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Case [: Linear factor
1 A B #

x+a(x+Db)(x+d) T x+a x+b x+d
Case ll: Repeated Linear factor
1 | A B C o D
x+a)(x+b)B3 x+a x+b (x+b)? (x+b)3
Case lll: Non repeated irreducible quadratic factors
1 . A Bx +C
(l+a)tpx2+qx+'r) x+a  px? Rax +r
Case |V: Repeated wreduable quadrat\l\cé‘actors
1 | | \Eo\

(x +a)(px? + qx +1)* $Q o

A Bx +C Dx+E -

T x+a px2+qx+r <azucz-l-q::c+r)2

The Riemann Integral
what is area? We are all familiar wrth determlnmg the area of simple

geometric figures such as rectangles and triangles. However, how do we

determine the area of a region R whose boundary may consist of non
rectilinear curves, such as a parabola? Tosee how this could be done let

us consider the following process.
Suppose that a function # is continuous and non-negative on an interval

la,b]. We wish to know what it means to compute the area of the region
R bounded above by the curve y = f(x), below by the x-axis, and, on the
sides, by the lines -« and x =5, in short, the area under the curve

y= f(x), as seen in the figure below.
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n '-'-" . B x |
s the limit of a sum of areas of

‘ ‘ area of the region R
We will obtain the area of the reg | . |
35 follows: First, we divide the interval [a, b] into » subintervals

|, where ¢ = x( <X} < X2
ength. Let the lengths of these
process divides the

rectangles
T | <-<x,=b.
L_'r{'* . .\’1 .]‘ [“‘“ | 2l K, ]‘- e l'\. n- .X'”

The intervals need not all be the same I
..... Ax, respectively. This

intervals be Ax, . Ay, i
region R into , strips (see the figure below). |
¥n -

Next, let's approximate each strip by a rectapgle with height
height of the curve y = f(x) at someagtnc%rary point in the subinterval.
That is, for the first subinterval [szsﬁ Iseie;t some x gqntgined in that
subinterval and use f(x;‘ )as theﬁeight of the first recta?nglef The area of

' Ty
a= xo

et;juai-to the

that rectangle is then f(xf" )Axl' ,

)

Similarly, for each remaining subinterval [x, ,;x, ], 2 <k <n, we will
| o .
choose some x, and calculate the area of the corresponding rectangle to

be 7(x; )Axk . The approximate area of the region R is then the sum of

these rectangular areas, denoted by s*(p) 2 : f(x*)Ax
o k k -
| k=1
Depend_mgg on what points we select for the x; 's, our estimate may be too

arge or too small. For example, if we choose each x to be the point in its

-;L‘mel;te;%: Biing the maximum height, we will overestimate the area of A
» catied the Upper Sum (see the figure below). | | .

¥
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i g2~ e '
-, %R
Of. | ' " L B R ) ' |
R |
rx:'a! i v . . . P .
: \ On the ether hand, it we choose each | to be the point in its subinterval
LS . » v 5 . |
‘ siving the minimum height, we will underestimate the area of R, called o
= , the Lower Sum (see the figure below).
A ! Ya
i y = i)
| | - /
; | A |
‘ © (3% R |
% Xs=b }x
‘ " : , ; | _
Now, if the sum E j(x, )A‘fk approaches a limit as the lengtn of the
| ' ; i
{ k=1 ' |
' the subintervals [x,_,x, | .approach zero, r@%d*less of the starred points x
/al, - NN L : ST
¢ chosen, we then define the area of {}ie region R to be precisely this limit. 1
that Note the beauty of this definitic@@nce we really do not know what area
eg of really is, we let our intuition g@e!op a process that we legitimize as the
analytic meaning of area under a continuous.curve. We will now formalize
this process in the following development, called the Riemann l_HtegraI.
| The components that make up the Definite/Riemann Integral are named
le 0 as follows: \ |
Of UpperLimit of Integration
Integrand
¥
0 | :
1= t0 / » ¥
[ m |J£5 ' Intepral S1pn e / (~r) (j,,\'
: A
:3. A
/
V.au'iabic of Integration
" A : Lower Limit of ntegration
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: of M I'_.'.E:——-::”' - | ] N : he -
The Students Comﬂﬂ:—':aﬁcmculu (FTlC) o T L/
F m O - | ‘
FundamentalTh eore iy

b exercise 1 above is an examplg

-~ 5l i _ I‘ | o
- The relation f}’(v")d"' zJ‘p({‘f) p | 5 .
calculus, but for polynomials. We | .

also holds for any continugyg

the Fundamental Th
will now begin to sho

£ on [a,b]

eorem of integral Ca
w that thlS theorem

K ulus: Let 7 be conti
First Fundamental Theorem of Integral Calculu.s. ILE?t_ f ontinuous on
| n

. - | te
<x<b. Then s Int€
the closed interval [a b] and Iet F If a==*x R

a): Fl(x) f(x) x.e[a b) In part|cu|6;r F, (a)= f{a). | '
) ()= £, x  (a,b]. Inparticular, F2(5)= ().

) F is contlnuous on [a,b].

P (x) SExe(an). | - ®
Second Fundamental Theorem of Intqﬁal Calculus: | |
Let # be continuous on the clos nterval la,b], and let " .
=J.f‘? a<x<b.If (7isan anti-derivative of 7 on la.b], then | |
[r0a=ct)-ca) - N |
A | " ' . c
Name of Mathematncnan AKCHY O i s |
e | NOtation used for Integration Sonr
) e - % fydx |
| ' N?W’Eon - ; e
Lagrange 5 X _— |
EU'QI" o . : ' f(hl)(x) | _’_/ﬁ I\nt\e“
D I(x)
Generalf
ormulae of Integratlon
1) J'xn dx_"-- xn+1 o ——
n+1 ’(n.;é'-l)HEQ
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) : A 4 he I n- . —
T~ %f(;;:b)n =, T e, (n#£-1)

2 a(n+1)
| 3) Icf (x)dx=c¢ Jfx) dx (cis a constant)
ple of 34) J =lnx+ © |
| 5) - e dx="—+c
als. We | | _ ___"‘_ n |
Tuous 6) -,a dx =a ¢, (@a>0,a 1)
' 7) | [ (uv) dx=u IVdX | (—-— vdx) dx -

(ca”ed |ntegrat|on by parts) |

1uous on i
| Lnﬁgfﬁmc Trjonometnc Functlons
) _smxdx— —CcosX+c
__ cosmx
,. 2) [sinmx dx = +
_ | | m | | |
() - 3)',cosxdx—-smx+c . , f - -
" . | J- A5 = Sinmx . .
'(b). 4) . .cpsmx X = — 4+ ¢ | .:
" | 5)_“.Sec xdx =tan X + ¢ | . | j
6) lcosec 2xdx=—cotx+c |
7) Jsec x tan xdx = sec x+c¢ S
8) ,tan xdx = In sec x+c Q\ . | |
9) Jcosec X cotx dx = — cosec(ﬁ‘c ;
10) Jsec xdx =In [secx + x| +c |
o T L Y
= In tan (x + 2) + &
1en 11) [cosec xdx = In |cosecx + cot x| +c
" =Intan ( ) + c
_12) Jtan xdx = tanx — X € 41
13) Jeot?xdx = -cotx -x+tc 2
sin2x = 229%52% 4nd cos? x= eniar B }
2 2 1
ion | ‘ : : : L]
22.2:5#—;"" Some integrals of Hyperbolic Functions - !
1) lsinhxdx=coshx+c¢ |
_ 2) Jcoshx dx =sinhx+¢ {|
- _3) tanh x dx = In coshx + C ,
| Inte rals includi -
—— \EME radicals
d -1 (%4
1) I',_/Lz sin™?! (a) +c OR - 05 (a)‘f'C
—x x -~
2) |- - _cosectFre; Ixl > 1
*l+c OR — cOS€
xm = SecC o C | a
3) [dx _ L [x | )
) j?~’2+a?1 = tan” (E) e
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9) a_J'xz—az dx = -z-gln
1 ‘ - 1 a+x k
10) }aZ-xz dx=§-£ln — " u@pa city. org%

Int jrals mcludmg emonentual[!ogaa |thms

). ’;8 dx =1In |F(x)] +c
- 2) Te™af(x) + f(x] dx—e“" @f) e

e acosbx+b
3) '_ e%% cosbx dx = = %Q TC
- : e (a sinb 0s bx)
4) .,e‘_‘"x_.S'lnbx dx = @ﬁz + C

Propertles of definite integrals :

D [ fedx = [E®)|5 =F(b) - F(a)
g)_' f fdx=0 =

3) ;Zj’ fO)dx=- [ f(x) dx

) [, cfx) dx=c [’

5) J;’[f(x) £ 90O de=f? flxyix & [°

. 6) ; fx)dx = f f(x) dx + f f{k)dx ilitre g < < g

‘7) o FG)dx = g T f(x) is an og
8) f__af(x)dx = 9 f f(X)

9) f f(x)dx = fb"'c
10)f(x)> 2(x) in [a bc]l;fle]; (x+c) dx ;[shift property]
f fAx) dx> j

_ g(x) dx‘[
N

, 9(x) dx

1 -
d funct; Lion

1f f( X} i3 an €ven function

domajp rule]
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T
|
; | () Area under curves and the axes:
i) - It“Ay” is the area bounded by curve y = f(x), x — axis
- ar;d between the'coordinates x = a, x — b then A; =
fa y d"‘? | . | | ' .
| (i1) - I1%A2” is the are bounded by the curve y=1(x),y—
-+ . axis and-between the coordinates y = a, y=b,then Ay -
=J,ydx - | |
i) . n ChOQSiﬂg. the limits of integration, the smaller

values ofx at ordinate is drawn will be taken as lower
limit 'and the greater as upper limit. (i.e. you are to
| more from left to right on x-axis) .
- () - Only the numerical value of the area will be
- - considered (i.e. if here comes negative sign with the
o area after calculaging neglect it.) o
(v)y =~ If the curvq\jﬁ‘ symmetrical, then first are of one @
symmetric@bortion and the multiply it by the number

of syme@Fical portions.)

$$

To check symmetry: S
(@)  The given curve is symmetrical with respect to x-axis if
~ equation y = I (x) involves even powers of y and the curve is
| symmetrical about y-axis having even powers of x.
~(b) [T the equation mvolves the even powers of both x and vy
crave 1s symmetrical about axis.

2) Area Under two curves:
' .Let'f(x) and g(x) be two curves such that f(x) > g(x) for every x €

(a, b) then the area of the region bounded by the graph of f(x)
and g(x) and the ordinates x=a & x=b fora<x<b is given by A

-\ ~— fo‘{f (%) - g(x)}dx

= il i - = gy . -y E T T e .
g o O T e g T oo g SN g e TP TR S Tl L R X o 2 b s o o e ‘;a L AN
- L - o S I > SRR e b SRl o O+ PR R al LA Bl S e M R ¥ 7 P > 7 " e el w 4
. sl '_l. -» r.. ..r .r" "h'. " X | g '“, = o e ; X , - L N o ':"- L g < g “. - e -
ety e N g i — (Lo m = T ; 3 . Mg 2% G Yy - -
s B bR IS B U e U K T\ . G ) . “We row W - £l .
be ATIEARST L e eV A Eane0 iyt ; . el BTt IR AY ST
Taglt A, g - Leipd } (e S < = s Rl e L AP B i 1Y - 2h TR W
ke 'L A s . | [P S A bl N e 1 -l . » i as

: d N e e # ~= o

Q1 Evaluate the following indefinite integrals by using standard formulae.

i) [ 9.5 . D
0 [ ) fggdr W byidy

\

E—
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: " ) ”f
. |

he students’ C

T

@ =%
(xs) 9(3
=33\
= 3
#xS._.?-'xZ;.-E

=—2-+31nx-l

(viii) f'(‘cosx +
= f(cosx + 2

= sinx —.2 cos
(ix) [(3 secx —
= 3secxtan x
) f(2tan x —
= 21n(Secx) —
.(Xi) f(gex — 3,

~= b'q .
Qe _ 3 sin3
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5 students Companion of Mathematics Xi

e — 9x + 5)d
(v)f(s y z)x

x x '
—9|—])+5x+C
:3\3 2
| 9

“x2 45 C
XB"'zx + 5x +

A\

i [(@x 5+ 3

* _)+3 il )+ C
..*:2(___4 _...1

= 2 ,
._._...1._.-—-+c-
- 2x.4 x

i —3 4
[ { + e er +‘6x }dx 0\0)
12 x~* I
=—+4+3Inx—5 1+ 6 + C
2 -2 3
x* 5 —QA&‘ |
= — ‘31n_x 2x2=2x$ + C
(viii) f-(co_sx + 2sinx)dx
= [(cosx + 2 sin x)dx |

=sinx —2cosx + C
(ix) [(3 secx — cosecx)dx
=3secxtan x — In(cosec x — cotx) + C

X [(2tan x — 5 sec x)dx

=2In(secx) — SIn(secx +tanx) +C
) [(9e* — 3 cos x — 5 sin x)dx
=J* —~3sinx — 5(—cosx) +C
=%* - 3sinx + 5cosx +C

W f(sec? x + cosec? x)dx

p———

.______________“—

“nx'~coty + ¢ o
—
QZ EValuate the following indefinite integrals by u

sing standard formulae. o

(i) [ Vax? + 2bx + c(ax + b)dx

N st

U on s oy s WIVE FRRITET T
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Mathe""" e ] |
= 2+4x+3) (2x+4)dx

17X
f{f(x)}“f @i ="art |
(i) f(3x2 + 9x + 3)2(6x + 9)dx -

-3

P R

_ B +9x+3)z+c | .
3 | <

=—(3x +9x+3)z+c | Q\E

Q3
&
J-(ax 3 be + C)Z(Zax +2b)dx

(if) f\faxz T 2bx + c(ax +b)dx

2 (ax +2bx + c)-+1

46
1
| 7+‘1
. N |\
%'(axz +2bx +¢)2
- 3 tC
-
1 -2. 3 .
=§(ax, +2bx+¢)2 4+ C
eow lv. 6x+5
("l) \/3x2+5x __dx -
- 2 1
f G +5% + 293(6x 4 54,

_ B2+ 5x 4 g
—+C

1
7 t1
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e Students’
The St

(3x2 + 5x -

2
,._—,.--%(3362 + 53
3 :

(iv) f(xz + 4x
(x* +4x +

x* 9x3
= ;
4
X
e S 3 .
) 3x
(vi) [(2x? —

‘_5* 4.1‘,'3
(Vii) [ (a3 —:
1 X
3) (" =
_1
3 (x3 —
= --1.._(_""73 — 3x
3 ‘ Z
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o | (= 9x® +26x,— 24)dx

3 7

5 gtudents’ Companion of Mathematics X
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e —
(3x2 + 5x + 2)2
/"’-— 3

2

+ C

+C

=~ 3% + 4x + 3)° _
w) [ —2)x = 3)(x — 4)dx

r(.xz —5x + 6)(x — 4)dx

_ [ (x3 - 5%2 + 6% — 4x% + 20x — 24)dx

o _
¥t 9x3 . 26x*°
_-—_..-—-——--+ 24x + C
& 3 2, | \&c}\é

4x°

=‘—5——4x +9x+C

(vii),f(x3 _3x2 4 9)E(x-2"—'- 2x)di |

1 : 7 —
=3/ @ - 3x2 4+ 9)737 - 20)dx

1 ‘ 7
“"‘f(xa-—- 2 +*9)§'(3x2 — 6x)dx

1(x3.._ .
2x® — 3x° +9)2 .,

u'z'-l-l.

Please visit for more data at: www.pakcity.org




Ch=06. Integration Page 12 of 138

. - of maurer—— The Dree——-
The Students (?m'n_gam//r - \ m——
_ 2 Q)2  ob !
1@ =3 - . 1O gy
=37 9 "~ - ' I G R
. r ' ___-———x
2 1 9)24C - i) f 72 P
= _2_:/_ (% — 3x2 +9)? o@pakmty org ?o 1 2%
| ~57%dx | =72) x2+
Vl") f(x . 2)(5)2 (5) }dx | , . 1 - )
- [ -36*@ +36 - = Zinlx* -
: - 2 x+
f (x5 — 15%* +75%% - 125)dx B i) [y
. . - - o | - — In|jtanx
=-§__ _ }._5_35_ o _7_5-{- — 25x i C s5x*+4
7 5 3 (if) f X3+
7
.—_.—£7-—‘-3x5+-25x3f—12'5x+5 | = In|x> +
: ex¥l
(ix) f(cosx + sin x)z(cosx — sm x)dx E - iv) J =% a
%9 : ‘ : s X _|_
[(smx + cos x)2(cosx —sin x)dx ] ‘ Inje
| . ) SO |
(sinx + cosx)ztt~ ‘\\.\\ - (v) J(Bx?®
= —+4C ! - \50
. 341 R - S
2 o $ -y 3
o . 0 Q& - 5x
" (sinx + cosx)Z A j‘
- . E T C | f | | 5x3
, 2 - o 5' R/ | . = In|5x3
= £ (sinx + cos X)Z+C | i) f- :\/_
o - -V x+x
-(x) J (tan x + sin x)(sec? x + cos x)dx | =
(tanj::+smx)2 ' - Vxya
o —+ C
-1 | = f_

.= E(tanx + Sin x)2-+ C : _, \/E(\/
Q.3 Evaluate by ysin ‘ —_— T = 2 f S
g stand . '

(i) [ ard formuylae of integration. r (\/;Tc
_?-:gdx (ii) sec? x+cos£d - ' 54 | 3_2,242% 22 lnlh-\/;'
o OISR gty | N
P"+ln S ax (V) / (5x3 ~ 3x2 + e “* Bvalua

. 6x — Q- .
W mga © * =97 (5x2 — 2x + 2)d ) f ex(sip
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dents’ Compa -
| to T —

solu

/f( )dx-——lnlf(x)|+c !

f(x)
i) f ——dx

x2+3

—bad
""[x2+3 ~

.--illllx -+ 3' + C

/

| sec? x+cosx
U”j.mnx+mnx
= Injtanx +sinx| + €

sx*+4x3-3x%42x |
("l}f 5+x4_x3+x2 dx | ; - . . ! #
= Infx® + x* — x3 +x2|+c o - L
' x+_ : _ :
. % .
IV)fe""'+ln:::dx | |
=Inle* + In xl! +C

dx .

