4x—x%=0

_ v/ , x(4—x)=0
Given y=4x —Xx =0 or 4—1x =0
AsY = dx —x% > x =4

0in |0,4], therefore curve is above x — axis

4 4
Required Area = f ydx = | (4x —x?) dx
0

B 4x X

y) 330 3

4 0

=242 - — ) — (02— —
_(32 64) ( - 96— 64
B 3 3
32 t
—?sq.um
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Q.6: Determine the area bounded by the parabola y =
x% + 2x — 3 and the x — axis.

SOLUTION:

Given y =x*+2x—3

Asy= y=x*4+2x—3<

0in |—3,1], therefore curve is below x — axis

1 1
Required Area = —f y dx = —f (x%+2x —3) dx
-3 -3

x3 L

—}; 2%2—336‘

=3

12 - 3.1) - ((‘3)3
3

(—3)* - 3(—3))

-~ [(t+1-5)- (Zo+9)

=—|[-+1-3+2-9-9

— — l+——20] Puty=o0 x*+2x—-3=0
: 2 X243k —~%—3=0

— e 60] x(x+3)—1(x+3)=0
.3 x+3)=@x—=1D=0

—_ __32]225(] unit! x+3=0 orx—1=0
| 3 3 X = —3 x=20

Q.7: Find the area bounded by the curve y =
x3 +1,the x — axis and line x = 2

SOLUTION:
Given y=x3+1 x>+1=0

(x + 1)(x* —

%g@

Puty =0

x+1)=0
x+1=

0 or x?—x+1=0 (Solve itself)

SO neglect
Asy=x3+1>
0in|—1,2], therefore curve<t\s

2

ove X — axis

Required Area = f

|

W iR = (x3 +1) dx
—1

4 2

* +
= |—+X

4 -1

24 (_1)4
=+~ (5-1)=© - ()
B 4 B 4
iy —3_6+3_24+3
B 4 4 4

27 |
=7 square unitt.

Q.8: Find the area bounded by the curve y =
x3 — 4x,and the x — axis.

SOLUTION: Puty=0 2°—dx=0
x(x*—4)=0
x(x—2)(x+2)=0

x=0 orx—2=0 ,orx+2=0

x=0 or x=2 ,or x=-2

www.pakcity.org
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Given y = x> — 4x
Asy =x3 —4x >

0in|—2,0],therefore the curve is above x — axis
Asy = x3 —4x <

0in |0,2], therefore the curve is below x — axis

0 2
R red A = dx — d
equired Area fa 2y X fo y dx |
:f (x> —4x) dx — | (x°—4x) dx
- ;: 4x20 x404x22
e 2, |4 2]
4 _ 9\4
- |5 -202)- (5 222)
-|(5-202)- (G-207)

=[(0-0)—(4—8)]
—[(4-8)-(0-0)]=0+4+4+0
= 3 square unit.

Q.9: Find the area between the curvey = x(x —

1)(x +1),and the x — axis.

SOLUTION:

Given y=x(x—1(x+1)=x>—x
ASy=x°—=% >

|\therefore the curve is above x — axis

< x <

,1], therefore the curve is below x — axis

<

0 1
Required Area = f y dx — f y dx
—f 0

fO(XB—x) dx—j:(xg—x) dx

B ;4 x2|” x* X2
14 2 I A
_[fo*  (0)° (-D* (-1
|\ 4 2 4 2
@ @)° (0)*  (0)*

4 2 4 2

1 1
B [(0_0) (4 2)]
1 1

-|G-2)-©-0)]

1 1 1 1
= | F—+ 0

42 4 2
_—14+2-142 1
- 4 2

Q.10: Find the area above the x — axis,
bounded by the curve y* =3 — x from
xX=—-1tox =2
SOLUTION:

Given y*=3—x = y=+3—x Asy =

V3 —x > 0in[—1,2],therefore curve is above x —

axis
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2
Required Area = f y dx = \/3 — X dx

f (3—x)2( 1) dx
(3 — x)_+1

1
354-]_ »

