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Differentiation of Vector Functions

Diftferentiation of
Vector Functions

Unit

5.1 Scalar and Vector Functions

5.1.1 Define scalar and vector function
Scalar function:
A scalar function 1s a function whose domain and codomain are the subsets of real number.
For example, area of circle is the scalar function of its radius which 1s defined as
A = mr? and temperature is the scalar function of time.

Vector function:
A vector function 1s a function where each real number in the domain 1s mapped to
either a two or three-dimensional vector. It 1s donated z
- O 4 F(t)
as r(t). O\
Mathematically, it 1s written as , ,\\A
A6) = fF(DI+ g0 +h(Dk & F(t,) F(ty)

F(t;)

where f(t), g(t) and h(t) are ;zégﬁ)onents F(e)
1

of the vector and they are scalar functiongef variable t.

Examples include velocity and acceleration are

the vector functions of time. >V
Let F (t) be a vector function. If the initial

point of the vector F (¢) is at the origin, then the graph

of vector F(t) is the curve traced out by the terminal

point of the position vector F (t) as t varies over the 2 Fig. 5.1

domain set D. This i1s shown in the figure 5.1.
5.1.2 Explain domain and range of a-vector function

The domain of the vector function is the set of real numbers and the range of the vector
function is the set of the vectors. According to the definition of vector function, it is written as

7(t) = f(OI + g(©)f + h(Dk

Hence it 1s function of variable ¢ which 1s scalar quantity. Therefore, the domain 1s the
set of real numbers. However, the output of the function is a vector. So, its range 1s the set of
vectors.

The intersection of the domains of each components of vector function

7(t) = F(OT + g(t)] + h(t)k is the domain of 7(t).
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Dom 7(t) = Dom f(t) N Dom g(t) N Dom h(t)

Example: Find the domain for the following vector function 7(t) = t%1 + % 7+ (t+3)k.

1

Solution: The vector function is 7(t) = t%{ + ? T+ (t+3)k

here f)=t%g0) = = and h(t) =t+3
Dom f = R,Domg =R — {O},Domhz R
—  Dom7 =R - {0}
5.2 Limit and Continuity

5.2.1 Define limit of a vector function and employ the usual technique for
algebra of limits of scalar function to demonstrate the following properties
of limits of a vector function.

e The limit of the sum (difference) of two vector functions is the sum (difference) of

their limits.

e The limit of the dot product of two vector functions is the dot product of their limits.

e The limit of the cross product of two vector ful}\(gons is the cross product of their
limits. O

e The limit of the product of a scalar funct\ll@)\and a vector function is the product of
their limits. Q
Limit of a vector function: D

Limit of vector function 7(t) ak¥ = to 1s the vector Z, such that the values of vector

function get close to L as long as t becomes close enough to t,.
1.e., llm () L

The limit of 7(t) = f(t)i + g(t)j + h(t)k exists at t = t, if limit of each component
of vector function f(t), g(t) and h(t) exists at t,.
To obtain the limit of 7(t) at t = ¢,
Let lim 7(t) =a,lim g(t) =bandlim h(t) =c
t—t, t—tg bit

then 11:1_1)1;10 7(t) = }:1_5?0 (F®Oi+ g@)j + h(D)k)

= ai + bj +ck

Now, lim 7(t) = lim
t—0 t—0
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et—t\ [ J1+t-
= [ im I+ | lim

1) (
im
t-0 et t—0 t t—

(1—0)A+(1_ Vi+it—1 \/1+t+1
l 1m .
1 >0t Vit+e+

t -~
I+ (1 + 3k
(tl% t(Vi+t +1))

1 1 .
L) 43k = t4 (s ) j4 38
(HO\/1+ +1 Vito+1/’

1 -
= l+§]+3k

&~

The limit of the Sum (difference) of two vector functions is the sum of their limits

Limit of the sum or difference of two vector functions 7(t) and 5(t) is the sum or
difference of the limits of each vector function.

ie., ]im [7(t) £ 5(t)] = lim r(t) + lim s(t)

The limit of the dot product of two vector funcnonw)s the dot product of their limit

functions: O
Limit of the dot product of two vector f@\t\ons r(t) and S(t) is the dot product of
their limaits. (2).