O
| (v)’f(Sx ~ 3x2 +6x—9) 1(5x2 —v;Rx+2)dx
- 3(5x* —-2x+2) \bc’ - -
"'§ 5%% = 327 + 63— 9 $Q
1 15x%—6x+6 §
~3) 5x% — 3x2 + 6x — 5
= In|5x3 — 3x? —I—6x——9|+6‘ ]
(Vl)th/_d N JOGATT ~ | {j
f\[_\/_+\/_ |
f\/‘(\m 1) |

=2In
%__&b_/_ X+ 1| +C B
Q4 Evaluate the following integr

als by using standard formulae: ]
N - - x + 1 dx .. | ¥
(i) fe sin” - !

(i) [ ox (tan x4 )dx - (iv) fex(sec2x+tanx)dx = !
/ -\ | wxa2) — s

m———

¥ ) e*(sin x + coS x)dx
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Solution: | f ) | | | | m
__....{e"f(x)} = e*{f (%) T e
)+ _ | 0 72+
[ e*{f () + f(X)}dx = ° - | ' =
3 | | | ' — x2 -
(i) fe"-’(smx + COSx)dx - . | | | " dx
Ei‘i{e sinx} = e"(smx + cOSX) . - | - m
X S | :
f x(smx+cosx)dx € Smx+ | 1.
a@pakcnty org %o =30
dx |
(ii) | € (Sln X+ ‘ - i dt
) J vt "2 _ (N Ry
il sin”tx) = (S‘“ g +§ﬁ -xz) ' = f —
fex(sin"lx-i* 2 )dx:exSin_1x+C g
| i, = Jc2 o \Q) | ' :
| (iii)fe"(tan’lx I 1% )dx 0\\?\ | L e
1 * | ‘=
d . |
_a_;{ex tan"‘l x} — e (tan x I 1 $§2 e Sin—]__}
1 - . i
f (tan x+1 J'Cz)dx"-e tan"tx +C (iii)frr'
yiv
(iv) [ e*(sec? X + tan x)dx _
- —{e*tanx} = e*(sec” x + tan x) ¥l
| d
f e*(sec? x+tanx)dx—-e tanx+c i _\ | 'J.|x|\/‘
(v) [ e* ( +lnx)dx a._i.g
d 1 . = 5 sec
dx{exIHX}—e (x.|_1nx) | . 3
| - | (iv
)f4t2
4 (‘z
- 1
4]
2
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_ - muematlcs XII

\ vil) ) 5=x2 "') fxm (ix) f Vo — 4x2dx |
o | (x)f\/és + 9x2dx (V.,,) f _dy

: d
. 9¥%+81 (ix) [ —=—

[ ax = —1—sec‘1 x +C
Ix[Vx2 —q2 @ a |
=3
-.1 -—lx 4
= ESEC | §' -+ C {
dt
Wl prear
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The StudeﬁtS’ CW ) ™~ e
e _ 1, l,’i...-f|+6- S 1
-=-—I00 1 a . = 1n
fxz-—-az . - - 3 N
I | c%pakcity.org %o .
2 » $ 1
t—--?l , = —In
=(_1_) : ln‘-.-—'fz; +C 3_ i\
Ya(3) Itz 1
21:-—3| = —In \J
— + C 3
31“-,2't+_3 -
dx 1
(V)f\/éx2+16- _’Z"'%‘ln v
dx p
_ . 1
J(Bx)2+16 =zinfy
~dy dy 16
dx 3 ' =2 S
1@ & (-
3) Jyr+42 ‘\AQ\ Let y =
dx » dy
=ln|\/x2+a2‘+C ,350 &Y _ a4
Vx2 + a? R dx
a=4 - \§$ I:lf
1 dy 4
3J \Jy? + 42 dx
1 . .
=2In|\y? + 16|+ C VaxZ =
3 a =
1
- _ 2 1
2In|[V/9x% + 16| + :Zl“-l)
oR (vii) | -&
_ dx 9~
L 16y = [ __°
9(1' +—-9—-) 32
3 dx [&
3 J 2 a? -,
[ 2, (4 =
“+(3) t=3
f dx _ 1
\/x2+a5“‘ln|.‘/"2+a2|+c 2(3) "
4 1
a-_=§ = ~In l._3..
6713
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Tbgfludents Compa'ﬂgﬂ of Mathematjcs XN
Y N e !
16
,_-_-.-lln x2+-9—- + C
3 lv .
3 9x2 + 16
1, 1
= —In \/9x2+16|-——-]n3+c
3 - | 3 -
1 ‘ I
:é—ln \/9x2+16|+c |
(V)f‘\/mx?—g -
J J@or=79 o
lety =4x = O
dy -~ dy ,&Q
dx 4 o Q\}&C.’ e
-1 dy Q-
. Jyz ____.32 Q
dx
~ -ln|x+\/x2-—a2‘+C
Vx? — a?
a=3 -
1 3 ;
=7In|y VY “‘9|+C
*.. r dx
(V“‘) J -
_ dx
] 32 _ 42 | -
d Ca+ x|
_ax 1 1Hl |+C ”
a27—x2 2a a—Xx .
=3
1 3+ x
=——=In|- |+C
23) I3 —x
Lt
6 |3—x

765
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The Students’ CW
g ki dx .
bl fxﬁxz-lg -

dx )
= f\xﬂzx)z B 16

——— -—— SE— x
y x ﬂ #-.

(iX) f\@ — Ax%dx . O
_ o \

K j\/g_ (_z‘xx)zdx_ . 3 Q{g@

lety =2¢=3=x &

- E{E\/g —y2 +—-Sln—1__} +C

. 5 :
Y- 9

:=_4.-‘\/9'"'y2 +Zsin~1_:)3f_+c
2Xx 5

= — 9-—- 2 2 L 2x
:J (2x) 9+431n 1“§"+C

=_2_\/9"‘4x2+ Sln-l%f‘l‘C

| (X) f\/25 + 9%2dy
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Q.1 Evaluat i .
- 3xdx (i) J‘x'é' (as ) dx (|||)f
(l)f x2+7 ; s

vi) [ (x* +2x+5) 1(:!c+1)dar:

(viii) [ (x° -—.9)2x Sdx

(x) ftx3 +x2+5x—-1)
—_—

Solution:
3xdx

(I)IJ;Z_J:_
3xdx

:f (x +7)2

. | | '1‘_

(.

o 3‘ y?

1
= 3 f‘('xz--+ 7)72

dy dy

1

1

OR

“"3 2 1

+ 5)2(x +1)dx. (v) f\/-:;{;

A SR A
Tx x=>2 .

(vii) [ x° (9 + xz)zdx

(ix) [ x° (x> + 3)5dx
1(3:'62 + 2x + 5)dx -

2xdx

+C

f 3xdx 3xdy
S AxTET f —

1
(X2 + 7)z
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3 (% +7)2
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Letyﬂl"x“*(l)

..(.{.}.’-:'——lﬁ __dyz.dx
dx | .
H=x=1-Y
2x=2~2)

1+2xz1.+2“"2y

1+2x=3-2y]

v " A

- 1 3
IS 61c] U Pl O
=345 2 3 + 6
-\ 2 P s
1 1 3. . *
=61-xz-zA-02+C - O
o’R \Ec;@
14+2x -~ o Q(‘}
dx J
\/1_x _' $$
—Zx—l,d
. =+
v1—x
1
i,
= —2 —dx
Vi—-x -
[iiih
V1l—x ~dx
, 2
=_2f 1_{""“——2- = dx
Vi-x 1=y
=-—2f{1- 5.3 1
( JC)ZJ 2(1""x) Z}dx
2 3
_ ___(_1 ;.x)2+i+ 2(1 — x)-*2-+1
5+ 1 _1 — ¢+ C
2t+1
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2 3 1
= —2 {""':%"(1 —x)2+3(1 -~ x)"z"']+(]

,......(1--x)2—6x/1—-x+c

iv) (2% +4x + 5) 2+ 1dx

f(Zx +4x + 5)2(x + )dsx |

Lety Zx +4'x+5
dy =4x +4

dx
dy = 4(x+1)dx |

Y/
=E-(2x2+‘4x+5)2+6
oR ... |\

. ' 3 B
f (2x? + 4x + 5)2(x + 1)dx

= Zf(sz + 4x + 5)24(x + 1)dx

RV 3
S f (22 + 4x + 5)2 (4x + 4)dx

1 (2x + 4x 4 5)_+1

=" ; +C
S+1
1
z__(Zx +4x+5)2 L C
4 —
2
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L ant57FE | .-,-["‘
10~ - _, 1 (
v | 7= - : 1
[J; - a%pakcnty.org%o =g
= | — 1 ' '
(1-x%)2 ._____‘_1_
' iy o =72
:___f(l x) Zde
‘lety = =x* ______}
fi.z—_-—Zx ﬁ""ﬂ"’ dx 2
dx 2 . |
1 .1 : | = —
= ——| y 2dy
2 (vi) J(
1} y2 = | —
==y (tC fx
o Let y :
=—J1-x2+C. ,0\0') dy.
OR | & dx
ol d
xdx $Q 4y _
V1 — x? & hx
| | 1
__f xdx [ = =
. 1 2
(1—x2)z 1
= =In
- f (1 —x%)"2xdx %
dy - d
A y -

1 1 ""*-"ln\/
=75y 2 |
2 Y OR
::_..1 Yyl f(xz—f

'2' EB + C
\2) —
=—J1-3x2 xZ
COR e 1
f xdx 2 X
Vi <3
T ‘é‘lnh
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~7 xdx

——

=

1
(1—x%)2
i -
o | @ E2xax

,._._..ﬁ x2 4+ C o .
wi) J(x* +2x +5)7 1(x+1)dx -

x+1 dx
"’-fx2+2x+5

Lety'—x2+2x+'5- |

Zy 2x+2 - | |
.. L |

| dv | .\0)
Ei}-----=2(3::+1)=:'—--—y=(x+1)dx,\\\O
dx 2 o
101 | X
== | =dy W

Y § |

; N\
==Infy| +C |

==In|x*+2x + 5[+ C

| . 1
=Injx? +2x + 5|2+ C
=Inyx2+2x +5+C

0
f(xz + 2% + 5)” 1(x + 1)dx

:f x+1 2

X2+ 2x+5
I 2x 42

i- X2+ 2x+5

3hix? 4 25 451+ C

/

l|x2+2x+5|2+C
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=In\/x2+2x+5_+C

i) [ 2309 +x2)zdx

Letu;_-9+x2
-(-IE::Zx |
dx '
gﬁ=2xdx |
2 ;
= u_g;xz
3 ’ v
f (9 + xD)2x’xdx
‘ du

: fu%(u—g)_é_

T
Ef-(“z -9uz) du

: 7. ) 5
i1fuz 9uz
=5\ 75 )*¢
2 2

_1 2o
=§(9 +x3)§'__§(9 +x2)24C
i) [ - 9)3xSdx

_ f(xs o

Lety ‘= x3 _ 9 _)(1)

=y+9

ol . 5 -
[(xB i 9)‘2‘x3x2dx
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The :
(ix) J x°(x® +3)

Lety=x5+3_
d
dy—5x4=>_g

—

dx
(1) = x° +3 =

x$=y—3

(x) [ (x® + x2+ :

./-~ 3x2 + 2x -
x3 +x2 + 53

dy g

—
—
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(iX) fxg(x + 3)5dx a
Lety""x +3 - (1)

dy Sx _-_—;;..C.i....}_’. 4dx ' |
T 5 | | .
(1) =>x>+3=y

1 -
2. T |
11y5. o>y L ;
=-5_ 2 Z t b ) i
5 5 ]
12 7
1ys 13ys ?
“"5'.1_2_- 57 ¢ RS
e Sy ;
| (x +3)s—-—(x5+3)sgaé' | {
| (x)f(x + x2. +5x-—-1) &S’@ + 2x + 5)dx

__[ 3x% +2x +5
B x3+x2+5x—-1--x

Let y = x3 —Fxﬂz +5x =1 | | _ ’
dy - T
e = 3x° + 2x + o’

dy = (3x2 +2x+5)dx ;

I"'"f dy

lnlyl +C
Sl 4 x2 p5x -1+ C
OR |

[(x3+x2+5x—i)‘1(3x2+2x+5)dx.
— 3x2+2x+5 dox | -\

X x3 4 +x% 4+ 5x — 1

Sl 2 p sy — 1]+ C
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Q.2 Evaluaté

In xdX

i) =

) [ 2

X
stanx

5¢_ ___dx

o e T —

7y cot 2x)dX

) J e

v +cos x+1 (CdS X — SIn x)dy
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Tne W T LA P T ¥ b~ B

— . 1 B
=, f In(cos x) t

1
= f tan(In x)—
X

= In|secy| + C
= In|sec(ln x)]| -

W) [+ e2¥)3

=f(1+ezx)"§'
lety = 1 4 ¢%*
-C}Z— 2«!.&"2‘“5::'51-2
dx Y,
_‘_ 1 . ___:_I__
=5 | Y zdy

| 1y
_1yy2

2 __]; - C

2

~VY+C

é[e”dy' |
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TN

1 I o (|

Tt

e ' .
[ anxd\

-l-(iy

y

_ —Inlyl +C

_ — In|In(cos )|+ C

f tan(ln x) dx

- —
f-.-'

(iv)
1
= f tan(In x) " dx

Letyr—*lflx |
1 dx
dy_____;,, y = ax

ax X . x

:ftanydy

=In|secy| + C S
= In|sec(ln x)| + €.

2XN—Z 5 2% | T . | e
W) [(1+e“) :e dxl e
= f(l + e**) Ze**dx S S

lety = 1 + e%* '

=J§+ c
=1+ e+ C
Sestanx

(Vl)f cos? x

= f.és tanx(s‘secz x)dx

lety = 5tan x

dy
dy = O sec? x=>dy'-'SSec 2xdx

:feydy |
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N\ The Stuaen

= By + A T Y /-]-_-
_ eEtanx + C | _ —-—EECOSEC
2x . | | b |
(vu)f;ﬁ‘e’:fdx | (ix) [ 37 dx
¥ ety =37
e tox Zj}é: 3*(In
Lety'-‘-.‘ex | f)f..: 3*dx
_g.zz * o dy=edx ln31
X - — 1 d
e* " In3 ¢
f 7 e*dx 1
- | = —Yy + C
et In3”
x
y_|_}'. In3 .
2y ’ (x) f e Sinx+ct
.l ;,ZJ.:_ 7 dy - f esinx+c<
B 3; | | 0\0) Let y = sin x
=f 4 dy *\\.\\ dy
y2 41 i Ny — = COS X -
2,4 y Q’Z} dx
— Y T d $$ dy = (COSX'
y2+1 Q [
) y2+1_y2+1}dy =e¥+C
f{l 1 = eSInx+cos x-
et y: T 1} g - . Q.3 Evaluate |
= Y—tn “y+ ¢ :
=e*—tan"le* 4 "] cos? 25
| (viii cosec 2x+1 (iii) f 242
1 )_fe | (cosec 2y Cot2x)dx ( S(inx+ 3 si
d@ty = cosec 2x +1 V) f.;jnx COS x
Y (i ~cos x
e VIi _COsec3x
. dx 2 Cosec 2% cot 2x ) f (a+b cose
dy | (iX)f._ sec x
2 T Cosec2xcot gy 4 | —lsinxtsc
I 1 X \ SO'utiOn:
T T3] e¥dy - ) [ cogs 2% si
. 1 \ : =
r =-—-2-.e}’+c . [(COSZx)S:

Le - -
ty = COs 2y
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v miathematicg XII

e =
/T— 2 ,
cosec2x+1 - C-

_——e
S
(ix) / 3xdf
ety =3

é.z = 3*(In 3)
ax

lety = sinx + cosx + 1
dy

dx
dy = (cos x — sin x)dx

-—-[eydy
=e’ +C

— ,Sinx+ '

= COS X — - sin x

(X )fesmx+cosx+_1(COSx _ Sin X)dx' .

_ smx+cosx+1
= [ e (cosx — sm x)dx

g
&
$Q

\@*

_—m

—

m—

(i) | cos® 2x sin 2x dx

(V) Sln x+cosx

dx
Sll'l X—C0oS x

(Vll) f Cosec3xcot3x

(a+b cosec 3x)2 dx
(i)() f Secx dx

Q.3 Evaluate the following integrals by substitution method:

{iii) f (2 + 3sin 3x)6 cos 3x dx

() f <~ dx
(iv) [ sin(ax + b) dx -

(vi) [ e** sec® e** dx

dx
(viii) f(z cotx+3) sin? x

f cos(3x —5)dx

-.——-—--—-__

dx

e S ———

~_ 3Sinx+4c cosx ]

H

Solution:
('H COS> 2x sin2x dx |
= f (cos 2x)5 sin 2x dx

lety = Cos 2x
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dy _ _2sin2X
dx
_‘_Qi — sin 2X ax

- ._._.--(cos 2x)6 + ¢
12

= —-}—cosf"Zx +C

12
ll)fmtf :
fcot\/_"\*/':dx

Lety=+x | .
dy 1 1

—-—-..—_——-——=>2dy'—""""dx ,

dx 2\/_ Vx
I=2J COtydy | |

= 2In|siny| + C
--21nsmf|+C
(iii) J(2 + 3sin 3x)® cos 3x dx

. Lety"-2+351n3x-
] dy

=0+ 3(3 cos 3x)

dx

dy
T 9 cos 3x

d

9

= CoS 3x dx

I'-—1 6
*a[yd%

1Y
9|7 (tC
S—— 1 . ! |

= “'"(2 + 3 sin 3x)7 4

| ('V) fSln(ax +b) dy
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\“ The Students’ (

1
=—(—cosy)+
a .