—%[((3 - 2)%) - ((3 - (—1))%)1
- _3[1 - ((4)3)] -

- 14

3

Q.11: Find the area betweeen the x —
1

axis and the curve y = COS - X fromx =—mtom.
SOLUTION:
1

Given 7y = COS > X

312

Z 3
- -3|G -3

=],

218
~=[1-8]

Sq.unit

1

Asy = COSZX 2

0 in |—m, ], therefore curve is above x — axis
. T T 1
Required Area = |__y dx = |__cos>x dx
1 T

sinlgx _ 5 [(sin%(ﬂ)) — (sin%( — ”))]
2

— 2[1—(=1)] = 4
Q.12: Find the area betweeen the x —

axis and the curve y = sin2x fromx = 0 to g
SOLUTION:

Given y = sin2x

<
Asy =sin2x > 0@@

in [O ] therefore curve is above x — axis

oM

Required Area = f03 y dx = f03 sin 2x dx

— N ) e N —

1

2
Q.13: Find the area betweeen the x —

axis and the curve y = V2ax — x> whena > 0.

SOLUTION:

Given 7y = sin2x Asy =sin2x =

; T : :
0in [0,5] ,therefore curve is above x — axis

Required Area = fozay (X = foza V2ax — x2 dx =

foza Va2 —a? + 2ax — x?% dx

= fom Ja? — (a? — 2ax + x2) dx

— foza\/az —(x —a)? dx

Using formula [Va? — x? dx

2
— Sin
2

1( )+ Va2 —x2 +c

www.pakcity.org
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=)
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square unit.

Dif ferential equation:
An equation containing atleast one derivative of a

dependent variable with respect to an independent
variable is called dif ferential equation.e. g.

2
and xd—+ Y _2x =0
dx

7 b
Order of Dif ferential equation:
The order of the dif ferential equation is the order

0 f the highest derivative in the equation.

O 2= 0 (1st order dif ferential equation)

dy

ydx+2x—0

2x = 0(2nd order dif ferential equation)

ﬂegree 0 f Dif ferential equation:
The degree of a dif ferential equation is the greatest

power of the highest order derivative in the equation.

dty 2.\ 4%
x 2+ —x (52) +Z+2x=0
dx dx

dx* = dx

(1st degree dif ferential equation)
d*y S d?y 4 B
v () tax (G2) =0
(3rd degree dif ferential equatwn)
General solution:
The solution of dif ferential equation which contains

arbitrary constants is called general solution.

Particular solution:
The solution obtained from general solution by

applying the initial conditions is called particular
solution.

Initial value conditions:
The arbitrary constants involving in the solution

of adif ferential equation can be determine by the
someven conditions. such conditions are called Initial 1
TIT BIT: General soltion of the dif ferential

equation of order n contains n arbitrary constants
which can be determined by n initial values

condtions.
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Q.1:Check that each of the following equations
written against the dif ferential equation is its

solution.

Provethaty =cx -1
SOLUTION:

dy__
dx 14y

Separating the variables:

xdy = (1+y)dx
—dy — = dx

1+y
Integratmg both sides

1 1
fmdy = f; dx
in|1+ y| = In|x| + In|c|
in|1 + y| = In|cx|
1+y=cx
y=cx—1
i) x%(2y 1)3—1’—

1=0

prove that y* +y = ¢ — %
SOLUTION:

x2(2y+1)3—i-—120

Separating the variables:

x%(2y + 1)d—y =

2y + 1)dy = = dx

Integrating both sides
f(2y+1)dy | x™=dx

y? %
2?+y_ —2+1
=1
yi+y=—+c
y2+y=—=4c

i)y -1=0

prove that y>* +y = ¢ —%
SOLUTION:

22y +1)=-1=0
Separating the variables:
x“(2y + 1) j—z =

2y + 1dy = xi dx

Integrating both sides
f(Zy +1dy = [ x™% dx

y? X

2 2 TY S —2+41
-1

Yy +y=—+c

y2+y:—%+c

: 1dy .