4, lim [7(t) - 3(8)] = L4 9f(::)] - [lim §(t)]
t—-t, $ -t t-t,

The limit of the cross product of two vector functions is the cross product of their limits:

Limit of the cross product of two vector functions 7(t) and S(t) is the cross product of
the limits of each vector function.

ie., llm0 [7(t) X 5(t)] = [’1:1_1)120 ?(t)] X [i‘l:l—>nt10 §(t)]
The limit of the product of a scalar function and a vector function is the product of their
limits:

Limit of the product of a scalar function h(t) and a vector function s(t) is the product
of their limits.

i.e., %1_1;? [h(t) s(t)] = (%1_1;1; h(t)) lim §(t)]

t—-t,

Example 2. Ifi = t31 —3j; v = 3t?1 —k are vector functions and h(t)= t + 3 is scalar
function then find the following:

() lim [u(t) - v(t)] (i)  lim [u(t) - v(0)]
(i) lim [u(t) x v(0)] (iv)  lim [h(2) u(2)]
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Solution:

i) lim [@0 -3 = [13_% a’(t)] ~ [lim ﬁ’(t)]

= ltl.ll% (t31 -3))| - lltl_rg (3t%i— k)]

= [(3)%t-3j] - [3(3)% — k]

= [271=3f]1—[27i — k]| = 271 =271 -3j + k

=—37+k
(i) lim [i(0) - 5(0)] = [ lim 'Ti(t)] [ lim 1'5(1:)]
— lim (t3i—3j)] - [ lim (3¢% - ﬁ)]
= [(1)31-37]- [3()%*—k]| = [1-3f]-[3t—=k] =~[i-i=f-j=k -k=1]
= (1) - )ED+(=3) - (0)FN+0) - (-1)(k-k) = 3
(i) lim [@(6) x B(0)] = [hm u(t)]x[lim 1"5(1:)]
= llm (t3r,—3])] [llm (3¢%i k)] ©

- (-3 37— \p\*
(b.

= [i =3j] X [31 - k]
[ k $Q

=1 =3 0|=[(=3)&D) - 07— [W)(-1) - 0]+ [(1)(0) - (-3)3)] k
3 0 -1

=37+ +9%k

) lim [A(5) W(0)] = [nm h(t)] [hm ﬁ(t)]
[llm (t + 3)] [llm (t31 —3])] ([lg_r% t3]i—[lim 3]}")

t—0 t—0
= —9]
5.2.2 Define continuity of a vector function and demonstrate through examples
A vector function 7(t) = f(t) 1+ g(t) j + h(t)k  is continuous at t = t, if the
following conditions are satisfied

(1) t = t, belongs to the domain of a vector function 7(t)
(i1) r(t,) = llm r(t) =

0

It means value of the vector function 7(t) at t = t, is equal to limit of the vector
function when t approaches ¢,.

[f a vector function 1s continuous at a point then its all components will be continuous
at that point.
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Example 1. Show that the function G(t) = eti+ cost j 1iscontinuous att = 0

Solution: The components of vector function are f (t) =et; g(t) = cost;
Att=0 f(0O)=e’=1; g(0)=cos0=1
Now,  lim G(¢) =lim (f() 1+ g(®) )

_ . A = A . t A . A
= (lg_rz:(l} f(t)) [ + (ltl_% g(t)) j= (lg_r}'(l) e ) [+ (lg_r}'(l) cOS t) j
=e’f+cos0O ] =1+ ]
Hence, G (0) = ltin}) G (t)
So, the vector function G (t) 1s continuous at t = 0. Hence shown

Example 2. Show that function 7(t) = |t|i + 11 j iscontinues att = 0.

t+
Solution: The components of vector function are

F©) = el + 5§

1 . .
NOW, ?"(0) |0|l+0—+1 ] —] \Q
We find limit of function 0

\.
lim (1) = lim |t| L+§~j

lim (L) = ’F(O)

Function 1s contmuou&%t =

i

Example 3. Test the continuity of 7(¢) = 5+ 2t] + 3k att = 1.

t
Solution: r(1) = a )2 +2(1)j + 3k + 27 + 3k
l A Ea et A o ¥ =
tll_lzll r(t) = }lm (tz + 2t] + Bk) =1 H2j + 3k=1(t)

7(t) is continuous at t = 1.