1

— ——cos(ax 4
a
sin x+cosx

(V f sin x—cosx c
lety = Sinx —

| fd_z__smx+m

dx
dy = (sinx +

=] zay
Y

=Inly|+C

= In|sin x — cc
(i) [ e** sec? e
' 2X

lety = ¢

(Vii) cosec 3x ¢
(a+b cosec

=f(a+bcos
lety =g + b
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_ ! (—cosy) +C
a
" .—lcos(ax +b)+C
f;linx+cosx dx

(V) ;ﬁ;—x—cqsx
Lety = sinx — cosx

@y _ Sinx + COSX.
dx

dy = (sin x + COS x)dx ,

I’.—-—'f—d)./.

=Inlyl + €

=In|sinx —cos x| + C
(i) [ e sec? e?* dx

.\  Cosec3xcot3x
il | =
(a+b cosec 3x)

_—-—-—--......“"-—‘...._:__ ] l'q‘_ICS xll

Rt S

f(a +b cosec 3x) cosec 3x cot 3x dx

lety = q + b cosec 3x
dy

dy

dx = —3b cosec 3x cot 3x

Yy

3p = cosec 3x cot 3x dx
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..._..-1--[3"2‘13’
[=73p 1

1 _ 4+ C
= 3p(a + b cosec 3x)

- 1 ___—dx-
(viii) f&cotx+3)sin2" )
) dx

Fole
1[(Zcotx+3) sin® X

_ .cosec? x dx
~ ) 2cotx+3
lety =2cotx+3

| dy 2
dy = --2 cosec X = _7 = cosec” x dx

-_

B ) ,\Q\
f y | \50

= f—lnlyl +C

SO

——In|2 cotx
3 n|2c

(IX) f SECX dx

3sin x+4 cos x

. - secx d‘
Sinn - ' x
63mnx -
. COS X
o COS X

fsecxsecx‘d
3tanx + 4 X

EecTa
Sl

SEC” x

| f3tanx+4dx

dy
T 3SEC2x=>-C-i.X.._

11 | 3.
“3)5%

1 i
=3yl +¢

sec? x dy
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Q.4 Evaluat
(i) [ cos®2)
(iii) | cos? x

sin3 x
W ) Tz
(vii) [ sin3 2

a

(ix) [ cos 3

(xi) [ tan? x
(xiii) [ tan?”

~ (xv) [tan®:

(xvii) [ sec*

(XIX) [ C?/TT(;




Ch=06. Integration

Page 35 of 138

-

_~In|3tanx + 4| + C
3

) [ cos(3x = 5) dx

,;__,: [ cos(3x — 5)dx

———e
e T ——
g———

S ak——

Q.4 Evaluate the following mtegrals by substitution method:
(i) fcos2 2ydy -~ < (ii) [ sin®(3x + 5) dx
(iii) f cos x\/smx dx S (iv) [ sin* x cos®x dx

()fj;las—z— | ' (vi) {Cgos x sin’ x dx

(vii) f sin® x cos® x dx | - Qtﬁ [ sin 2x cos 4x dx
-(ix) [ cos 3x cos 5x dx \bcix) | sin3x cos 7x dx
(xi) ft::m2 xdx - &Q (xii) fcot4xdx |
(xiii) [ tan’ x dx \@% (xiv) [ sec* 2x dx
~ (xv) [ tan® 3x sec® 3x dx (xvi) [ cosec* 3x dx
(xvii) [ sec x\/ah—x dx ~ (xvii) [ cot 2x cosec* 2x dx

)fcosec ~ dx (xviii) [ V1 + cosx dx

Solution:_

(i) f cos® 2y dy
let t = 2y

dt dt

=2=—=1d
dy “T3 7Y
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11 (i‘?ff) +C

1 :
= é-fsiny31nzyd}"

'1 | ‘ ‘ .
= §[Slny(1 - COSZ y)dy |

[ (siny — cos®y sin y)dy \0)

1 /1 cos y {Q\
—_—— |C 0
3ot (5) 5 &

1
= —§cos(3x +5)+— cos3(3x + 5)@
(iii) [ cos3 x/sinx dx

. | 1
= f cos® x cos x (sin x)zdx

< 1 '
= f cosx (sinx)2(1 — sin? x)dx

(. 1 >)
= f {(smx)z—(sinx)'f}cosxdx
 Lety =sinx |

ay .

dr _ C0SX ='dy = cosx dy

3 7
_JY: y2
"'"§““‘“;7-+C
)
2 3
= —(sinx)z ?_ .7
3 ) 7(SanC)2+C
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The = ——
(N) f sin 4 5 cos® x dx

[ Sm‘*xcos X COS X dx
_ f sin* x (co82 x)* cos x dx
4 5 (1 — sin® x)?% cos x d
_ | sin*x( X)"Ccosxax
' _ i Dr o .
,J’sin4x(1"25m X + sin* x) cos x dx

f(sm x—Zsm x+sm X)Cosxdx

ot

dy cosx = dy = cosxdx

'dx_\ |
- '.-_-.f(y 2y +y8)dy
5 .

1
f (cos x) Z sin® x sin x dx

f (cosx)” 2(1 — coS x) sinx dx

o f {*(cos x)-%- ~ (cos x)g} sin x dx

lety = COS X

dy

gy = -sinx = —-dy = sinx dx

H

“y 2-—-y2 dy
Y

>
V2

Bof =

H

. C

15
2 2
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. : . _ themauc> nre .

| ts’ ComM’ | \
The Studen 2 ).'.5. +C o N The Students’ Cor
Z(cosx)2T " — 1

. 7xdx

sin 6x — —2- sin

cos6x)
( 6 /)

: cin cosx dx .
=fsin7x(1—251D2x+Sln x) S 1 .
| y _-:-—i—2—c056x+-
R . 9 inll x)cosx ax o
— f (sin’ x — 2sIn x + sin ) o (ix) [ cos3x cos5
. ~ - | ]
Lety = s X | | . cos 5x cos 3x =3

--@zzcosx=>dy=005xdx : ' 1 .
T DA . _ = —2—cos 8x + ECG
[or-2r+yaey & 1= [ feosses
8 y, 10 y12 . C)\

. c X - 1 /sin8x\ 1
5 10 T12.° QR "( )+_
¢ .1z - : 2%
~sin®x sin1°x+51n1?x+ c \$$$' | § 12

. : 17 . é—ig51n8x+zs

(vii) [ sin® x cos® x dx (%) [ sin 3x cos 7;

= f sin® x cos? x cos x dx SIIT 3x cos 7x = -

. ),
- , 2 - | . 1

= f sin3 x (1 = sin® x) cos x'dx = E{Sin 10 +

_ 3 5 I i .

= | (sin® x — sin® x) cos x dx ' — s 1_0x——-2-$

Llety = 1 {1

dyy Sl | I= f{isin 10x

E}‘C’:C‘)Sx:’dy:msxdx __________1_( cos 10x\

. 2\ 10 )
. = J()’B ~¥°)dy =1

) ” 8 | -é—acos 10x +

Rt .-(Xi)ftanzxdx |
. ($in x)i _ g_sin x)6 = f (sec? x - 1)¢
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Th

' lz_x cosdx = {sin(2x + 4x) + sin(2x — 4x)}

| 1 ,
_ ..-sin(()x) +- 5 sin(—2x)

2
1 :
_ —sin 6x — 55111 2x
"~ 2
- 1
l_.__:f{%sin 6x -—-_-2-sin 2x}dx~
1 cos6x) 1( COS 2x
:5(‘6 2\ .2 )TC
;.-—-—:-L—-C086x--—C082x“C
12 4

(ix) [ cos 3x cos 5x dx

cos 5x €cos 3x = E{co;s\(Sx + 3x) + cos(5x = 3x)}

1 1

= -z-cos 8x + 5 cos 2_x‘

2
] = {—c058x+—c052x}dx ) |
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cos @

= [ a0

=0+ C > (2)

ey
gy

Please visit for more data at: www.pakcity.org
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Ch=06. Integration

IME Suuusses~ — - ——
x—2

—  i———

(1) = sin 8 = 3

. ‘x’-z) -
T ¢ _1

Solution:
dx
) Vox — x2
2 = —{x* — 9x}

9 9
x—-2-=-2-31n9—>(1)

9

thy, = ECOSQdQ

sz,
-

B 9
| _ [>cos0dg

9 . »
5 €056 df

81 81 .
% ~ 7 sin?g

9
5 COS 0 do

81 =
Z (1= sin2 )

9 ———
“2*\/(:0329

Please visit for more data at: www.pakcity.org
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The StUderﬂ
— 7 cos 0 dl

f
—

(1) = 7 sini
2Xx

—z—sinﬁ = —
‘ - 2x -
sinf = 9
2

9 = sin™? (—-

(2) = sin™?

e ——

Q.14 |

(x+1)y
Solution:
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. T e aluuw RRwr s wprCAR R ) grﬂwathematics x||

i P s o Y i Ak o
e gt .

ccos0d@. - et
— ¢
=" cos@

fdo

_g+C - (2)

\ 9 . | 9

(1):,;2—-51119 =X — —

2x —9
: 2si119=“— > |
2
2x —9
Sing: 9 | |
- i 2x — 9\ - )
’ Q:Sin ( 9 ) '
| - —1 (Zx—.9) ".C'
(2) = sin 9 )T¢C.
- _ 4 S e
Q'14f(x+1)\/x2+2x-;15- S )
Solution: -~ - - ..
1f' e AQ)"'
= - E -
(x+1)\/x2+2x—1§9\ N g

Peu-15=0+adD-16 R
=(x+1)?2%-16 \§$ ' '

dx
-1_[

(x+1)\/(x+1)2
x+1=4secd - (1) . A A -
dx = 4secQtanfdfd| !
I__j’ - 4secfOtanf db

4sec@V16sec? b — 16'__
2[ tan 0 d6 |

J16(sec2 — 1)
1 f tan 6 dO

Vtan? 6
‘tanfdo
tan g
do

I

o [ =t o S

| S

r\

]

{1

C—)(Z)

QD

Please visit for more data at: www.pakcity.org
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nion v= == |
Students’ CompPa_——— a \ ;
(1) = sectd =" — 7 (2x -5

: —{(x — 4)?

Solution: _ 16— (x—4
dx - (2x —
I:f Iﬂ"
(x — 4)\/}2-—8;\: 9 , J4? —
o xt-8x-9=x -2(x)(4)+(4) _16 9 ’ _Lej:x"'4=4’
=(x —4)* - | dx = 4 cos 8 c
dx {
— , : (1)=>x=4+
| f(x—4)ﬂx—4)2—52 .2x = 8 + 8sin
-Let'x—4=55ec6—>'(1) 2% —5 =8 —
dx = 5secOtan 8 do 2% — 5=3+
" Ssec9tan9d9 | (3 +.8si
I—f O _I—-f
5secdv25sec?  — 25 .\\9 | V16
_ [ tanfdd N \Ec;\& (3+8s
) [25(secto—1) - Qf J16(
___1 tan 6 d¢ & (3 + 8si
Vtan2 @ | \
[tané)de _ [ 3+ 8sin
tan 6 - CQ
tan9d6 _
= | (3 + 8sin|

Please visit for more data at: www.pakcity.org
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_ {(x—4)* — 16}

\ | gl._-{.x 2 —-2(x)(4) + (4)2 — (4)2

- 16— (x —4)°
(2x — 5)dx
1= J4? — (x — 4)?

Letx'-4=45in9—>(1)
dx=4cosfdf]
(1)=>x—-4+4sin6
x=8+8sinf |
2% —~ =8~ 5+851n9 |

[2x — 5=3+8sin6 :
(3 +.8sin 8)(4 cos 9)d9

V16 — 16sin%2 6 - "q,
(3+8sinf) cosfdo Ok
6

J16(1 —'sin28) \@\
f(3 + 8sin @) cosGd@ $Q |
=1 —

~ 4cos20 \$$
(3+8sinf) cos b db
- cosB. |

=f(3 + 8sin 6)do

=30 —8cos8 + C —=(2) A
| — TR C. 2

(1)=>sin9—'x —:~9=sm1( i )

].._

=4

" 4
sin@-—x_4£-P-
-4 H ..
p VTP _ (P-4
COSQ:“.—-—: 4
- H H \
_ _ 6
C08,9'_____.\/16 (x2 — 8x + 16)
— 4
Vx2 — 8x

\\

Please visit for more data at: www.pakcity.org
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. comper-- |
The StUdenti//’-—"\-/;;_ )_'_ C ' L \ The StUde_ntS
(2) = 3sin 1(-——7“) . ( 4 _/’;#.‘[‘_xz
. - I '. | | Sec _I..l_-
| .__1(x-4)__2\/}2__8x+c | | - .
= 3sin" =4 | I |
Wﬁgﬂé‘__ﬁﬂ/ \ (2) by tan—l‘
(x+3)dx , | | . ” _
Solution: o | | - \ a i
. : | oy : ' | ’ (X
[ = (21 +23):i-x5 g | : | I _ tan 1 (__E
x? +2x +5=(x* + 2x+1) + 4 DU o Q-,18ffzx+:2:
_ 2 o D E 1
=@ +1)"+4 | | | S - "1 solution
- x+3Ddx - SP T | (3% +
Letx+1-2tan9—->(1) S A o 3x
dx =2sec20do| T . ; . Tt _-[JCZ-FZ(J
" (1)=>x+1=2tanb | \6_,. | _ 3x+9
x+1+2=2+2tanf 0\\\\ o ] (x + 2)2
x+3=2+2tanf| - Q\E | :f3x+6_
- ((2+2tanB)(2sec* 0)do $$ . 3(x(§_‘;)
) 4tan?6+4 N _f G
B f2(1+tan9) sec,29d9' SR 3(’; 7
' el + Dj | = {fx ey
_ " (1 + tan 8) sec? 9d9 WS AT - F s - :
| ‘ 2 . ) _ ) - )
Jr . sec< @ Y : Y _, f{x+2,
= | (1+tand)dg - ‘ '
=0 +In(sech) + ¢ — (2) |
=3In
(1)=$2tan9—-x+1 I | : | (x+_2)
x+1 | _ - | =342
A0 =Ty 0= tan (ﬁ——l—) S | ~—
. 2 - | Q.1 (4x+9)
x+1 2
=g ' ‘ Tt
| Solutime.. .
Cosf = E-_ _ B 2 | - uthn_C
H proms =— [ < 4x +
| + B2 _
2 Vet 1)2 + 22 V2xZ 1|
COS O = — 22+8x—-—10
\/x +2xﬁ—:i:-§ Ny 2{ 2
(%) +2(a

Please visit for more data at: www.pakcity.org
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S

._f3(x +2)+3d

- (x+2)
f{(x+ 2)2

-=[{x+2-+3(x I - | i

- “3ln(x+2) 3(x+2) 1 +C.

k\%ﬁ; — = . 4

Page 61 of 138

Y ———— T IITTIRUES AL 1

== X2+ 2X + 5 T Hl

:‘-;CC g._'...""'- — 2 . 1?1}
e | Ii :
tan™" s 1) +1n {- Vx? +2x to i
2= 2 5 + € |
|

x+1
= t-an"‘1 ( > ) +In (\/xz + 2x + 5) —n(2) + ¢

n (\/x? + 2x + 5)'+fc

xz n 2(x)(2) + 22

3x+9 .

Jx+2)2 | | o
J’-3x+6—-6+9d SR \Q)
= - X

(x +2)2 X @&\\

(x + 2)?

(x+2)®}dx <

2 2+1 o U7 | I
E),(XJ;JL o | - |

=3In(x +2) +

. B |
—-3ln(x+2) HC '_ - |

(x + 2) N

Q-lgf (4x+9)dx S . )

V2x2+8x-10

|

e,

Solution:
[ — (4.1? + 9)dx

I V2x248x—-10
2x2+8x—1q:2{x2 + 4x — 5}

S2{(0)? + 2x)(2) +22 - 45}

Please visit for more data at: www.pakcity.org
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. jon vr -
The Students’ CompaNIon===——""
} | N

[ =

32

—2{(x+2):
= [ S+ 2 - 9}
f (4x + 9)dx
| Letx+2 —= 3secl (1)
dx = 3secftanf do
4(x +2) = 12sech D@_pakcity-org %"
4x +8 = 12sect . |
4x+9 =1+ 12sech
(1 + 12 sec 9)(3 sec @ tan @ dB)
_ 3\5] (1+ 12secf)secHtanb 18 \0)
 /9(sec2 0 — 1) ‘\&\\
3+/tanZ 9 $$Q
(1 +12secf)sechtan@ N

(4x +9)dx
V2] Jx+2)° -
(1) = x + 2 =3sect
4y +8+1=1+12sectd
x/f ' V9secZ6 — 9
_(1J-I—_*1'2 secf)secOtanb ” \bc’
J “tand do

(1 + 12 sec 6)secH do

Tl sl sl sl o

) (Sec 0 + 12 sec? doe

-{In(sec 8 + tan 8) + 12 tan 0} 4.C

--2—-1n(sec6 + tan 9) +6v2tang 4 ¢

| 2
(1)=>336c6__x+2 (2)
sme_x+2
3
cose-—___?j___zg'
X+2 H
' P VH?
t - —-}32
éne B W

Please visit for more data at: www.pakcity.org

Page 62 of 138

(Zx -

V5 + ¢
54+ 4x — x?