w) ;d—x—Zy—O

Prove that y = ce*

SOLUTION:

www.pakcity.org

— 2 =2y

X dx
Separating the variables:

i dy = 2x dx
Integrating both sides
f%dy = [ 2x dx

Inlyl=2—+ ¢4

In|ly| = x% + ¢4

dx B e~ *
Prove y = tan(e* + c¢)
SOLUTION:

dy y*+1
dx e~ X
Separating the variables:

—dx

i 3
oy dy etdx
Integrating both sides
dy = [ e* dx

3’

I

tan™ y@%)+

Qﬂgﬁl, UTION

dx Y

Separating the variables:
~dy = — dx

o

Integrating both sides
f%dy =—[1dx
Inyr=>-=2ad8C1

elny Al e—x+cl

y=e te
V= Ceat
Q.3: ydx+xdy =0
SOLUTION:

ydx+xdy =0
Separating the variables:
xdy = —-ydx

—X C]_

- = 2
;dy— xdx
Integrating both sides
f dy = —[= dx
‘ny-——lnx+ nc
Iny+Inx =+4+Inc
In(xy) =+Inc
Xy =C

dy_l

—X
Q4: 5 =

SOLUTION:
dy _ 1-X

dx 3%
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Separating the variables:

ydy =(1—x)dx
Integrating both sides

Jydy=J(1—-x)dx

2 2

y_:x_x_+cl

2 2

y2=2x—x2+201
—x(Z—x)+c

Qs -

x2

SOLUTION

dy _ ¥y

dx  x2

Separating the variables:
= dy = — dx

Inte gratmg both sides

f%dyzfx‘z dx

Iny = —2+41 - Cy
-1

lny: 1 1 C1

lny:—l"l'cl

y=e x e
1
y:ce_;
Q.6: sinycscx z 1
SOLUTION:
dy _
Siny CcSCXx - 1

S eparatmg the variables:

siny —p dy = dx

siny dy = sinx dx
Integrating both sides
| siny dy = [ sinx dx
—COSY = —COSX + ¢4
—Cosy = —(COSX — Cq)
COSY = COSX — Cq

COSY = COSX + C

Q.7: xdy+yx—1)dx =0
SOLUTION:
xdy+ykx—1)dx =0

Separating the variables:

xdy = —y(x —1)dx

1 _ (x-1

~dy = (=) dx

1 Pe—— — —

~dy = (1 ) dx

Integrating both sides
1 1

f;dy—f—1+;dx

Iny=—-x+Inx+Inc

Iny = In(xc) — x
Iny — In(xc) = —x

n(Z)-
(%) — o2

e .

< x| o

=cxe *

Please visit for more data at: www.pakcity.org
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_ x%+1 _ X Q
0Q.8: il =y dx
SOLUTION:

x“+1 __ x dy

y+1 y dx
Separating the variables:
(x> + 1)y dx = x(y + Ddy
x(y+1)dy = (xz + 1)y dx
y+1 x2+1 dx

y

1+ldy:x+—dx
y X

dy =

Integrating both sides
f(1+%)dy :f(x+§) dx
y+Iny :%2+ In(x) +Inc
y+Iny= £+ In(xc)

2

Iny —In(xc) =—-—y

yey 9

———(1+y2)

x dx
&@LUTION.

</““’—3(1+yZ)

X dx
S eparating the variables:

0y —-dy = = (x)dx
Inte gratmg both sides
dy = = f x dx

1

b
tan7; yr=

= tan( )

Q.10: 2x? yazx —1
SOLUTION:

U S e 0 S
2X Yy =X 1

&%
2

Separating the variables:

1
ydy = xez dx

1 /x%-1
ydyzg(xxz )dx

Integrating both sides

1
Jydy==>] (1——) dx
[ydy=>J (1-x72)dx
y? 1 i
Y M5\ T

2 2

yi=x+=+c
2xy

1
x
Q. 1L 5 dx } 2y+1

SOLUTION:

=X

www.pakcity.org
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ay n 2xy

dx 2y+1
Separating the variables:
dy 2XYy

dx — 2y+1
dy xQy+1)-2xy
dx 2y+1

dy  2xy+x—-2xy
dx ~ 2y+1

dy X

dx ~ 2y+1

(2y + 1)dy = xdx
Integrating both sides

JRy+1)dy = [ xdx

2 3’2—2 +y = x; + €

yy+1) =S +c

Q.12: (x* — yxz)% + Y% + xy?