Exercise 5.1
L Find the domain of the following vector function.
() 7(t) = 2t — 3tj + %fé (i) 7(t) = sinti+ costj +tantk
(i) 7(t) = (1 = )i +Vt] + tlsz (iv) g(t) = costi—cott ]+ cosectk
2. Find the limit of vector function 7(¢t) = (e3t — 1) [ + \/37-?; =3 Jj+ 9 t%l-l katt=0.
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: Ifd =t*1—2j; v =2ti—5k are vector functions and h = 3t is scalar function
then find the following:
0 lim [u(®) + ()] (i)  lim [u(t) - v(6)]
(i11) ltlm1 [u(t) x v(t)] (iv) ltln% [hu(t)]
4. Show that function R(t) = sin 2t { + tant Jj+ % k is continuous at t = % .
7 - 2 A t3 A 1 ™ . %
8. Show that function 7 (t) = T+ . j+ o k is continuous at t — oo,
6. For what value of t, following vector functions are continuous
: - . A 1 A t+2 N .e - . 1 A 1 A
(1) r(t)—ln(t+3)l+m1+mk (i1) r(t)—3t+1l+t]

5.3 Derivative of Vector Function

S5.3.1 Define derivative of a vector function of a single variable and elaborate
the result:

If ?(t) = f1(O1+ f,(O)j + f3()k, where f{@),fz(t),fg(t) are differentiable
O

functions of a scalar variable then

o e e SR
e dt © " ar ) T de 3

Consider a vector function f(t) w@s a curve,
as the position vector function f (t)] 0in‘i§g the origin O
of a coordinate system at any point (f3, f5, f3), then
f(© = LM LO)] + 2Dk
Where, f;(t), f>(t), f3(t) are single variable

scalar functions. As t changes, the vector function

df dfi, dfz, dfz (O
> Af

(flsfz:l f3)

Fig. 5.2

describes a curve having the following parametric equations.
fi=HQ®), Y5 £®), fz = f3(t)

_ Af® . ftFAD=f D)
Thus z}glo At Al.gno At

. . L > . Af df
is a vector 1n the direction of Af . If Al%l_l}lo e

exists, the limit will be a vector in the

direction of the tangent to the curve f (t) at the point (fy, f5, f3) and is given by

df _df, df, dfsg
dt dt dt dt

df; d d
Here fl, fz, and d—];B are the derivative of scalar function as

dt dt

J+
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dfy . Afi(D) . [t +A) — f1(8)

— = lim = lim

dt At—-0 At At—0 At

df, .. Af,® . fo(t+HAD)—f, @)

dt AI%T() At Al%r—r)lo At

dfs . Af() . [zt +At) = f3(8)
and — = |lim = lim

dt At—-0 At At—0 At

df .

Example: Find—if f(¢) = (2t + 1)i+ sin(2t)] + t3k.

TR

Solution: f(¢) = (€2t + 1)i+ sin(2t)]f + t3k
By differentiating w.r.t t we get
df(t) d

7 dt [(BZt T l)i T sin(2t)f T tBE]

d d d -
_ 2t ) - ) 3
= (e +1)i+ 7 [sm(2t)]]+dt [t°]k

=5

d -
4 = 2e%'1+ 2 cos (2t)] + 3t°k O
dt AQ
N
5.4 Vector Differentiation (2\}50\

5.4.1 Prove the following formulae&%ifferentiation

da _ S
’ dt

d > - J/4f @dg

I _|_ — — ———
’ dt[f'"g] de — dt

d = dff -do -
’ dt[of]_ dt+dtf
’ dt[fg]_ at s ded
. dtfxg]_f dt+dt g

11]_195_@
’ dt lol 02| dt dt

Where a is a constant vector function, f and g are vector functions, and @ is a scalar
function of t.