[ =
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\ I ’
o Studonts_SOMPanion of Mathematics x

- e T T
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J‘_l ) + 4 r . 5 “"‘""—""—---nﬂ———---.-——.---'...__-.-...._..._..._......__.-__.__._,r....._.._-

tan 0 =" 3
2
(,_)) - __2--111(50(:0 +tan ) + 6\/’Ztan 0+ (
J2o o [x+2 Vx2 4 4x _ % SN
( N 4x 5)+§\/Z\fp+4x~5

Mlll

M————

=" 3 3 3 + C
V2o [(x+2+Vx2 4 4x %
i ) + VBT T T

V2

2

.-.----{ln(x+2+x/x2+4x~5)—1n3}+2\/§Jx2+4x—5+c

V2 V2

[2’ ; .

v

=—-In (x+2+ }fx2*+4i—- 5) + 2202 + 4x = 5) + C
(2x-5)dx o o IR o

Q.20 f\/5+4x—x2 O

Solution: __ N 3 C;\J e

o (2x —5)dx . QQ\}E "
V5 + 4x — x? $‘ | .

5+ d4x — x2 = —{x? —4x¢\—5}
= —{x2 - 2(x)(2) + (2)%? — 4 — 5}
=—{(x-2)2 - 9)
=~{(x~2)? - 9)
=9-(x—-2)%"

(2x — 5)dx | |
V32 —(x—-2)2 — e o =
X~ 2—'331n9-—>(1) | v
E—-Bcos@d@
()= x-2=13sin6
¢(x - 2) = 2(3 5in )

X ~4 = 6 5in g
X=4—1=—1+6sin0
E5=—1+6sin9

[ =

' luf_(fl 6sin 8)(3 costGl

V9 — 9sin? 0

_.._-..-z—ln(x+2.+\/x2+4x—5)__5_1_n3+2\/§\/x2+4x_5+c -

Please visit for more data at: www.pakcity.org
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Ch=06. Integration

The Students’ COE=——r7,™ \ .

- S
[CLsna

(=1 + 65in6) cos 0 d?

- f (~1 + 65in8)df
- —g — 6cds_9 +C - (2)

st
‘ X — 2 g
(1) = sinf = = 0 = s ( 3 )

3

. x—2 P

sin @ = 7 _H. o

,_E VHZ=PZ J9-(x—2)°
cost = = T = 2
V5 + 4x — x?2

cos O = - Co
3 y ' 0\0)
X — 2 5+ 4x — x*? :

(2)=>—sm1( : ) ( T L\-b\?.\

;.f'

Q.1 Integrate by parts the followmg
(i) fx?e*dx B | (ii) fx3e*dx
(iii) f_xcosxdx' (iv) [Inx dx

(v) [ x%sinx dx
vil) [ x sec? x dx (vm)f (hf:;zfdz ty.org 7

_‘========-T——___:

goﬁion: - __—

1 — { First I |
I = ntegra] :

(function) (Hnd fiﬂct?s ) s f (Derlvative of ) ( Integral ?f )
(i) [ x2e*dy t tirst function/ \1Ind functio®

First function = 42
- Second function — eX

[ = x ‘
TEE - [,

Please visit for more data at: www.pakcity.org
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o Students’
== (xz)(ex) __J
First function'=
second functior

—

”) fx_3exdx

* First function =

second functiol

[ = (x*)(e*)-

' _—:x36’,—x—[(3.

First function =
Second functioi

= x3e¥ — {(3-x

= x3e¥ — 3x2¢

- First function =
- Second functiol

First function =
Second functior

[ = () (sin x) -

HxSinx*-—fsi

— XSinyx — (—¢
= xsmx+cos
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\ r ﬂ a_?_!,‘..’qir-'-‘tf Compjllll*q_n of Mathematlcs Xll

———

= (% 2(e") — f 2x)(e®)dx _ e

irst functlon = 2X

G scond function = eX

_ yte* {(2.1)(0'1) — f(Z)(e"’)dx}

_ ylet — 2xe* 4+ 2e* 4 C
(i) f x3ertdx

first function = x>

second function = e*

= () (M) - f (3x2)(8x)dx |
P f(3x2)(ex)dx |

First function = 3x
Second function = e*

- =xed {(3x2)(e") f (6x)(e &@c}”

3xzex+ (6x)(e |
A

- First function = 6x \§$
Second function = e*

=x3e¥X — xze" + {(6x)(ex) f(6)(ex)dx}
= x3e% — 3xze" L 6xe* —6e*+C
= x3e* — 3x2e¥ 4+ 6xe”* —-66 C 4 C
=e*(x* —3x%*+ 6x—6) +C

{iil) [ xcosxdx

Fi}st function = x
second function = cosx

F

I = (x)(sinx) — f(l)(sm x)dx

“‘xsmx-—fsmxdx

= Xsinx — (—cosx) + C
~Xsinx + cosx + C
) [ x dx

Please visit for more data at: www.pakcity.org
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Ch=06. Integration

e Swuuwess~  —

- [ (1) Inx dx

First function = Inx
Second function = 1

[ = (Inx)(x) — [ (;—) (x)dx

-xinx- 4 g oacityorg B

=xhax—x+C
=a(lnx—-1)+C
(v) [x?sinxdx
First function = x*
Second function = sinx

[ = (x%)(—cosx) — f(Zx)(—- cosx)dx .

= —x?cosx + f (2x)(cos x)dx

First function = 2x | B B
Second functioh = cosx c e \&0‘\\'\\

= —x%cosx + (2x)(sm X) — f (2)( gﬁt%c)dx - |

= —x%cosx + 2x smx (2) (—cosx) + C
= —x% cosx + 2x sin x + 2cosx+C

(vi) [ x cosec? x dx |

First function = x

Second function = cosecizjx ' |
I'=(x)(~= cotx) — f (D (= cotx)dy -

= —xcotx+fcof:xdx

— TXCOtx +Infsinx| 4 (.
(vii) [ x sec? x dy
First function = X

Second f '
Unction = ge(2 ¥

= (x)(tan X) — f(l)(tan x)dx

Please visit for more data at: www.pakcity.org
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The StU(
//_——_
— x tan’
_ x tan?

= (In x)*

First func

- Second fi

= (In x)?

= (In x)-z

= (In x)?

Q.2 l;’gegr
(i) [(x +
(iii) [ x—3
(V) [ sinx
(vii) [ cot:
(ix) [ cose

(i) [ sec3



Ch=06. Integration

(ix) | cosec x cotx In(cosecx) dx (x) o

(xi) [ sec3 x dx

e

-Solutlon

() [(x + 1) In(x + 1) dx
~ First function = In(x + 1)
Secon'd function = (x + 1)

s S50 - ()

The students’ Companion of Mathematics XII

Page 67 of 138

ml — {—In|cos x|} + ¢
s X tan x + Injcos x| + ¢

(viii) [(In x)*%dx
_ [ (Inx)%(1)dx

rirst function = (Inx)?
secon'd function = 1

dx - R
Zlnx x

[ = (IHX)Z(X) —- ‘( o

)(x)dx
= (In x)z(xj - f 2Inxdx

First function = Inx

,, econd function=2 . L .:'
_ (lnx)Z(X) {lnx(zx) f @dx}
6
- = (lnx)z(x) —2xlnx +2 %{g&p

| -(lnx)z(x) 2xInx §

C

.__.-(lnx)z — Z(Inx)—ci(lnx) _ ZElnx) (}_) 2Inx
X .

IIJ

- — AT MG ET T
- e 7 P e e o8 s
i == Pty SENTT 5 e

Q. 2 Integrate by parts t‘ﬁ\e followmg

In x>

dx

s e

(i) ) [(x + 1) In(x + 1) dx (ii) fx‘,lnﬁcdxy
(iii) [ x~3 ]_nlx dx . | (iv) [ x *Inx%dx
V) [ sinx cos x In(sin x) dx (vi) [ ;j:zx In(tan x) dx

- (vii) f cot x cosec? x In(cotx) dx  (viii) ) [ sec® x tan x In(sec x) dx

(i) fcosec x dx

————
i ——

—— rYE——

1
}:ln(x + 1) (x + 1)z — —-f(x + 1)dx

Please visit for more data at: www.pakcity.org
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Ch=06. Integration

| o1 ma .
| Com W
The StudentS (x + 1) } LCc

——-—ln(x+ 1) (X"' 1)2 { 2
‘ _...-—(x+1)2+C

- 132
= -2-ln(x +1) (x +_1)
(ii) [xInxdx
First function = lpx
Second function = X'

= (5)-[ 6 (f;) ix

:E-lnx—-—[xdx

2 - 2
x 2 1/x?%\ -
= — 10X =\ = +C
> Inx 2(2)
2 1
= — ——x“+C
z In_x 4x . |
2x%Inx —x* :
e &
RS N
x2 ol , : “ \EC)\
=—2hx-1)+C | >
4 a @2
x: . N
= (nx? —1) +C S

(i) fx P Inxdx
Firjst function = Inx
Second function = x 3

1= am( ) ()

= _Zﬁlnx-l' f dx

_ 22hx+EMx+C
(iv) [ x™* Inx2 dx |

= fx“*(é In x)dx
= J-(Zx“‘) In x dx

First function = lnx

Second fUnctlon = 2x“‘4
i 1

Please visit for more data at: www.pakcity.org
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First functi
Second fun

[ = lntsin:

1
— —gin?
.zsm X |

1
=-2—sin2x]

' = In(tan

Il

Il
N‘__IPH N = N =
cr -t
L o Q
.'JN ,'J‘N :N
xR
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. the S students’ Companlon of Mathematics XIi

e i,
e e

————

X 3 ] ) e
— X ) )
[ = (l‘n X) ( - ) f (}') (“::3“*) dx o

2 2 L
:______.——3—;]1]1""3 X7 () dy
L2 2 |
o e—Inx 4+ =] x7dyx
= 3x3 3
2 2{x2
e e—e=Inx =l — |+
| : In x 2‘(1)‘
=7 3x3 9 \x3, Fu
2 2
ST

(v) [ sinx cos x In(sin x) dx
First function = In(sin x)
Second functio’n = sinx cosx

oo fsin?x\ [ scosa sin® x\ |
[ = In(sin x f - |
( ) ( 2 ) '. (sin x)Cg 2 ) -
L-. . 1 » | .
= —sin xln(sm xX) — E [ sm;@;gsxdx -

2 \bo
1
= -z-s:in2 x In(sin x) — &) +C

oy |
‘—-z-sm xln(smx)-—zsm X Jall,

N :( i) [ anx In(tan x) dx

cos? x

=‘f In(tan x) tan x sec? xdx-

~ First function = In(tan x)
Second function ='tan x sec? x

| tan® x sec? x tanzg;c |
= aney (B (1) (),

1 1
= -2--tan2 X In(tan x) — —2-f tan x sec” x dx
1 1 (tan” x
= — 2 -
> tan® x In(tan x) —5( 5 ) C
1 .
~7tanxIn(tanx) ——tan®x +C
il) [ cot cosec? x In(cotx) dx

Please visit for more data at: www.pakcity.org



Ch=06. Integration

f Mmauer—= -

o) ., -
The Students COW |

First function = In(cot x)

N

X
— cot x cOS€C x 2
second function = €0 cosec? x)( cot
2

| cot? x ___f - -
" [ = In(cotx) - cotx .
N . (— cosec” x)dx
= ——;-cotlen(cth) +'2"f Cozx(' R |
1 [cot® X -
i 2| - +C
== —-icotlen(cotzq) +-2'( . ) .
g ,
= —%cot2 xIn(cotx) + -"_}-cotz X+ .C

(viii) [ sec® x tan x In(sec x)dx

= f sec? x (sec x tan x) l'n“(Sec x)dx

- First function = ln(sec x)
Second function = sec? x (secx tan x)

Xy - secxtanx sec
I—ln(secx) (sec3 ) f ( " é?dx

! l
-§sec X n(sec x) —_— f (sec x tan xgs(gec x)dx

= —sec> x In(sec x) 1(sec’x \$
1 . 1

= -?:sec3 x In(sec x) — -é-sec3 x+C

(ix) f cosecx cotx In(cosec x) dx
First function = In(cosecx)
Second function = cosec ¥ cot x

[ = ln(cosec %) (— cosec x) — f cosecx cotx
cosec x

= —cosecx In(cosec X) — f Cotx cosec x dx

= —cosecxln CO

lnx2 [ ( - x) T Cosecx + C
(x )f dx
‘.-: fx_z(z anC)dx

First function = 2, ,
Second function = 5-2 -

Please visit for more data at: www.pakcity.org

X
*)dx

) (— cosec x)dx

Page 70 of 138

o The Student:

1:-:-211'_1x —

2Inx
e +
X
2Inx
x s
2Inx

e g ST

._ X -
(xi) [ sec® x
= f SEC3 X
[ = [sec®x:
First function
Second funct

-t

a——t gi—
a—

[ =secx (tal

| = sec x (tal
1= sec x (tal
= sec x (ta

= sec x (tai

I = secx (tar
2l = secx (t:

1

[ = Esecx(t;

1

I = Esecx(t;

< 1
= 5secx (t:

(xii) [ Cosec3

I:::_-'.-
‘ cosec3.

[ =
| cosec?:
Ft
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7

né students’ Companion of Mathematics X

Page 71 of 138

T —1\. —
-one(55)- Q) () e

- ,___zmx+zf 2

= x 1
X X
_ E.lf—-+2( )+c‘
=7 x -1/
o
L ABE Lo

(,u) [sec® x dx

(= [sec’ xdx .

[= [ sec? xsecxdx B
cirst function = secx .
second function = sec® x

[ = secx (tan X) — f (secx tan x)(tan x)dﬁc

[.—_sécx(tanx)-—fsec'xtanzxdx‘ ' .
. | | \0)

[=secx(tanx)~—fsecx(sec X A dx
secx(tanx) f (sec? x—Q??ecx)dx |

|=secx (tanx) — fsecﬁx dx+fsecxdx

[=secx (tanx) — [ + In(secx + tanx) + C

21 =secx (tanx) + In(secx +tanx) + C

1 o 1
[= 5 Secx (tanx) + —z-ln(secx +tanx) + C

1

1 ; 1,9
I==secx (tanx) +In(secx + tanx)2 +

2

1 . |
1='-2—secx (tanx) + In+/secx +tanx +C

(xii) [ cosec3 x dx

[

[ = J cosec3 x dx

l= f cosec? x cosec x dx

Fi .

ISt function = cosec x
S -

*tond function = cosec® x

Please visit for more data at: www.pakcity.org
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hemmiatws sx--

N -0 of Mat : ' .
The Students’ CW NS | V
— ' tx)(— cotx)dx The students’ Cq

_ j’(.—- cosec X €O

— — cotxcosecx —

, | 2
f cosec x (cosec

| | - cxdx
— — cotx coseCXx — -[ COSeCBxdx +f COSEE- ;o

[ +1n(cosecx —cotx) + €

= — cotxcosecx —

[ = — cotx cosecx

2] = — cot x COSecX + In(cosecx — 'co_tx) +C

T 1 | .
[ = -'-% cot x cosec X + -2-ln|cosecx — cot_x! +C

LY ) - 1

[ = ——zl—cot,x cosecx -+ lnlcpsecx —cotx|2+C

1 | _
[ = ——cotx cosecx + Iny/cosecx — cotx + C
Q.3 Integrate by parts the following: S
(i) [ 3x cos3x) dx | (i) [ x4 siné@\v
x . . ’
(iii) féotzxdx | (iv) foS’b x dx
| 5x _ |

: (V) fsinz 2x dx (vi) 0S \/E dx
(vii) [ @** sin 2x dx o (Vﬁ?) f =% cos 2x dx
I‘ _(l)_(_)__f cos(h_]_x) dx (x) [ e** sin bx dx

Solution: - N LN B aesrann '
(i) [ 3x cos(3x) dx

_First function = 3x
second function = cos(3x) -

sin 3x /s
[ = B SIn 3x
3x( 3,) 1(3)( 3 )dx
t—-lxsin3x--fsin 3x dx

=XSIn3x — | —_
( 3 ) + C

= x sin 3x + 1
TG+ ¢
(i) [ x2 sin x dy

First function = 2

Second function = Sin x

Page 72 of 138

/
[ = x2(—cosx) -

:,__'.._.xz cos x + f

eirst function = 2
second function :
_ —x2cosx + (2
_ —x?cosx + 2:
— —x2cosx + 2:
— (2 —x%)cosx
. X
(ii) fcotzx dx

:[xtanzxd_x

=[x(seézx-]
-*—-f(xseczx—x

=fxsec2xdx-

First function = x
Second function =

[ = x(tan x) —-fq

~ Xtanx — In(sey

V) [ x sec? x gy
First function = x
>econd function =

S[n2 2
f5x Cosec? 2x ¢
Fir )
ST fy :

Please visit for more data at: www.pakcity.org
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cirst function = 2X
5econd function = cos x

"SULS Al

Page 73 of 138

_y2cosx + (2x)(sinx) — f (2)(sin x)dx

X 2 cos x + 2x sin x — 2(—cosx) + C

_ X 2 cosx + 2xsmx+2cosx+c
,(zﬂxz)cosx+ 2x31nx +C

(III) f Cofzx ——dx

_.;_-fxtan xdx -

:fx(seé?x—ljdx_'- S

= | (xsec? x — x)dx
J Y e
[ gsectxdr -5 S
= [ xsec? x dx — — T
J . 2 . . -\b(, | .
- , ) _ . : (b | i
First function = x $Q, -

second function = sec?x \§$

I=x(-‘tanx)'—' f (1) (tan x)dx |
| o

=xtanx—ln(sec-x) 2 - C

) [xsee? x dx
First function = x -
Second function = sec? x

I“""f('félfli’f) — f(i)(tan x)dx .