SOLUTION:
(x? —yx?) 2

Separating the variables:
x2(1-y)2 = —y2(1 +x)
2(1 y)dy = —y*(1 + x)dx

1+x

+ y% + xy*

Integrating both sides

f(y2-3) dy=—1 (x

—-2+1

4 +1) dx

Iny = (x_ZH + In x) + 4

—2%1

y__l lny:—(x—T+lnx)+cl

1
y

1ny+%: (—%+lnx)—cl

lny+l:1nx—l+c
y X

Q.13: sec’x tany dx +sec’y tanx dy = 0
SOLUTION:

sec®x tany dx + sec*y tanx dy = 0
Separating the variables:

sec®y tanx dy = sec®x tany dx

2 2
SeC SeC™ X
2 dy = dx
tany tan x

Integrating both sides
fsecydy__fsecx x

tany tan x
In(tany) = —In(tanx) + Inc
In(tany) +In (tanx) = Inc
In(ftanytanx) =Inc
tanytanx = c

Q.14: (y—x%) =2 (yz +%)
SOLUTION:

(r-x5) =207 +3)

www.pakcity.org

Separating the variables:
y — xj—y = 2y° + 2 Q

dy _ody _ o 5
Xy la T 2y° —y

Multr,plymg both sides by —
X~ =24 2 =y — 2y~

(x + 2) — =7y —2y°

(x + Z)dy y(l — 2y) dx
——dy = — dx

y(1-2y) y X+2

Integrating both szdes

(1-2y)+2y 1
f y(1-2y) ey = f dx
J‘ [ (1- Zy)

(1 2y)
1
5+ Zy)] dy = [ 35 dx

In(y)+In(2y—1)=In(x + 2)
In (23;‘"—_1) =In c(x + 2)

Y
. |

Q.15: 1+cosxtany3—z: 0
SOLUTION:
1 + cos -t nyd—y =0

i\% the vanables
Q“ tan y — =1=]

Qtan ydy = dx

COS X

Integrating both sides
[Z2Y gy = [ secx dx

CoSy

= c(x + 2)

In (cosy)
cosy = c(secx + tan x)

Q.16: y —x 2 =3(1+x2)

dx dx
SOLUTION:
dy y
EnEdem 3 (1 + X dx)
Separating the vamables:
dy _
Y o1r¥, 3+ 3x gx
55, LY ey
V= 3x + X =
Y— 3= 4x L
ay _ ., _
4x . = F 3
q } 1
yTB dy = de

In (y — 3) :ZInx+lnc

In(y—3)=Inx++Inc
In(y—3)=1In (ch)

1

y —3 =cx+

Please visit for more data at: www.pakcity.org
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1

— zy)] dy f— dx

1
f;dy—fzy_l dY—fmdx

+ In (¢)

In(cosy) =In(secx +tanx) +Inc
=In|c(secx + tanx)]



www.pakcity.org

y =3+ cxa

Q.17: secx + tany% =0

SOLUTION:

secx + t.anyQ 0

Separating the variables:
any— = —secx

tany dy = —secx dx
Integrating both sides
[tany dy = — [ secx dx

[ gy = [ secx dx

COSYy
In (cosy) =In(secx +tanx) + Inc

In (cosy) = In [c(secx + tan x) |
cosy = c(secx + tan x)

Q.18: (e* + e'x)j—i =eX¥—e™*
SOLUTION

(e* + e‘x) — =e*

}.’.'