In general, the standard rules of differentiation can also be extended to a vector
function:

Please visit for more data at: www.pakcity.org



Ch=05. Differentiation of Vector Function Page 8 of 26

Differentiation of Vector Functions

Consider, f (t)=a 1s a constant vector function
—a,i+a,j+ask

df ) —(al 1+ a2j+a3 ié)—(al 1+ a2j+a3 E)
— = lim
dt At=0 | At
da [ — 41, .. [Gz—ay Az — a37 -
¢ = dim S i Jim 2+ g [P
= Al%l-lfo 0]7 + g%ElO[O]] + ﬂ%[O] =0i+0/j4+0k=0
da
Hence,— = 0
dt
. d > —- df dg
(i) dt[f+g] ~dt  dt
By definition
d 5 . i _)+A + —)+A—) _ '9+ -
4zl = tim [(f +47) + G+ 2D - (F
t—0 At \\\*
i[f+ "]: lim [f+Af+g+Ag (f%{%) — T _[f+Af+g’+A§—f—
dt Y At—0 At At—0 At

= lim
At—0 At At—0 At

L '((f+Af) f) (g+Ag§‘—) CF+AH-F . (G+Ad) -
= lim + lim

Hence proved.

dt dt = dt
Similarly, dlf=g| _4f 49
dt dt  dt
. dr - df .
(iii) I [¢ f ] = f Y where ¢ is scalar function
dlof]_ . |@+ A¢)(f + Af) ~¢f
dt  At—0 | At _
_ o | @+ 80)(F +AF) + 6(F + Af) — ¢(f + Af) — ¢f
= A0 At
_ o |(FH AN +89) — 61+ $I(F +4f) = f1
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f \ =
I \.\
o A
g g2 =
T

OI(f +4f)—f

)

(f + AF)[(¢ + Ag) — 91|,

At—)O At At—>0 At
(g +A)— gl f+Af)—fl
N Al%mo(f T Af) Al%—m At T A!%r—r»lo [( At_)
(¢ +Ap) - cb] f+Af)—f]
- Al%mo(f T Af) Al%—m At _ T ¢Al%r_r)10 [( At_) ]
—flly g ydf dog
Hence proved. ( At — 0 Af — 0)
— - @
W =G D=F @ +7 5
AF-9 _ o |F+8F) @G +8D - f-g
= lim
dt At—0 At

= lim
At—0

(f+Af) G+AD+f- (g+Ag) é(sﬂﬂg) f- g]

= lim
At—0

f [(g +Ag) — g]+(g+A%§ﬁ"\>+Af) f]]

[(g + Ag) gll [(f +Af) = f]]
[ ] At—>0 At Al%mo(g ¥ Ag)
f dg i{ g proved \
© =Fxg)=FxZrgx 3{
d(fxg) (f+Af)><(g+Ag) fxg
dt At—>0 At
. (F+Af) X (+AG) +Fx(G+A) —Fx(G+AG)—fxg
= Ah At
e fx[(+A49) — Gl +[(f +Af) = f1x (§ + A5
B At—0 At
+ A ~
7 x im [[(g 9 -al . im [(F Af) f] A%mo(g + 44)
= f X d cjij; X g Hence proved. (- At—0 ~Ag—0)
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) AN
' "‘\ -
" N

i df 2do
il{] B rrairr
B 2

(Vi)

|® 1s scalar function]

dfl.] d.. .- . |[@+ae) ' (F+af)—o7'f
E[Ef]_a[d) lﬂ_al}srllo At

= Tith (¢ + A(b)_l(]-?—l— Af) + ¢-1(f_|_ Af) _ ¢—1(f_l_ Af) _ ¢’_1fr
At-0 At

_ i [F D@ + 807 = 671 + $7H(F + A) ~ f]