“Xtanx — {- ln(cosx)}+C
“Xtanx + In(cosx) 4 C

W [3x_
V)fsm 2 dx

f Sx Cosec2 2x dx

O"q function = cosec? 2x

Please visit for more data at: www.pakcity.org
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anlon or [ylatiiers

The Students ziomp cot Zx) N
o SX( s f(S)
— --?—{coth + ;[ cot2x dx
2
£y 5 (In(sin ZX)} ", .
;.———é—cot2:1r+2 2 .

S '
—Ezc—cot 2x + ZIH(SII"l 2x) +C

-A;{—Zx cot 2x + In(sin 29;)} + C
(vi) [ cosvx dx _ '

dy 1 o |
B _,.2\/55_d =dx=‘>2ydy=dx

I--:fcosy'(Zy)dy

_ [eosynas

First function = 2y
Second function = cosy $$Q

- 1=2y(siny) — [(2)(sin y)dx.

=2ysiny —2(—=cosy) + C
=2ysiny+2cosy+C
- =2VxsinVx + 2cosvx + C

(vii) [ e2* sin 2x dx :

[ = f e?* sin 2x dx

- First function = sin 2«
Second function = g2

I = sin Zx( ) f(z COS Zx) (ezx)

_I=—- 2x |
5 € szx"‘fe.xcoszxdx

First function = Cos2y
Second function = p2x

] =.-—e_x

I“—-‘-‘-‘-——e"‘

REre

Page 74 of 138

The students’ Cor

)

e?*'sin 2x — .

\\

N = N = Ny

N

*sin 2x —.

®

\\

N

R\

g2x. -
21 = —é—"{Sin 2x —

g%*

j:T{sian —c

*cos2xd

(viii) f e~

1= fe“x cos 2x d:
" First function = cos
“Second function = |

[ = cos 2x (—e™%).

COS 2x —

First function = 2 gj
Second function = ¢

* cos 2x —

= —g~x COS 2x + 7

- *(—cos2x +
= e=%(_ cos 2y .

Please visit for more data at: www.pakcity.org
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| dents’ Lompanion of
he Stu O Matham
| \ ) /1,’# e -—j-t-'f..“’?'__)_g!_
32" sin 2x — { cos 2x N | o u
S 27 )~ | (=2sin2x) (“i‘) dx_}
1 2x g L -
- in2x ——-e<* _ o
1= 2 ol 2 €os Zx f e** sin 2x dyx
1 22X sin 2x — : 2% ¢ 2
=9 2 X —]
22X |
7] = -E-—{sm 2X — COS Zx}
- g | | | |
.l__.-_.-—-'-—{siHZX—COSZx} B o o | i

4 o 1
(viii) f e-"" cos 2x dx | | | |

[_-f “‘xCOSZxdx

Flrstfunctlon-—COSZx - T | - r
’ Second function = e . - S

‘1._c052x(— x) f( 251n2x)(— x)d_x_

' r 5 . I O\q |

] ="-e"“ coS Z_x - f e“"‘(Z sin 2x)ey
. L P T ey ' Q> ;
First function = 2 sin 2x $Q | 2

- Segond function =e " \§$

1 —‘ X cos 2x — {(2 sin 2x)(-—-e“"‘) (4 cos 2x) (- x)dx} | | 1|

[ = —e;" cds 2x + Ze""sin 2x — 4] e *cos2x dx
= é""(— cos 2x + 2 sin 2x).— 41 : -

5l = e *(—cos 2x +- 2 sin 2x)
e —~X

( cos 2x + 2sin 2x)

(ix) f cos(Inx) dx
lety =Inx - (1)

o 1
dx--;=>xdy==dx

™

lrlJC'---lnei"=>x..-45'3’

@‘: dx|

Please visit for more data at: www.pakcity.org



Ch=06. Integration Page 76 of 138

_The StudentW _ | | \ he students
| szeycos}’dy \ | o | ' /I;{'_‘E—{
| ' ' [+-3z0 5
First function = €0SY ' a‘zl BB
second function = € y 1("’-’&7— )
1=Slny(33’)—f(sin)’)(€ )ay % -(
o | | | | | = 1 b2 (¢
[=eYcosy — f eY Slny dy o . o4 integrate
; | . o : ] — | '
First function = siny - - (i) [ sin —13x
Second functlon =e¥ . . i) f.ta;l ! 2_3
y (— cos y)ey dy} (v) J 3x*sin
[ =e” cosy - {smy (e ) f | (vii) | 6x cose
. S sin” " 3x
| =eY(cosy+siny)—1 - | L | | (i) J o
Zl-ey(cosy+smy) - | - ;::[(1)5111
_ ey _ | d
= — (cosy + sin y) __ - \0) | ZL(sin13x)
- lnx ' | C;\\A | | dx - |
e U EE .
I = {cos(ln x) +- sm(ln x)} X | | . Flrst function
| $Q ~ ' - Second functi

" ..{cosan D +sinnn)

I=(sin71 3x
(x) f e® sin bx dx -

First function = sin bx ' | =x sin~ 13y
Second_function = g% o
" ax | ' "‘:XSin—l 3x
[ =sin bx f (b cos bx) ( ) - | | .
. eax b | _ —
1= ————smbx ( ax —%SinT 3y
a a cos bx ) e dx - | | |

First function = 2 cos by
a

Second function = eax

eax b |
I = —cj _ . e 4x 2 ax :
T s {(E w08 bx) (T) - f (_ - st bx) (L) dx} F;rSt nction-

. S
(=8 h b2 a ¢ “ond functic
= ——Slnbx — — p X ' e
as > | e sinbx dx tan=1,(Z
pax b a {
= ——Sinbx — _ ,ax 2 ‘
q2 € CObe-...l.?__I *}_xs,-
. 5% tan™ x

Please visit for more data at: www.pakcity.org
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,‘/bz - -c_z_e'" SHIUX = DE™™ cos bx
2%+ p? 3 e* (a sin b;x - bCObe)
I(/ET—_ a2 —
g™ | |
- _,,._-B—z—(a sinbx —bcosbx) \
;ﬂﬂz\%&w
04 integrate by parts the following: o _ .
fSln—-l 3x dx _ _ | | (“) fx4 tan—_"]. x dx
(lll) ftanﬂ-l 23; ax o (iv) [ xcos™Y x dx
V)fsx sin 3x dx . | (VI fzx sec 1xdx |
V,,)féx cosec i2x dx B (vm) fx cot™ x dx
solutlon T
) [sin”" 3% dx
= f(l) sin”? 3x dx
d . 4 3
—{gin™* 3x) =
dx( | V1 — 9x2
First function = sin™* 3x @.)
second function = 1 O\Q\
A

3
I,:'(Sin"l 3x)(x) —f( /_____,_ﬁ (x)dx

= x Sin l33{—-[(1 — O ) 2 3xelx

=xsin™! 3x + - [(l — (),r'”)"?(_——'l&t)d;r

13

1 (1-—‘)1( )2 _

=xsin™! 3x + — r+
X sin 3.,1+6< 1 r
\ 2 J

- (O -
=xsin™'3x + =1 —9x%+C
O

) [ x*tan=? ¥ dx
First function = tan™ ' x
Secongd function = x?

1 .5
S 1 %z
3 * 5[1+x-

Please visit for more data at: www.pakcity.org
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Ch=06. Integration

The Studentsw

"x2+1 X

57 5
1 1 1

1 +x2) d;.r

"’1 o 1xt) | 1% A, 2
=—x5tan71x—-(——)+-5'(2) 101nI1+x I+C

_ R i '———ln1+x
5x tan~' x - 20x +10x 10 | |

T (ul)ftan 12xdx
f(l)tan 12xdx |

2 )
d 1+ 4x? | '
First function = tan~1 2x

~ Second function = 1 T

"I—-’ran 12x (x f
(x) - 1+4x (x)dx

= xtan™! 2x-—-1f o
.‘ 4 14+ 4x2

tan~?! =
x(an Zx)

dx

1
= xtan™ 12x—-—--ln|1 +4-x“| +C

(iv fxcos 1xdx |

~—(cos™1x) = —_ ! —
' V1—%2

First function = cos™1y

Second function =

Please visit for more data at: www.pakcity.org

C.
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The gtudents’
/"I”i
_Zx%costx
:__,,}..x cos™ 1 x
=5%
_ }_xz cos 1 x
2
1 _
_ Zx?%cos Tt x
Z
1 -
_ —x?cos™!x
2 |
1 _
- —x? cos 1 x
.
1 _
— —x?cos 1 x
2 v
(v)f3x2 sin™1!
. i
— (sin™! 3x)
dx

First function =
Second functio

= (sin™! 3x)

=x3sin~13y.
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1
!
i
!
i

The Students Lompanton of Mathematics X

Page 79 of 138

fl ~1 1 —x 4 T T
2eosT X — —dx .

P
[ 2]
o
o
€0
et
>
|
ST ST
—
m——
<.
ot
l
o
N
l
[
N s’
u )
e

W\

1(x

\\

'l 1
—x% cos” x——z—{ \/1:---:1c2 —5sin” x}+C
_1 L 2
e VT gt

\

=
B
)
Q-
%

i\

N‘HN\HN\HN\H

f3x2 sin~!'3xdx

d 1N |
—(sin"" 3x) = | S
First functlon = sin~! 3x e

Second.fungthn:-f_Sx N ._ , C§\ o
30 (5) - [ () (£)«
I-_-(Sln xX)| 3 | \Q&‘_ 9x2) T x.-

dx

=y?gin " 3% — 3

| 7=
V1 = 9x2 ,
=x3sin"13x — 3 f(l — 9x%) 2xxdx = (1)
Lety- 1—9x - (2)

dy

_ V4
i 18x = o xdx

(2) 5 9x2 = 1 — A\

Please visit for more data at: www.pakcity.org
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The Students W";:C \r rhe Students’ c
= x3sin"13x + 4 (Zﬁ —— §y2)1 2 | munction
= % sin” 3x+-2—1-7—ﬁ“9x2 "'é'i'(l__gx ? e | = (cot™ x)(i;
(vi) f 2% sec™x dx 1

; -1
First function = S€cC . x

| ..- -Secon'd function ':—j' X
R
o “‘)( ) xx? — 1

. =x?%sec lx [\/xz
. =x%seclx f(x "1) Zxdx

—x2sec™lx — Ef(xz — 1)—7(23?)(1)(

2 1, 1 ((xz"“l)%\
= X“ secC x——--i< 1 >+ C 0\0)
| | \ 2 ) 0\\}\
=x2-sec‘1i—\/x2—1+c Q}E
(vii) [ 6x cosec™? 2x dx $$Q
" First function = cosec™! 2x N

Second function = 6x

- 6
1= (cosec™ 12;«:)( - )_f(__
4 2xV 4

2

= 3x° cosec™! 2x + 3f_ 7 s
| V4x2 =1
= 3x? cosec™1
- TR 2x+3J (42 )" ’xdr
| 37
= 3x cosec™12x 4+ = 2 !
| 8 (4x = 1)"Z(8x)dx
= 3x? cosec™! 2y L e 3 (4x — 1)2
8 1 —tC
3x?2 3 ‘
= 3X“ cosec™1 = -
R | ZX+‘-\/4.x2___1+C

(Viii) fxz Cot"“l X dx

First functi
iIoNn = -
cot™1 4

Please visit for more data at:

—

www.pakcity.org

Q.5 Integrate b
(i) [ V9 — x2d)
(i) f\/xz — 2"
(l) ) VO —x2d;

= (1)~\/9 — X
d

1
7(9 — xz)"z‘ =

J

First function =
Second functio

I:(\/‘?-—xz)

x\/g__x2+

———

x‘\/g — yl

Sxy9 T 7
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I 3

- - 32 '] 3
; ) - S -r -:_H — Mt "---—--1.-...___.______“* ’
L et 3 f ( 1+ x? )(ﬁi) >

f 1 -1 .
F r—-—-;'l ot X +- [1 “{:“‘;z*dx

_ S —————
ond {unctlon = e S

e e o . . . . Bt e g
- e

2+ 1

1

i

W
W] = W =W
=
L3
@]
=)
o
A
=
+
; W =
%
3
=
=
|
W] =
%
[N
R
=
N
QL
>3

1 (x? 1 | . -
x3cet"1x+§(2) - 2x dx R a s’

= —x3cot™ 1x+1x —-lln 1 + 52 | s
{

w}—-\

S e
= e S m—_y
—_—

Q 5 Integrate by parts the fO"OW"@\ , |

(i) [V —x2dx | QQ’ (u)f\/16+4x2dx -
(m)f\/xz — 25dx $\$$ |
(I) r\/‘}) xzdx

= : ()9 = x2dx

d 1 1 ' . I_ -
(0 2V — A w2V (D) —

: L (i - s Y - tar Sa L -
|l S it T e o LLL LT N ) 3 [ i, AN
KD, T g Lo Jo el A e R S

N
V9 — x2

- USRNSSR VU PR TR TR i
Bt i ol TS o e ARy +) 3)

First function = V9 — x2
Second function = 1
X

Iz(\/‘)——xz)(x)-—-f( \/@_xz)(x)dx
-—x\/9 o f\/9 xz

:x\/—é-xz-—f —x ~dx
J V9 —x? |

— Z J-— ' . »‘
“xfg —pz_ [ 22X 22 . o
| V9 — x? | I

-
o’

TN R g s g S e
S I L 3 L A

A e e,
f i Lyt

g A oy Ly o e
e P
b 3 >

ey
e et

ey . ST FUE SRS el Pl PSSt o i, & PRI B AR S DA S

o’
i

L R
= W
kb

2

i O R AR T
oLy I e e,
bl

e,
BRI T (e
. e TR Y

LT AT P —

Please visit for more data at: www.pakcity.org
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The Studentsw,gjg;',;‘:;-—g '}d _\
| - P _tdx
:Xﬁ”xzﬂf{ﬁ J@-—gﬁ){z
\/%2.—x£-—r . *—}dx,
:x\/é_xz"‘f{ - J3Z—x2) -
| I (X [ 9sin“1£]+9s'in“1£+6'
=x\@"3‘2—{§m+2. 3 x3
| | = 9 1x -1
Zgin~t=+9sIn + C
.—:x\ﬁ)_ﬂ_.z_ 9 — x2 —5sin" 3 3
9
—-}-\/?9-—;\?2 +-'2"\Sin 1§'+C
(ii) [ V16 + 4x2dx
=[ﬂ(4+x2)dx
=f2J4+x2dx
(44277 == (4 + x2)E(2x) = e
ay L V4 + x? 0\0)
~ First function = V4 + x?2 - QS
Second function = 2 | Q\).E
I:'"..: \/4 +'x2 (ZX)—f( : )( dr
’ ( ) | \/4+x2\$@§\
2 . _
V4 + x2
= onfirai-p [EIETA,
| TTF X
V4 + x2
2
= 2%/ 4 + x2 — 2 ({x +4 4 5
r - .
— ' \/4+x2
= 2
2xy/4 + x -2 \/4+x2dx+8f 1
224 + x2 X — 4 V4 + x2
= LXN 4+ X -2{___ —— 4
2\/4 +x2+-2—ln|x \/4+x2”

¥

| o +81“|x+\/71+x5|+c
=2x\/4+x2___x\/-4+

+C

# = 4in |x+\/4+x2'| + 81nlx+m'

Page 82 of 138

The Students’ C
Lt
_ xJA+ X2+ 4

(iii) J Vx* — 254

!
,f-i--(xz - 25)"2- =
dx

First function = -
second function

| 1:(Jx2—25)
= xfx2% — 25 —
— /2% — 25 —
:x{/xz——ZS—-
= x+/x2 — 25 —
= xy/x% — 25 -

Evaluate the foll
Q.1 [ (5x-2)dx
(x-3)(x+7)

Q.4 [__Sdx
-fx2—2x—15
(2x+7)d:
(x~1)(x~5)(

Qzyf

| Q.10 f - (2x+1)dx

(x~3)(x2+:
. Q-13 f__(3x+7)d3
s~ (2x~1)(x~

Please visit for more data at: www.pakcity.org
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O TN £ T o S A 1 1) l"" T 1”|+( -
(iii) l\/‘ | i
o L F (x = 25) 2 (2x) - |
3 * o
( i - \/ . .-..._Zr‘
rirst function = Vx? — 2%

second function =

= (Vo= 25) (@) - f (TL__) ()dx ‘ ;
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LEtx----------z A
)+11-—A( 2+3)'|'0 i
|
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- The Studen j__}:fﬁl!':/ - B =
_..4f

,.._-—-dx

x + 3

(1) = 2x — ____..--dx‘
— 2x — ]n|x+2| 4C+C

+3+C
_ In|x + 2| +Inx
22X = { 3)4” S -

| =2x—-{ln|(x+2)(x’*'_ |

x343x+1)dx

alefSiine
Solution: | | T
rx3+3x+1 i

fx2+5x—14 | |
| x-5
-x2+.5x-14 x3 +0x%+3x+1

- +x3 + 5x%+ 14x
—5x?2+17x+1
F5x2"F 25x £ 70
42x — 69

* +3x+1 —x—5)+ 24296 59
,x +5x-—14 x*+5x—1
x2 +5x—14=x*+7x—-2x—14
=x(x +7)—2(x+7) ‘
= (x +7)(x = 2) A
2 +3x+1 o 42x — 69

= = (x -
xZ + 5x — 14 (x+ 7)(x — 2)

42x~-69° . 4 g
‘(x+7)(x—72)_x+7+“—"'“x__2

(x+7)(x -2
Letx-; ) (x+7)(x- 2)

2(2) - 69“0+B(2+7)=>A-._5_
Letx_--..-.7 | | 3
42(Z7) = 69 = 4 o
(7)i -69“A(“7“2)+0=>B——121

' =5
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students’ C
% 2

. X
@=1=7"

X B
x° )

2 ' 1
X oy 4+
— 2 o 3

.