dy:e_e dx

e¥+e~%
Integrating both sides
ex_e —X
f 1 dy f ex+e—x
y =In(e* + e~ x)+c
Q. 19: Find the general solution
of the following equation
% — x = xy?.Also find the
Particular solutionify=1

whenx =0

SOLUTION:
v _ . _
dx - xy*

Separating the variables:
dy
dx
dy
dx

= xy* +x
= x(y*+ 1)

yz+1 dy = x dx

Integrating both sides
dy = [ xdx

f
Tan™! y=?+c

(General solution) (1)
Atx=0 , y=1

Tt

2 =& (Put in 1)

xz

_1 _ I
tan™"y = —

T
=
(Particular solution)

Q.20:Solve the dif ferential

equation % = 2x given that

XxX=4 whent=0
SOLUTION:
dx

dt
Separating the variables:

= 22X

e ™ Separating the variables:

www.pakcity.org
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dx = 2x dt

%dszdt

Integrating both sides

] % dy =2 [ 1dx

Inx =2t + ¢,

elnx — 32t+C1

x = et e&

x = ce?t Where e‘r = ¢
(General solution) (1)
Atx =4 , t=0

4 = ce?(0)

4 = ce

4 =c¢ Putin (1) v el=1
x = 4e*t

(Particular solution)
Q.21:Solve the dif ferential

equation %+ 2st = 0.Also find the
Particular solutionif s = 4e
whent =0

S OLUTI ON.

— + 25t =

S eparaﬁl:é% the variables:

g = —2t dt

ntegratmg both sides
f ds = — [ 2t dx

2

Ins = —2t + ¢4
Ins = —tz + ¢4
g = e—t2+C1
s=et" el

s=ce " Wheree =c
(General solution) (1)
Ats=4e , t=0

4e = ce (O’

4e = ce"

4e = ¢ Putin (1)

s=4e.e
s =4l t

(Particular solution)
Q22. In a culture, bacteria increase number of bacteria

present. If bacteria are 200 initially and are doubled in 2
hours, find the number of bacteria present four hours
later.

Solution:
Let P be numbers of bacteria then
dP
E x P
dP
E — kP
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take integral (iii) For max.hight,v = 0
> [1dp =k [dt So 0 = —980¢t2 + 2450 from (i)
P 2450
= InP = kt + Inc = 9=
= Inp —Inc =kt 2 t:g
> InZ =kt 2
c _ oy _ 5
L P ke So h = 2450 (2) — 490 (3)
c " = 6125 — 30625
> p=ce” > () = h = 3062.5
put p=200, t=0 (condition1) So max. hight = 3062.5cm
200 = ce*) = ce” = maxhight = 30.6m (= by 100)

o ¢ =200 %e'=1
So (I)p = 200e* - (ii)
Putp = 400 when t = 2 (conditionlI)
so(i) = 400 = 200e"t
= 2 =ek = [n2 = Ine?k
= 2k = In2

=2 k ==In2
2

1In2
So (ii) = p = 200ez™"
In2

> p=200ez" fort=4

= p =200%"2 = 200" = 200¢'™

= p=20004)=p=2800

Which is required number of bacteria present four

latter. <«J\
O

Q.23 a ball is thrown vertically upward with a <9/ 2,

velocity of 2450cm/sec neglecting air resistance, @

: &
find " @\
i.  Velocity of ball at any time t

@
ii. Distance traveled in any time t %S

iii. Maximum height attained by the ball

Solution: Q

Let v is velocity and g is acceleratio%

_dv
1) i —qg for
= dv = —gdt
> [dv=—g[dt
= v=—gt+c
Put v = 2450,t =0 so
2450 = —g(0) + ¢; = ¢; = 2450
v=—gt+ 2450 + g =9.8m/sec
Thus v = =980t + 2450 = g =980cm/sec

ii) let h be height so
~ dh
dh . E
= = v
= % = —980 + 2450
= dh = —980tdt + 2450dt
= [ dh =-980 [ tdt + 2450 [ dt
> h=-980% + 2450 + ¢,
puth=0,t=0
0 = —490(0)?% + 2450(0) + c,
= c, =0

so h = —490t?* + 2450
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