= A0 AL

~im [V Ol +a) = ¢7M]| (S A7) ~ ]
At—0 At At—0 At

+ ¢~ 1 lim [(f+Af)_f]

At—0 At

= lim (f + Af)

At—-0 At—)O

-1(1 _l_M’ 1 _ S _ - -
= lim (f + Af) lim [CP ) A%% ¢~ lim (f +8f) - ]
\. |

[(¢+A¢)‘1 ' 1]]

At—0 At—0 At At—0 At
Afi’ M’ = 5 5 -
[cﬁ - ’29‘ — & [(f +4f) 1]
_ 1
z&mo(f T Af) B! @%"‘ T am At

[Neglectmg the terms 1nvolv1ng higher power of Ag|

|- a01-0| F 4 AF) = 1
/ gtlrmo(f +Af) Alti:glo [qb At ] +¢7 ;_E;To [(f+A]:) 8

1 [[¢—Ap] - ﬂ I +8F) = ]

- g%mo(f i Af) - z}t—m At At—0 At

1 [(F +A7) = f1 b= [b—Ag]]
- gofo o [ 7 [T
s At - 0, - Af — (0, thus
1[,df d
= 4)2 [qb d{ ée f] proved
Example 1. If i = 2ti —5j; o = t?1 — 2tk are vector functions and @(t)= 3t is scalar
function then find the following:
. d - - . i o %
i — u(®) +v(e)] (i) = [ - 5]
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iy = [a(e) x5(0)] W = [97()]

Solution:
d -2 - d A A d A A
M — lu(e) + v(¢)] = [E(Zti —~ Sj)] % [E = Ztk)]
= (20) + (2t — 2k) = (2t + 2)i — 2k

() S5O =00 - [S5@)]+ 5@ - [

= (2t — 5§)- [% (t%1— 2tl’€)] + (t21— 2tk) - [%(Zti‘ — 5]")]

= (2tT - 5))- (21— 2k) + (¢t%1—2tk) - 20)  ~[i-i=]-]
= (4t2) +(2t%) = 6t i-j=7k
(i) 5 [0 x 5] = @(0) x [S50)] +5@) x [0(0)]

_ A A d 24 i 24 iz a . A
= (2ti — 5])X I (t — Ztk)] + (t - 28& [E(Ztl — 5])]
= (2t1 — 5f) x |2t 1 — 2 k| + (¢%1— 2@2@& [21]

' 1o

A S N I I A A
=12t =5 01|"t2 0 @‘ﬁ‘
2t 0 =21 |2 o0

(=5)(=2) — 0]t — [(2£)(—=2) = 0]j + [0 = (=5)(2t)] k } +

{

{[0-0]i-[0—(=2D)(2)}j+[0—0] Kk}

{[10]i — [—4t]j + [10t]k } + {—4¢]j } = {[10]i + [4¢]j + [10¢]k } — {4¢]] }
1

07 + 10tk
B A T R O F B0 -
v = [0 u0)] = 0(c) — ule) +u() =
| — e v
= (319 d—t-(th =551+ (2t — 5})5(30

= (3t)(21 = 0) + (2tT + 57)(3)
= 6tl + 6tl + 15
= 12t1 + 15]
54.2 Apply vector differentiation to calculate velocity and acceleration of a
position vector 7(t) = x(t)i + y(t)j + z(t)k

Consider 7(t) = x(t) T + y(t) j + z(t)k is a position vector joining the origin O of
the coordinate system at any point (x, y, z) as shown in the figure 5.3.
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As t changes, the terminal point 7(t) describe a curve
having parametric equations

x=x@), y=yQ@), z=2z()

dar
If lim & 3—; exists then the rate of change — will

At—0 At dt
be the velocity v. We further differentiate velocity v
_ , dv d=¥
with respect to time, we have — 1i.e., >
dt dt
represents acceleration along the curve.