Q.1 Evaluate th

_ 4
(v) f 0 VZ+x+Vx

Solution:

(i) f02(4x3 + 3>

()2

= [x*+x3 +!
= (2% =0) +
=16 + 8 + 10
=34

‘(ii) fz (x?+ 1

= | (x* 4 2x
~]
x5 x3
5T 2,(‘5
_ 1
=zi{2° - (1
_1 2
“5{33}‘*‘5{
33
ST +6+3
_ /8 |
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//

| 4 dx
V) Jo Forxeva

. (l)f (4x3 + 3x2 +5)dx

s L fr _, 3 i

A i A
4 [} -
e b
- Faim
s
; o
“-\\ | I"'
i ' |l
[ A
— i
Ll Y 1
- .-.
! =
[RE* ..}
1
|

Q. 1 1 Evaluate the following deflmte integrals.
(l)f (4—x -+ 3x + S)dx

(i) f_l‘(x. + 1)%dx

@EOE g2y,

e
e —— ’
—_______,_.-——-_,_'—'._-_-__—-——-—'—
— —
— —— e

Solution:

\1

- 4 3 2 .y sy L - .
-|-3 O | ]
_4(4) (3) RN i

' 0. O ' . 4 LS
= :x + x3 + SJC]Z fS-E o - . :-il g
- S . 1

= (20~ 0) + (22~ 0) + 52 3B) .

—16+8+1O | $ N | |
mee e (o T

e T e e T
o W= i Wi, -
P VL P

B . . . g e R

=[ (x* 4 2x% + 1)dx e, ) y il e

1

P x3 | ‘ . N - . | |
5TAE) T > 7 '
" b b - - % ‘

s =

¥
3%,

i

AP

PR P . .

R A 2 e e i

v
- s
- "1"'-"‘—-._-—'!""" Foad ™y ool st el S, T G R T S e TR S

I
[ o
w -
=t
@)
-
I
2

= e ".' e

@y

T S W et = g 2
=, —— - A

i) [*(6 + V@)’ de

“-Msmrmw“ﬁ.f% e e T p—

r - - IR R
Be G e g oardean s
1 T i - b s g, el

1 h‘_", ~
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The Students’ Com

e éS-
— 02 9 + —62

2
5
_—_‘_(24 —~ 14)-+ ?(22 —~ 12) +(22-1)+2 (%&- 12)
15 6 ’ A%
T3 E)-)+ o @)
43 6(8\/_ 1) L2A+2-1) Q? '
2T 7 5 & .
~ 43(35) + 20(48\/5 - 6) +28(8v2-2)
, - 140 > 5
_ 1505 +(960v2 — 120) + (224vZ — 56)
B o140 | |

1329 + 11842,

| 140
= 21.45

Please visit for more data at: www.pakcity.org

Page 98 of 138

— 44/3 + In3
4

)
4

dx
V2+x+Vx

=j; V2 + x

Il

1
51

L

&)+
(6)2 = {;
6\/— 2

36— v
\

e 2 Evaliiata +

Il

1
2
1r

Il

Il

3
1_
3
2
3
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1ﬂr_1__g__;’_,::' ot l* — T OT ,Ta__q‘?matlcE Xil

) [ [y? +2y2+ - ay T
paos y :
1 .
'i II
' & ol ) 1
o 2y2 I
_ Y ; + Iny j
| 3. 2 i
T2 '

2

4 dx
) Jy mh'/" ' | | |
f | (\/m.. %\

\/2+x+\/_ VZ--X—://_J_C)dx

2 x—=x S '
:[ ' 2 zdx O

o (V2 +x) - (Vx)© o\\\\

. N N
=f , 'V—dx ‘Q} .t

;.]'4\/2'——:( — VX
0

L4 - a1y
=-2-f {(2 + x)2 ——xZIdx '
0. ’ ( v

\n:%: L |
Q. > Is by formula

e ——
2 Evaluate the following definite integra
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Tﬁe Students’ 9,,9_"'

(i) [ (e + 9)zdx
3 (2x+'3)d1

(i) f“ J2x2+6x+5

of Mathematlcs Xil

- gk e e —w——

~d
(v) f05¢053 x dx (vi} f__; = ox
-H . "2‘ 5x—2
(vii)fozx/tanxseczxdx (viii) fone . dx
(ix) fog cos33xsin®3xdx (viii) f03 tan® x sec* x dx
=S=ch>lution:=—. - |
(i) f14x(x2 + 9)%dx
. 4 B
= lf (x* + 9)%(2x)dx‘ ‘
_1 (% + 9) ) .
B AEE S
L 7 . | o
. . . _ \b(,\\\\
==|(x +'9)2] - A\
i : 1 . | $$Q
g | |
= 5| (4°4+9)2 - (1'+ 9)2] & |
1T 52 E-
5| (5%)2 — (19)2]
1 ’ ,
a (5)° -~ (10)2(10) }
1r
=56 - (2)2(5)2(10)2]

—
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The Students’ (

—1

ﬁ-——-—[ln177-'
-7 14

1l (177
=14 30)

1 ! (59)
=74 "\10

3 (2x+3)dx

(i) f 0 /2x2+6x+!

[
0 (2x% 4+ 67

. Y
=1f (2x% +
2 Jg

i, 1 3
== (2x% +¢
2]0(

1] (2x? + 6x
2 1

. 2‘
= [\/2x2‘+ 6x -

=V2(3)2 +6(

=V41 -5
(iv) fz(:!c3 + 2x)

(x + 2x)2

— ] —
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Page 101 of 138

1 in177 —=n30]

14

1 177)
=1z" ( 30
1 (59)
=12 "\10
3 (2x+3)dx -
(iii) fO Ex2+6x+5
J‘3 | Zx + 3

— ._1dx '
(2x2+6x+5)2 ' -

—
—

‘ ..n3 : 1 - :
o % f (2x* +.6x + 5)72(2) (2x + 3)dx - ° |
- J0 | | | . | -

oo,
':;_ f (2x% + 6x + 5) 2(4x + 6)dx

173
1] (2x*+6x+5)2|
:-i 1 |
- z . -
P R
= [J2x2‘+ 6x + 5]0 | C;\\A
T =423)2+6(3) +5- \/3@4_ 5
" 1 : |
() [7(x® + 2x)72(3%> + 2)dx
7 ' | 1 2
(x4 2x)2
= 7
2 1

T
V) [Z cos? x dx
. ,

P

"'2' .
= f COS x cOS? x dx
0
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-

f MatrIEII Jassw— — — -

n O
The Students’ W
14

—fzcosx(l——sinzx)dx .
0 |

m
= [ 2(cos x — sin® x €OS x)dx
0 .

m

. sin3x12
_-_-[smx-— 3 ) I
inz - si L (i3 Z — sin30
- a3 sing 5 (505~ 51°)
x
1-0 3( )
— 1 1
B
_2
=5
2
36 Sinvx
(V)IE; i d 0\0.>
2 | ’
zf% A : ) \bd@ .,
= sin v | —— | dx
2 e &
) , y
:—Z[COS\/E];ER _
)
| [
= —2|cos |— — cos
36 08
| 36
d T
= —2|cos—— il
[ 0052]
V3
"__'....._2 -
2 0]
—_— 3 .
PRI ' o
(Vli) fo%mSeszdx
(i 1
__J; (tanx)2 sec? x gy
.
— (tanx)'i %
| 3
2':
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The stqaenmn_gf_}'ljﬂ_ﬂmn Of Mathematicg x|

x‘x

( tan —-—) — (tan 0) ]

[1 0]

‘\\

\\

2
“3
2
3
2
3

(vlll)f e'h de

1 2
. f £5%2(5)dx
5,

 (ix) 3 cos® 3x sin? 3x dx

4 _
'§. ' - ) | - "y

= f ~ cos? 3x cos3x sin® 3xdx
0 .. = ) -

14

= f sin? 3x cos 3x (1 — sin? Sx)dx '\
0 ‘ ' |

I

13 -
) §f 3{Sin2 3x (3 cos3x) — sin* 3x (3 cos 3%)] A

/{4
- E[Sm:"' 3x sin’ 3x|3
3. 3 5 1,

= %‘ E (sin3 3 g— — sin® 0) - % (Sm
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= f 3(sinz 3x COS 3x — sin* 3x cos 3x)dx |
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l'

Comp’"‘"’n s

u@pakcﬂy org %o

The Student

.
—

x...l_ - (0 =0

313
1

- :[o]
Y

)_,_.- (()-*0)

= ()
n

(viii) fi*l‘anz.r:»tc xdx

*tan? v sec? x sec” x dx

“tan? asec’ x (1 +tan 2x)dx

n -
fo(tan x sec? x + tan® xsec x)dx .
0 I . e i

B tan? x tansx%
"[ 3 T 5 .
o o
%(tan — — tan® O) +;(tan5‘-§-—tan5(é)) ' 0\
1 5 O\ N
§((ﬂ “‘0) ((\E).“‘O) $€2®,
- - N
=36V 5V
5400 >
5
5vV3 4+ 9y3
143 |
e | .
Q.

3 Evaluate the followmg definite integrals by

using basic propert!GS

Page 104 of 138

gl

The students’ (

.-—"'"'-'-—_

’;;wtion:

(i) f;(x‘* + x +
faf(x)dx =0
fz(x4 +x+3
Z\
fi) J-50(10%° -
f(x) e 10x9 —
f(=x) = 10(=
f(—x)=—(10
f(—x) =—fx
f(x) is odd fun
If f(x) is odd f

50
(10x? — 8:
50

(iii) fn-sm X Ci

fx) “Sin X C

fl=x) = sin?(
f(=x) = —sin
%) = — (2
f(x)is odd fun
Iff(x) is odd f

(i) f (x* 4+ x + 3)2(2x3 + Ddx -

(i) [ (10x° s Pir? o
50 X" 4+ 6x5 -_4x3+2x)dx

(iii) f-:rr sin® x cosS x ¢
_ -~ X 3 ' f ~
_,_,_"" | (iv) fjtn sec® x tan x dx fg_h_x) T sec’
V) J 7 sin® x cos? x gy ' ) (i)x‘) A
2 Vi) J” tan? x dx * odd fun
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ne SruuersT TTITIEIITT  mamematics X

golution: |
gfet F )42 1)l

/ ey =0

[“44 v A *)"(Z\ - Ddx = 0

;“) [":‘()(10\ — 817 + 6x5 — 40 + 2x)dx

() = 10x” —-8x + 6x° — 4x3 4 2y

(~x) = 10(=3)" = B(=2)7 + 6(=x)% ~ 4(=x)? 4 2(=x)
i(~x) = —(10x? — 8x7 4 6x — 43 ¢ 2x)

f(-x) = ~f ()

)‘(I) is odd function

If £(x) is odd function then ] f (x)dx = 0

50

[ (10%° =B + 635 — 43 4 20)dx =0 . .
-50 . o . 0\0) | ' ’
(i) [ % sin® x cos® x dx \& SH |
f(x) = sin” x cos® x P L |
« .9 | 6 $‘ ) l!li :
f(-x) = sin”(—x) cos* (-;—Jg@ - 4
f(-x) = —sin® x cos® x | ;
f(x) is odd function - | S - ;
ff(x) is odd function then | f(x)dx=0 = - | 1
o | E 1
. i
' i
ﬁr [nsinngOS6de =0 il
i
) f-rr sec® x tan x dx | - .
f("x) = sec®(—x) tan(—x) | :
(%) = —secB x tan x 1

== p)

x) i odd function

If e, - “ _
/ | f(x) IS odd function then f(X)dx i 0
-a’

= T e w - L — P —
™ ‘ A A
S 5
R T T A Rl (TR ) n ] PO
e T A = P ¢ PR v i,

R B L TR R, S
Lo ont --' kg 0T
| s T T T
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11T e —"

., =0 StudehtS’ (
sec? xtanx &%= 0 L
~TT f

u 2y dx
2 cin2 x CcOS™ X
(v) f__.gsm - |

. f(x) :':fSinlz ,’,t.'.COS2 x' | ; (____x) == f(x)

f(—x) = sin?(—x) €OS (=%) f(x) is even fur

_ . 2
f(—x) = sin” x c0S™ X (x) is even
. i ' ' (4

f(x)is even functIOﬁ o a gy = 72 .l’a' N * tan? x dx =
If f(x) is even func"tion'l then _af (x)dx o f c’f)dx -5 o
S Y - S TP _2 [*(secx
jz cin2 x cos? x dx. = 2[ sinzxcos_zxdx - o

. T ' | '

_5,'_' - - S = 2[tan x — x]

' N T
== 4sin®xcos“xdx .—:Z[tan———-tc

4o o - | 4 -
=—| (2sinxcosx)“dx =5 T
2 | - - ‘\\A =2 — —

| oy ozr_ | Q\;C’ - 2 .
| | o
L= Efz(sin 2x)%dx . $$Q (vii) f_z(x4 + 2
' Yo N f)=x*+2
| 1["2’ 1—cos4x\ f(=x) = (—x)
= — ( )dx .
2Jg \ 2 fl—x) =x* 4+

1(z. . f(=x) = ()
=2 ' (1= cos 4x)dx f(x) is even fu
) 1_[ gl A | If f(x) is even
T4 Lx 4 ]0 r2

1p/m 1 f (x* + 2x2),
= e e { . T -

4 _(2 0) - ‘4‘_ (sm-4.-—2— = SIn 0)] i " |
.....1Pn 1. :2[i+2x3
“ilz730-0) st

Lymy o =5 [1
-Z[_Z_] 2 _§(2_5'__05

n < 5 [32
= — 224, 16
8 s "‘“‘3*}

# s 5 [17
(vi) fj_rf_ tan? x gy 2 [\ZE]
T 15
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The Stuaems vompanion of Mathematics Xil
— .2

f(....x) = tan*(—x)

F(—x) = tan® x

f(—x) = f(x)

fF(x) is even function

i . | @ a | |
If f(x) is even function then f f(x)dx =2 f f0)dx
| | o 0

T

1

f tan® x dx = 2[ tan® x dx
—— L \ s . 0 . | )

N

i o
= 2[4(sec2 x—1dx
= 2[tanx — x]; :

=2 [tanzr— - tan_p (Z O)]

4 .
—._-‘2[?[“-—#0“_'2]' - R |
o S \0.> )
_;2—5  . | és | | _ _ . | )
(vii) fz (x* +. 2x2)dx \& | SH o
fx) =x*+ 2x2 ﬁxQ‘
fl=x) = (—2)* + 2(- x)&‘
f(=x) =x*+2x%
f(=x) = f(x)

f(x) is even function-

:' If f (x) is even functlon then f flx)dx =2 f f (x)dx

.
[ (x* + 2x2)dx = 2[’ (Jc4 + 2x%)dx
e 0

312

x° 2

i

3

-0

(25—-05)+ (23 05)]

[32 16
R R et

5 3 ]
176]

15

5
1

=2
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" Er AT RR e ~ :
352 . N
15 M"""’“—'—;‘T\\ y
4 1 __ihenevaluate [ ——dx. I
St RN that (Jﬁx?) B ?14-x2)% . ¥
Solution: T
d ( X ) 3 1
dx V1 + x2 (1 +x2);32_.
d( ? ) == . 3 dx
V1 + x2 (1 +x2)2
Integratin'g 'we get )
| fd( X )=f - 3dx""
WL (1422
- —-f 2 dx
\/1 + X* (1 + x2)2
-1 X '
f dx - 7 md (1) 0)
(1 + x2)2 : \/1 + x4 \
1 - O
| f ' =dx =7 X
O (1+x2)7 _ @
From (1) - &
fB 1 4 [ X ]3
. — dx =
0 (1+x2)2 Wi+ x2ly
— 3 ’- | -
V1 + 32
' 10: = - — : e [{’\3R-4
2 “ d 2k x2 o i \\
Q.5 Given that — (F (x)) = 1+x2, evaluate F(ﬂ F(1) IFF(L) =0 | N3
find F(x). - _/ [%F(x)
Solution' o - | QBGi\, ¢
2 + N,
(F (1)) = al Uy
_xz | blep
2 + x* h”\z r.QF
d(F(x)) T 11 2 dx M}s f(x)c
- Integrating we get W Y (Jc)'
. W
Oh.
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\~ | The Stuaents’ bompanion of Mmhe

1 | ) = & f- ¥ Matics X
— 1(F(x) / , dx T
+x2)g~ dx- /{( 1 + 1

) 2 4 \
\ H\') 1} ( = [i 4 5 d\ .
. o4

/ _A__-~-——~dx = ['(x) - (1)

TP SNm AR TR T SR S T Pt U S S i S ¢ S
- = P Tl e e, R Ml e i e P ¥ - = = X - i

{ +2°

{4+ 1+ x°

e -m-——-—ﬂdx""l |
/ 1 + x* (x)
1 1+ x i

/ [T+x2+1+x2}d"=1’(x)

| ”1+xz+1}dx+6=p(x)
an”1x +x + C = F(x)
Fx)=tan'x+x+(C = (1)

p(\/_) F(l)—-{tan 1\/—+x/_+(:} {tan? 1.4 1 4 ()

o 0 ATy e e e e ek ] =Nk ] TP ity - ’ k
- = b ol e s b -—GM,.P?-—&;{.*R.N- i ﬂhq-‘_ﬂ'-p“',-_ﬁ‘:; o 0y T
4 -t . e e - wAT. 9

--3-+\/—+C 7-1-¢ .

_§—Z+\/— 1 - N e A\Q) ;ﬁ

H(V3) = F(1) = = 4 VT - 1 3& j

=r N ]

(1)=>tan11+1+c—$p(1) [

Z+1+C"‘71‘__ j

,C=;2-1+ﬂ i

4 i 8

Czjﬂ—4+4n E?

| ~ 4 ::

] ey |
F(1) =™ — a4

| U= F(x) = tan- 1x+X+ | ~
/ %‘&%% —_— — 4 e = -
6 Given that f f(x)dx = 4 and f f(x)dx = 7 then evaluate by using

untable properties,

07 Feoyax (ii) f f(y)dy (i) f; f(y)d;v (w)f f(x)dx
( f(x)dx (vi f f(y)dy

Please visit for more data at: www.pakcity.org
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11T Swuueins DUIIIPG BNy — - -

S ——— ey i e B
A e . 4 — e — A e B W i 1 ] i

f_zf(l)dx = 4 andf f(x)dx =7
(i) f f(x)dx

f(x)d:r = — f(x)dx

[ F@)dx = - [ Fx)dx = —4

(i) J~, fO)dy
f fe)dx = f fody

f_zf(y)dy f FG)dx =
- (i) fsf(y)dy u@pakmty org%o
fx)dx = (x)d |
f X = f f x)ax \Qb
ff(y)dy- ff(y)dy— -—6\\\
) [2 fedx - \@@@ .
[f(JC)d.x SN AV AR
| f f(x)dx =
W[ f(x)dx |
ff(x)dx“f f(x)dx-l—f f(x)dx
f_zf(X)dx — f_zf(x)dx+f3 f(y)dy =47 = _3
vi) f;* fF)dy - ‘
-2 -2 |
5 fOddy = E 5 f0)dy = ~=3) = /
Q.7 Evalduate the following integrals by us:é t;'g:g ometric substltutions'
() Jo meTcz (i) [* 2
—_— e ~14_x2 //
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S g e e e
P P 5-d g fema s e
A, § el :

Y P

S e T e -y |

| Letx-:4c059—>(1)‘ %3
Iy = 4cos0df ;
For limits T ;
(1)=>4sm9-0=>sm9._0=;,9__0

- ' i
4sm9 2=>sm9_...2_=>9=_7}'_ t }3
% 4 cos 0 d6. - %

= o V16 — 16'sin2 0 ?
5 4cosdo

) ' | it

i 2 :
J J16(1 — sin? 9) | O@) |
['6'4 cos 0 db d\&
“Jo 4/cos2@ X
, - $Q
o fﬁ_cos@d@ \§$

) s Ccosé
T

(6

=1 df

- Y0

I

= [916
= [9]°
o

6 0
T

6 %
i
7, 2
fr) = 2

4 — 2
(~x) = £¢ L
) ==

x) IS even function

Please visit for more data at: www.pakcity.org
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The Students’ CompaI=r——"""

1 dx
I_.__zfo 22 — x*?
Letx=_25in9—»(1)
dx = 2cos 9 do _
For limits:

oA ~0.

(1).——->25in9=0=>51n8-0:'9
~ 1 T

251n9=1=$sin9 :-2-=>9:g

%'Zcosedﬁ
1—2-[0 4 — 4sin% 6

| 4 % cos 6 db
- [)4(1—Sin2 9)

cos? @

(% do
6 |
‘.'.[0 o ©

cps b

T
_fB'costB
0

Y/

6
=[ secB df
0

In|sec 6 + tan 9”5 &
I[4 T |

n sec-—-+tan——’_11_.‘, far
6 6 njsec 0 + tan 0]

2 1
=In|—+ —

AR
~— In|1]

—In|1 + 0|

= In

.
V3
— llll\/§ -0

1
= In |32

__2..n3

asa !:: 3 |
(iii) fzz‘“" x3dx
- Vx2+4

_ J‘Z\@" x3dx
2 Vx?2 + 2%
letx = 2tang - (q)

Please visit for more data at: www.pakcity.org
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The students’ C

The =
dx:—-'Zseczad

7tan 8 = 2+/3 =

Il

{4
(.

/

/

Wi®wW] ow| o
piead r

N

N

| S

l

N

<
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\ r The S students bompanigﬂ of Mathematic
l{f—-— z sec” 0 do - e l1e8 X e s
- limits B |
N 1
- ('1):-':'217&1]]9:2:1‘3“():-1:0 [ |

4

21‘1,19_-2\/—=>tdn9.._\/3=¢9 T

| "3 ;
- l,zf gl f§8ta“39(286029d9) _ |
: ) 2 g
\/:’Cz"‘z I VdtanZg 1 3
3tan Qsec 9d9
' = 16
Jm Ja(an? 6 + 1)
. 3 2 .
16 (3tan” Osec” 6do
] . - +sec? @

r3tan® @sect0do - |
: ::8[ " | - | ~
N & S SECQ._

W
win ™

s SL tan395ece e - \0) I
7 o \A |
m | \&o R

off

tan® 9 tan 9 sec \gq%

A
=8f sec@tan@(sec 9—1)d9

n
. .
b )
FANN NE
=8 se(;-f? sec@|
.
: T
______é sec® § —3sech|3
| 3 L
8 ’ 14 I ]
,;_____" T T oo -
g-(secg_i_sécs?i) ‘B(Sec 3 5 4)
“31(@? - (v2)*) -3(2- V2)
8. - '
S38-2vZ2—6+3V2]

Please visit for more data at: www.pakcity.org
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- -g-(z +2)
(iv) foﬁxz\/S ~ xZdx
V3 W
—_-f BxZ\[(\/?:)z — x2dx
; |

Let x = V/3sind — (1)
dx = V3 cos0db

For limits:

(1) =?\/§Sin9 =0=sind =0 =>'n9 - 0 .
V3sing =V3=sind=1=6=7

T :

I = fEB sin? 6+/3 -3 sinz'.B(\/—?: COS Q)dé’
0 o ' o

= 3\/§fzsin2 6 /3(1 — sin2 6) cos 6 db
. 0 |

. s®
= 3v3(V3) f sin® Q'\/CQSZ'B cos 0 dgs”
| 2 . 5, D
=9f sin“ 6 cos 8 cos 6 db |
- On.‘ o '
2

= 9[ sin% 0 cos? 0 do
- Jo

""740

9(%. .
= -—-f (2 sin 8 cos 8)3do
| 4 0 _

N |

4 sin? 6 cos? O do |

14

9 rz2 |
=-—f sin® 26 d@
Yo

_2]%‘(1—-(:0349
1), T ) a6

93 |
= §f (1 — cos46)dg
| 0 - -

Please visit for more data at: www.pakcity.org
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\

i\

\\

\\

\
0| O @} O 0] O X O NI\

~ Solution:

(i) fsg xe*,

First'integr

f xe**dx

. First functi
" Second fur

Y s ( Fir:
funct
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\ - students’ Compamon of Mathematics Xl

|
il
— | fl
9 p sin4072 | T :&g
= §[ 4 0 - \ , | | | . la"i
=3|\2 0) 4(sm4§--—-sm0)] M
grr _ 1 | ] i
__l==—=(0-0 ‘,
—g8l2 4( ) “i[
_2E o I
gLz
=]
=213 |
i f5 € R ' (ii) f4x Inx dx o i
\ 1‘:. " -I" | | | ; é.
. (|||) sz X sin 2x dx (IV) J‘ tan_l x.dx_ : ' | ?l
6 | e -
 Solution: . - éé B ——— |
(l)f xe**dx | | (;\\A T | |
Flrstlntegrate without I g@s . | |
| . $ ‘ 1
fxe‘“‘dx - |
. First function = x | ‘ -
_ Second function = e** |

I~-( First )( Integral of )___ j (Derivati\;e of )( Integral pf ) |
~ \function/ \Ind function. first function/ MInd function *

4x p4x |
W NZal

1 1 | ' | {
= —yedx _ Zf e**dx : . ol

»
S L | S T NET I, Tl TR, v
i

.
e T B S ™ AT, ke £ rI3y Fey =T e |
L N s ot L S Ny e s i canall

et

>
=]
=
=
>
oq
=
i
W

E: Atwad o *
e o s L Bt -

Please visit for more data at: www.pakcity.org
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— .

| . 4x .
4% gy = |— (4x — 1)
fxg Xex = [16 ( ],

1 a@iagoy — 1) — e*®@(4(5) — D}
_i—ﬁ—-{e (4(9)—1) —e¢

— -1—{35836 — 19e2%} .
16
(ii) ffxz Inx dx
First integrate without limits
. f x?Inxdx

* First function = Inx

Second function = ¥

I=(lnx) (’;3) | f (_i.)(x;)dx

1 1
= —x3 lnx'—-?:fxzdx

3
-1 31 | 1-x3 c A\g
=—X —— | —

1 | 1 L.
=-x3lnx—=x3+C §9

37 TR T S
- 3x%Ilnx —x3

-~ +C-
1

| =-—x3(3lnx-—- D+C

Applying I|m|ts
4

= [‘1‘173(3 Inx — 1)],

. |
= _{43(3 In4 — 1) - 13(3 ln TS 1)}
- —-{64(3 In22—1) — (0 - 1)

‘—{64(61:12 ~ 1) + 1}

384 1n2 63
9 9

Please visit for more data at: www.pakcity.org
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The_ Students
~128In 2

-__—-,___

- 3

(iii) J# x sin 2
=

- First integrat

[ x sin 2x ds
First function

second funct
C(

[ = (x) (—“

1 [
= —— X COS
2 .

1

= ——X COS :
2

: 1 )
= — =X COS
2 .

1
= Z{'—Zx CO!
Applying limi
_ [1 |
~ |2 {—2x cc
.[ {ZEC
2 :
e
r
—{-n
T

<27 ;
6 2

O ——
—
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~1281n 2
::"""j’-_ ¢

T | rhe STUEEIEE T UPRINON OF Mathematics
\n’—

e A e o kB g e s
e | e it

n
pirst integrate without limits
[ xsin 2x dx

rirst function = X
second function = sin 2x |

[= (x)( cos 2x f(l) ' COS Zx) dx-"

. 2
= --Z-x cQs 2x.+-'—'f COS 2x dx

e, s v S e e Ay ot i K

2
3 h1x0652x+1(8m2x P
R et i ueli 1 W N )+C
'1-'.2x+‘1'2 SR
= —=—=X COS — :
2x 4Sln x+C .\0) .

— -{-—Zx Cos 2x + sin Zx} + C\&\\\ |

Q o
— [:1: {_zx COS Zx + Sinfx}]ﬂ:-

- .Applymg limits

{choszg—zgcosze} {Sinzg_sinzg}] | - | |

e e fo=2)

oy T

/

g S P L i, i P PO S ,
A Tf A I P "o i O | PR LIRS SR N "
RN S S e L e s R A T S S e e s R LA VA i 1 e T 8y A b e g e # vl
¢ T T I TR Iy L Sy o 3T i et Rl o SA LAY Ty e e T vy ey
] ) 2 > & = i e S et g ¢

=
5
~f
2
s |
|
=
=
=y
=

Please visit for more data at: www.pakcity.org
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| & " 4 T W e e

First integrat

f (1) tan~tx dx

~ First function = tan
Second functlon = I

e without limits.

.....1’x

[ = (tan~ ) (x) f 1+x (x) .dx
1 2X
=xtan” x_ffi+x2dx

L 1 .
= xtan™ x = ln[1+ x?| + C
Abplying limits
1l .

1
= [x tan"lx —=In|1 + le]
2 0

=1tan™'1 - O-,——{lnll + 1%| —In|1 + 0}

=T a2

4 '2-{1’1 nl} \Q)

- T .1 Q\

B i, i) i — A

2 2{ln2 0} \Eo
7T In2 m-2In2 $ﬁ

4~ 2 1 &
_m—1In2? ~m—In4

T =

EXERCI&E 6.7

. s
e e

Find the area, above the x-axis under th
- given ordinates.

Q.l_y::3x2+2 x_“:.]_x....z
2y =—1__ | =
. ’ \/:1—72 xr—i‘,x::}:__
- Q3y=Inx x=1 2
: - ,x:-_—__-
Q4y = xsiny - i
= T A e
QSy = 12 | 3 2
9+x .
Q6y = 4x3+3x2+2x+1 X=—/3,x =43

Q7y =3sec2y - =X = 2
T

\ _}._":_—-n__ n

e followmg curves, betweenthe

Page 118 of 138

rhe Students’ Cor
ﬁ
0_9 y — 585x
Q.10y = cost x

.
all y — sin2 x

.12 x2 +y* = 3¢

52

13, +5 =1

Solution:

b
| Area'-—-f ydx
a

2
=] (3x% + 2)dx
1

1
pr——
W

e
wlw
L R
.
N
I_H
p—t N

Please visit for more data at: www.pakcity.org
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N

etween the

Page 119 of 138

’ T"B a‘uu!;w-.":. : - _""' ::r:—;__--«-_‘v'. wy Mathﬁmatics xll

o —— —

i —
.—'"—-
J"-

-—(23—13)+2(2-1)’
=7+2 $§.

= 9-Square units

i g T =
—— T —
S

1

02y = 7=

——
——— — s -

e —

Solution:

.
Arela -“—"fydx
Jo

Lo
)
N =
|

"

|

Please visit for more data at: www.pakcity.org
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| Ne dwucies — - - — o

3\ (_1_) |
= sin™*! ("‘“) =Sl g,

4 i
— 0. 195 SqualeunltS i

lntegfating by parts without limits |

f Inx dx
First function = lnx

Second function=1
First Integral of

B D f ‘ I
L= (function) (Ilnd functlon) f (ﬁ::’?zg::ffén) (Ililn(itiirlft?c)fn)

&
$Q

\@*

= (Inx)(x) — [ (x)dx

=xlnx—fdx_

=xlnx—x+C
=x(Inx—-1)+C

Applying limits from x = 1 tox =3
Area = [x(Inx = 1)]3

=1(n1-1) - 3(ln3 — 1D |
=(0-1)-3(n3 = 1)

= 1.29 Square units -

Q4 =xsiny T
x _--é-’x

—
s —

olution:

b |
o -

Eis

2
— L XSInx dx

-3

lntegra::tingb -
L yF')"artsa""“thc'utlimits

Page 120 of 138

The StUdehtS, Cc¢
/—

f x sinx dx
First function = x
gecond function =

migtign) (1

Iﬂ
— (x)(—cos X) —
— —XCOSX T f C

- —X cos x + sin
Applyihg limits fre

= [—x cosx + si1

= 0.657 Square u
Q5y =2 |

© 94x2
————————

Solution:

Please visit for more data at: www.pakcity.org
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Lot

-

[.1’ sin X dx

.. ” rirst function =X
: 5 ond function = ‘sinx
5 |
- t Integral of PR
\\ ( Firs )( B ) f Del lvative of ( Integral of
[ == f1 n)

= ion/ \lInd fun .
functiol ction rst funct'_lon [Ind functio

o5 = [ cosan

,xcosx+fCOSde |
__“__xcogx+smx+C

| !

“tox =T
AppW'”g limits from x = 3 to X=7

=)

:[..xcos'x+sinx;|g A

' _ _{—cos=—=cos —‘}' sin — — sin —

3\2/) 2 \0) L

:-g--l—l—'_z"_ \bc’\ o

= O 657 Square units £§\Q .
Q y.= 1 o 3 X ::__\ﬁ§rx;=:\ﬁ§

1

A

94-x2

Solution:

b
iAreazf ydx
a

:.._f"ii ;
f9+x2 *

Please visit for more data at: www.pakcity.org
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. themallua Vat]l _ _ |
- s’ Companiol of 12 - - |
" The Studen S \ o Studerts’ Ca
| a

— n Square units —

=[xt x4 xlf

= (2* -0 + (22— 0) + (27
=16+8+4+2

‘= 30 Square units .

—'02)+(2—.0)

Q7y 35ec X

Solution:

b
Area=f ydx
a

o
“3f sec xdx

6
T

= 3[tanx]3

=23 Square units

‘ Q 8 Yy =6 S]n2 ‘- L | =

NP e T | x"—: X
J

Solutlon — o
. ,—*""

b .
_ 6[ sin® x dx
a

| -’3— 1 — cos.

0
14

= 3]3(1 — COS i
| 0

Please visit for more data at: www.pakcity.org
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N\ | e SWOOMS vuriEamon of Mathematicy xy

N ; D R
‘ , e }"jx T
.‘\]'PJ = v
(1

n
) 6[ sin‘z xdx
- a

3 /1 — COS 2x i
)
Jo 2

e, —

wix

@

. sin 2x73
=3 X~

L 2 g

3 4.
| ; ‘ ' ,O\O)
=3 | , C;\&
| 12 ’3&
| 47 — 33 | \$Q‘ -
= Square uni | o .
e —_—_— -
Q,9y=f535x X=-2,x=3 . | |
"~ Solution: i St R4\ ‘
b - |
Area:—.[ ydx l
a |
g .- | |
::5[ eSxdx 1
ey e |
]
.