which

Fig. 5.3

=t

2

Example 1. A particle moves along a curve whose parametric equations are x = e
y = 2cos3t z = 2sin 3t, where t is the time.
(a) Determine 1its velocity and acceleration at any time.
(b) Find the magnitudes of the velocity and acceleration at ¢ = 0.
Solution:
(a) The position vector of the particle is
r(t) = x(t) 1+y(t)} +z0Ok=e" 1+2cosé£] +2sin3tk

The velocity is v = 3: [e‘t i+ 2cos3t ]+ 25&931? k]

(e-f) P+ 2—(co@t) j+2 —(sm 3t) &

v=—e" l—6s§8\t}+6c053tk
The acceleration is @ = Zf = gt :— e"@— 6sin 3t ] + 6 cos 3t E]

A A d A d "
= —l-e ]1—65[5111 3t} J+ 6 a[cos?,t] k
d=e 7 —18cos3tj— 18sin3tk
(b)  Att=0, thevelocityis ¥ = —e (D —6sin3(0)j + 6cos3(0) k
U = —i+6k
The magnitude of 7 i.e., || = /(—1)2 + (6)2 = V37 units
Att =0, the accelerationis @ = e~(®§ =18cos3(0)f — 18sin3(0) k
a=1—18]
The magnitude of d i.e., |d| = 1/(1)2 + (18)% = V325 units
Example 2. A particle moves along the curve x = 2t%, y =t* —4t, z=3t—5, wheret
1s the time. Find the components of its velocity and acceleration at time ¢ = 1 in the direction
of { — 3] + 2k.
Solution:
(a) The position vector of the particle is

) =x®)I+yO)j+z0Ok=2t*1+ (> —4) ]+ Bt =5k
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P . - d? d A A T
Thevelomtylsv=a=a[2tzl+(t2—4t)]+(3t—5)k]
B 2t2 "+d(t2 4t) 7+ d(3t 5) k
_dt[ It dt STt

v=4ti+ (2t—4)j+3k

The acceleration is d = Cg’ = c?t :4t I+ (2t—4)j+3 I?]

- [i 4]0+ (2t — 4) j+1[3]i2]
dt dt dt
a=41+2j
(b) Att =1, thevelocityis ¥ =4ti+ (2t —4)j+3k
V=47—27+3k
Att =1, the accelerationis d =41+ 2]
The component of ¥ along the direction of { — 3f + 2k is
(41-2j+3k).(1-37+2k) @BOD+(2)(=3)+B)(2) 16
VP3P @7 VI+9+12 R
The component of a along the direction of { — 3] -I\@ 1S
(4i+2).(1-37+2k) HQD)+@)(-; 0)(2) -2
JOT+ (32 + (27 VIT T4 V14

Exexcise 5.2

L. Find the derivative of the following vector functions.
(i) f(O) =Int?i+ e+ (2t2 + 1k

4

(i) fW)=0C+1D)i+In(t+2)]
(ii1) f(t) = secti+cost?f+ (t2 +t + Dk

2. If x=ti+2t]j; y=2ti+3tk are vector functions and @(t)= 3t is scalar
function, then find the following:
0 = [F0 -yl () g 5O F©
i) =[50 x 5] v = [oF]
dt dt
3. A particle moves so that its position as a function of time is given by
#(t) = i + 4t%] + t k. Write expressions for its:
(a) velocity (b) acceleration as functions of time.
4. The path of a particle is given for time t > 0 by the parametric equations x = t* — 3t

and y = %tg’. Find magnitude of velocity and acceleration of particle at ¢ = 5.
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A particle moves along the curve x = 2t% and y = 4t. Find the component of velocity
and acceleration at t = 2 in the direction of 21 + J.

Choose the correct answer.