Please visit for more data at: www.pakcity.org
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y = cos’ .1 ‘ - ' | l. \ The'students’
v-—":‘(LO‘»  x)* | - | - tx]%
1+c0523’ , | = —4[cot: 5
Vﬂ_(ﬁ 2 2 4[c0f£—
1+?cosZr+c0'¥ 2X g@pakmty org%c - 4
y = ﬁ""4[1“\/—3_1
1 3 COS . | _ 3 —1)¢
¥ = 4—+4c052x+* ) | . - ;ff;;méu
1 3 1,1+ cos4x - szx Ty
3.::Z+ZCOS 2x+'4‘ 2 | . solution: |
}_Z+4COS ? 3 0 R o )2 =36—x
3 3 '- - = /36 — x?
o 2x += cos4x - e | Y=
y = 8+4cos x+3 S L ]
| Area=f (— -—cost+—cos4x)d - - .

o \8 4 8 | | S . o > .
ST IE | e
[3 - 3 (sin"Zx) 1 (sin 4x')]§ - O . | a

=|—Xx -+ — - P
8. 4\ 2 / 8 4.7!,__0 - 0\\7\ - ) . f\/az—xzd:
[3+3'2 LI R
= |zX +<sin2x + —sin4x| B - =
8" T8 2 xL @&Q P , .
'"_(_"‘0 ' L i | | =[3V36-x
sm———-—-smO +-3—2—(51n4—2—-—sm0)] | 2 -
37r 3. - - I 1
37T | o 9l L, ' — ~— 1
-—"1—6-+0+0 ¥ [ I | o - 12 35+-2—\
~ 16 quare units E Q.13 x2+,,2
— ! e
Qliy=-2%* — =2
. sin? x _' X g 5 T R ; OIUtlon:
W 6 ’1 | _—L_ . — x2 yz‘
b | . 4 +"§"= 1
Areazf Ve y? o2

a g =1

e 4
:f4-—‘f-d A=y
_g. Sin? y X ?Q\T
T ;
4 | ,y?‘::.?_
=4 | cosec? y gy 7 (4 —x?)

Please visit for more data at: www.pakcity.org
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w’;}n

_4[cot x] fr_
= 3

_ 4 [c‘oil:g — C_.Otg]

_ 41— V3]

B 4(\/5 — 1) Square units

x—.-""l,x'::

-

solution:

x 36 x1!
——\/36 —x2 4+ —sin~ ' - R
2 2

1

1 —~ 1 , 1
—2-\'/36 ~{1)" = (—— Z) V36 — (—1)%+ 18 (sin"1 £ sin~!

1 1 i —
= 5\/3_5-%-2—\/35 + 18 (sirl'lgﬂ sin~! —6—)]

=11.94 Square units

T12x>+y? =36 ©ox= T f

/
/

<)

-~ —— T e
e edls T, BT S T

Please visit for more data at: www.pakcity.org
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The Stugerm> _~=-_ = ——

V=
Area --[ ydx

Area = [ \/;} xzdx

f\/az de-'-\/;l x2+—-—51n '

+ £

=2 - ...1
31x > fl'_ ..'.1_")_:_]
:5 ZJa—x +5sin” 5 1_. i '
::-2- \/4_(1)2 (-—-— \/a- ( 1) +2 Sln _E-—Sln 1 )]
311 /M T - : |
--'2'—\/_+ \/_+2(6 6)]
3 1T o {
=13+23)) g
= 5.98 Square umts_ | Q\\\\
Q14y --2x+5:. - — -
Solutlon R
Y2 ='2x+5__
Yy =V2x+5

b -
Area ::..‘f ydx
a

=f\/2x+5dx
1 C

_1/7 1
- 2 (2x + S)Z(Z)dx

1
"2 3
2

(2x + 5)2 ;|

| SQIUtio;lﬁ:

Page 126 of 138

The StUdENtS' Co

/

o [27 V7|

- 2 82 Square un

L
A |
_-:-.f (sec?x — 1
i3

T '

— tan—— tan—-

4 6
: V3w
,"’1_ 3 12
12 —-4V3 —m
| 12
= 0.160 Square1

———

Q.16 Write MAPL
(i) f(x) = e2
(m)f(xz = €05 2:

(l) f(JC) —= p2X

> J.e: X d,{.

(j.i) fx) = sin x

i) £ (x) = cos 2x

> |

Please visit for more data at: www.pakcity.org
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* 12 N
— | =0.160 Square unlts - ‘\\\\

W g —an s n 4w .

mne MAPLE command t ‘ﬂnd mtegratlon of the functlons D J
i) fx) = % | w(x) = sin x ’
iii) f (x) = c0S 2x (iv) f(x) =In(1 +x) i
Soltjtion | % o . "
(') flx) = e?*

-cos(x)

1 |
— cos(2)x
- cos(2)

Please visit for more data at: www.pakcity.org
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DT NNAGEE NG A E L T o e e — e
h Iln(l 1 1) ‘ f.' v
. lll‘l by [l | “ ‘:':lli
- 'i:. 1 *
= Rl:‘\mw : \|~ R(‘M 6 Flre
S | t"‘ ‘.imt
1 (.hoose the cone(,t optlon T E\'.] ¥ t
0) U (N, where 1 % —1, s T e
VASRIARE | (/) . -
(a) N+l \ (b) n-1 ; ‘l
(c) n{]c(x)}n-_l L ' | (d) J U(\l}:: J 1’}}:{:
o _ . _on vl o »
(”) j {f(.\‘)}"f’(.l’_)d,\-’ Where n = ""'1, IS | Y !n(fl]-“t
(a) Fanntt ‘ | , ‘ 3y i 1:_1 v
SR (b) In|{f (¥)}"] + ¢ i
. - - _ | cqnd
)V In[f ()] +C. | (d) n{f =1 4 ¢ JIfFiS?
(HI) f..t_*”d..;\f, W_here o= _.._1’ is | L.m)_.. }'U
L+l ' EIAR
3 y
( ):;l_'_ll + C | . Q> (b) nxn-—l +‘C WU)) = f(ll
()"1+C SV Inx+c TIMGE
(iv) . \ '\x.\\ -5
fsmxcosxd'\ = O |
(a) Sm i O ‘ Q\E . vl
Q° (b) cosx + C ¢ 2000
(c) COS 2x 4+ C D ; |
$ (d) VAES —COS 2x + C \i ",T .
(V IY lll(e )dx — ! ["V),’_ESIII X |
(a) ' ( 5 e
b) vV —+ ¢ |
(c) ln(e ) +C | 5 v
| d X
(vi) felnx dx =: \Y 4% )+ C ol £
\ . W) | 4Sig o
(@)e* +¢c /Y v/ {am“s X
o " (b) ‘T + C
v 4 e (d) | 3 !f}?)
(Vii) f(l + tan? x)dx . n(x ) +
(a) vV tanx + ¢ | fm)*\r@
tan?'x (b) sin? x ’ [&} .-abO
(c) +C X+ /2 Olpg
3
2 - (d) In se ‘ o),
(viii) f 1: -dx = Hnseex + ¢ ‘hf’“2
(a ln(]_ + ex) +C ( “Jj;flf(
: . q .
(€ (1+eX)24 ¢ (b) v In(1 + e¥)* + ¢ i r)d)c ﬂ
() 4 ¢ I My
L N rq (!’C

Please visit for more data at: www.pakcity.org
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S pr 3 Imx . W |
(lx) f'" Bx = ; - T
(a)}'e y+3Inx +C | ' | .
(C)Zx+31nx+c' v | ! . (b) \/.ex+C -
) fln(ex esinx) dx =: - (d) 3Inx + C
(3) L,x+smx —z T C | b) I (
n(sin; --
(C)\/-;—cosx-f-c_.-_ - e
1 | . LR (d) X In(sin X)4+C -
x/xZ=1 .
(Xl) f cosec™1 x dx =:
f (a) v ln(cosec x) +C - |
+ R
,- ¢ (c) cosec™ x + C, ;0 ' ) (Cosec lx) +C
T, D (d) In(cosec- 1x) +C
(xii) If Fis an antlderlvatlve off(x) then f f(x)dx . |
. (a) F(a) F(b) . B -
; ' ‘ - (b) )V F(b) F(a)
 (c) ,ﬁ(b) — f(a) - VL0
- - ‘ | h | f( ) ’
(xiii) .f_sgo(x,S + x)dx =: 0\0) o
((a))iooo | \@ el
| - (d)3000 -
x+C xw)f n_sm xcos“xﬁ$ = |
a1 (b)3
g ‘/3 - * (d) Z\fogsinf’x cos*t x dx:
[xv) f_:z-_fg sin'® x cos™! x dx =:
2
(a).O (b) i
(¢) 3 \/Zf,rsm xcosxdx =
) ((XV') A;rea bounded by the curve y = In e from x=—-Ttox=1is
" a) \/ : | (b) 1“
(‘C) I o (d) In 3 3
XV" b =
( Wy Fx )dx =: fj
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2 C | | |
SR RN @
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(xix) [ (x° — %7 +x)SGxt =3t ) |
5 (b) v/ O
(a) £
3 T
c) 2(26)° ::@pakmty org %o
dx ;
(xx) faz_,_xz | | 7 |
(a) tan'l-c-zJE | e - (b);sgc st C
)V >tanZ+C . sinTTec
E.Z Evaluate the fo_Ilo.Wing integrals: R \\
(i) [ 3x5dx | | (ii) [ xIn x™dx
(iif) [ secS x dx ~ (iv) f\é‘i}i

(V) f\/i.— sin 2x dx (vi) [ :ﬁngx sec: X dx

COS X
(VU) f (2+sin x)(3+sin x) dx“ | (ij' X“sinxdx
ﬁX) dé , . Q dx
f\/1+cos-52—9 | $$$(X) J x2-81

3

. .5 Ty o : |
(xi) [ cot® x cosecz x dx (xii) [ cos®x sin® x dx

It
(xiv) J 2 cos3 x +/sinx dx

(xiii) [7 6(x? + 3x + 2)5(2x + 3)dx
(xv) [* 23X

——————-:f-_.fz_az '— (XVI) fO xz+a2
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(i) [ 3x5dx

| | /6 |

:::3]"5 - fc___ x®
x>dx 3(6)+C=-—_+C

(i) fxInx" dx |

=fx(nlnx)dx

"-:fnxmxdx |

First function = I #

Second function = nx

7, First )( Int
I = (fun(,tmn IIng

dx
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(iii) J séc® x dx
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— f sec™ % x (sec?,

First function = sec!
Second function = s

— (sec x)" ‘= (n

d
= ——(secx)" % = (n
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1x’ 1\ /nx? ' | N

HIVC(T ) "'f (E) (T) dx : |

pxflnx 1

| | -2 lnx 71 xz . :
' nx L | | - . |
) C' nx?lnx nx e | o o - | .
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. (m)fsec x dx O | ;
1x i | : .
IERE fsec xdx_.
| ' s | i
'5- = f‘s'ec“"2 x_(se_c2 x)dx L |
5ecz x dx o [ \Q - 1
First function = sec" ™ x \A |
* 6z second function = sec? x \&C}‘ ;'
-@P |
d | | -
d—-(sec X)) = (n — &ﬁéec x)">(secxtanx)|
sin® x dx I (secx)" 2 =(n-— 2)(sec x)*%tanx

\function/ \IInd function first function/ \Ind function

c/sinxdx - | I=( First )( Integral of )_ f (Derivative of )( Integral of )

__— l=sec™2 x (tan x) — f (n—2)(secx)"** tan x tan x dx
=sec" 2 xtanx — (n — 2) f (sec x)" % tan® x dx

= sech~2 X tan x —(n—=2) f (sec x)""2(sec* x — 1)dx

= SeC" 2 tan x — (n—2) f{(sec )2 sec? x — (secx)™ " }dx

. | (secx)™ ™ _ f n-2y
s Sec™2 y tan x — (n—2) -1 +(n—2) _(secx)
fsecs X dx
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= secd xtanx — --(SCCX) + 3 [(sec x)dx

n =23
3 4y
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. 4
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3secxtanx — 5_(se_c x)* + 31In(sec x + tan x)
(iv) [ ' ' | 0\0)»
-\fl_—yz . ' .‘@’_
| e ‘_ \&Q
_ Y >
== —dy R
Vi-y%. : &
= = ~-dy
Ji—-yZz "
[l
- , d
Vi-y2 /1 yz} ¢
=“[{‘/1_2“ 1 }y
o 1-y2
_.f 1 J
= — = 1=
= sin™1! __{Z _ 1 -_
Y 2\/1 y2+-2—sm“1y}+c
sin"ly 2 5 1 |
J 32’\/1 .yz."""z“Slnhly.l_C
=sin"y-o e 1
2\/\3’"‘"2"811’1“13)_'_6‘

a—
—

(V)Iﬁ—sinz
,.____..f«ﬁ——-Zsin
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w [ V1 — sin2x dx
[\[’.—- Zsmxcosxdx

ffn%x + Coszx — 2 Sin X cos x dy
[\f(sm x)2 - 2 sin x cosx 3 (cos X)zdx

ﬂff51nx — €0 X)2dx

L
—
j —

—
L s
.

—
—

[|smx — Cosxldx

--cosx—-smx[ C
_(cosx +sinx)| + C
cosx + sinx| + C

| 5
(vi) [ tan® x secz x dx

I

d

g

8 v crrd w e e
tan xseczxdx o @_v,

f

f *@\

tanx tan x secz X dx \&

[
tanx (sec X = 1)@%& X dx

"5 5

I

H

Bz,
Y

|

f'

13 . 9 w o D |

. Secz x 2 secZ x l_seczx* T
13 9 5
2 2 2

-4 13 4 9 2 2 .
ESBCZ x—-—-sec"fx—l-—gseczx‘l'

(Vl|)f____ COS x oy

[y
+sinx)(3 + sinx)

(2+5in x)(3+sm x)
Cosx

dx

%

tan x (sec* x --_2 sec’ x + 1) s_ecfx dx

| Qe 9 5
tanx (sec 2 ‘2= 2seczx o sec2 x) dx- o
TR N/ 9 3/

I (sec 2 xtanx — 2 seczxtanx + sec2 xtanx

| 4 . | | .
= f (Sec 2 X secx tan X — 2 sec? x sec x tan x + secz x secx tan r) dx

)dx.
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du = cos x dx
du

E+w@+ v)

du
=[6+5U+u2

du
u?+5u+6 I | <

crsire=wrra e -6 ve

=(u+§)2—i‘- ‘- L‘épakéiﬂ.brggé
du"l . —

_—f(u+§)2_(_1_)2 A

(viii) [ x2 sin x dx
First function = 2
Second function = sin x

 omcion) i)~ Gt oty e

Il '
2 nd functign first function/ \Iind functio"
X“sinx dx | B
= (x%)(~ cos X) — f(Zx)(-— COS x)dx
= —x%cos x + f 2xcosxdx

First function = 2x

|
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2
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seCO“d function = cos x,

; _x?cos x + (2x)(sin x) — f(Z)(sin X)dx

_ —x?casx +2xsinx — 2(— cos x)
.. cosx +2xsinx 4+ 2 cog i 4 C

/7 pcos_.
= V2 cos >
J1+cosx 2 coSs 5

50 .
1+COS'§""T‘ \/zCOS{—Z-

o
) Nlcg_
Nt s’

-

. 59 | 56\
1+C08—2—.! \-/ZCOS(AL)- _

\/; + cos-i— ‘/:‘_305( ) |

" c(sg)dé RSN
se | : B T

?@) infoec(2) +eapf@)}s ¢

2\/_1n {séc (5;_) +.ta.n (—5—(-9-)} + C |

4

ion

=

()

x+9

“l“ln(x_g +C
x+9)

3

i) | cot’ x cosecz x dx

3
f Cot* x cotx cosecZ x dx
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a 3 2 < 2
3 2
- f cot x cosecz x (cot x) ;dx 2

1)?%dx

3 ' ’
3 - P
=fcotx cosecZ x (cosec” X

3 -2 .
= fcotx cosecz X (cosec4 x — 2cosec” x + 1)dx

-7
11
f (cotx cosec 2 x 2 cotx cosecz x + cotx COSECZ x) dx
g | 5
= cosecZ x (cosecx cotx) — 2 cosecz x (cosec x cot x)

1
"+ cosecZ x (cosec x cot x)+C

i1 7 g .
__cosec2 x 2coseczx ~ COSeC2X
11 7 3
. 2 2 2
2 . 11 4 7 2 3
= —c0seC? x — = 2
17 sec2 x 7 cosec x+3cosec2x+C
(%ii) [ cos® x sin® x dx \0)
i[cbs‘*x cosxsin®xdx \bc;\&
— . 5 e 2 $Q
= | sin® x cos x (cos? x)2%dx &
| Q

=fsin5xcosx(1 — sin® x)%dx

= | <in5 v e - .
= [sm xcosx (1 —2sin?x + sip* x)dx

_sin®x 2sin8x giplo,
S 3 + 10 N
~ sin®x  sin8x - sint0 x

6 4 g tC
(xiii) f 6(x? +3x+2)5(2x+3)dx

d
-—;(x +3x+42) = 2x 4 3

(x? + 3x + 2672

=6
. ] 6 |
=(22+3X2+2)6d0 |
=2 -(ge O TO+2

i
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dx
e—
~a X2 = a2 div
(xvi) [@_dx
1, el
altan=12]
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