(1) The domain of the vector function 7(t) = t3{ + %}? In(t—2)k,t€R
(a) {t>2,,t €R} (b){t < 2,,t € R}

(c){t>0,,t €ER} (d){t>1,,t €R}

(i1) Is the Function F(t) = costi + sin2t k at t = 7 =-mmmmmmeeeeme-

(a) 1s not continuous (b) is continuous  (c) limit does not exist ~ (d) None of these
1

(i) ~ What value of t, vector function F(t) = m’i +sint j is continuous at

(a)t #2, t ER (b)t>2, teR (c) t<2, tER (d)teR

(iv)  Ifu = t? — e?'] isavector function and h(t)=t*+ 2t — 2 is scalar function

then lim [A(t) F(£)] = - S

(a) ®)] RS CE O R

(v) If U=t*—e?%j and %é’—Zi —t%k are vector functions then
lim [i (£) - 9(E)] = -ommmemememees $$2

(a) 0 (b) t* $\$ (c)t? —e?t  (d)-2t*

(vi)  If () = t21—e?t] then f'(£) = -semicmmmmmmem-

(a) 2ti — 2e%lj (b) 2ti —e?'j (c) 2tf — 2te?tj (d) None of these

(vit)  The wvelocity function of a particle, whose motion 1s given by
Fit) = %t I+ 3cos(t)jattimet = % 1S
=731 0 —1 W 3} () None of th
(a) an ] ()znz (c)znl J  (d) None of these
(vii1) The magnitude of velocity of a particle at £ = m, whose motion 1s given by
7(t) = 4cos(t) i+ 4sin(t) j + ;—n t%k
(a) V5 (b) 5 (c)V5m (d) 57

T

(ix)  The magnitude of acceleration of a particle at t = > whose motion is given by

F(6) = 4cos(t) L + 4sin(e) f + o= 2k is:

167249 1672+9 16+972
(a) J - (b)V16m2 +9 (c)‘/ " d J -
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Differentiation of Vector Functions

da
(x) Leta—21+3j+5kthena — SORDRSE.

(a) 10 (b) V38 (c) 0 (d) None of these
Find the limit of vector function 7#(¢t) = 2t i+ t3 j + k whent — 2.
3. Ifu =5{—2tj; ¥ =1—3tk are vector functions and k = t + 1 is scalar function
then find the following:
0 lim [u(t) —v(0)] (i)  lim [u(t) - v(t)]
(iii) lim [u(t) x v(t)] (iv) lim [k u(t)]
6

4. Check the continuity of the function G (t) = (t + 8) i +i—g/+In(t+8) katt =0.

5. For what value of t, following vector functions are continuous
F(t) =V36—t2i+In(t+4)]
6. Find f '(t) of the following vector functions.
(1) f(t) =et"i + (t3 + 3)j + cosec t? k
() f@©)=7i+e*’j+sect’k O
f & A part1cle moves along the curve wh(@%arametnc equations are x = t> + 2t,

y = 3e~%t, z=2sin(5t), where x@ﬁd z show variations of the distance covered
by the particle in cm with time in s¢conds. Find the magnitude of the acceleration of
the particle at ¢ = 0. D

8. The path of a particle 1s given for time ¢t > 0 by the parametric equations x =t + %

and y = 3t2. Find velocity of particle when time ¢ = 1 and acceleration at t = 2.
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[Vec’tor \/aluecl Func‘tions J Oﬁipakciw.org%

.-J[: R _— ('K Sca\a( -!-:qnc".iw\
r 'R — { vec{ors'(; Joalar {mc{'.fm.
-\: (%) = -f({._) P g({.-)_&\
\_/
y J Compme,nts.

— N v A e v
reg) = fHT o+ §t) § hCb) k

Deom 71 = Dom@ \ Dom () N Dom ().

e 7= lie [T+ g hbk]

£ - o L-a
- (\3;1& )C(t\) L+ (lzn_’ . %ﬁ\)_") % (Ecm_m\\(’d )k
Y (£) [ Cbn'\inuuu.s 'zg _\e) 'k =Q ;¥
Y @) = um(;,\\'\\? @) = L
BS o
$Q
N
R
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i Exercise S.1 ]%pakcity.org?@o

(fl) Find the domain o{ %e_{oﬂpﬁ’mg_{guchmsz

) ra) = at s -3t‘§ s L k-
I

- = — - |\
Lt ftr=2% 6 @)= -3t W(b r

Dom T &) = Dom (:B N Dom (&g)_a.:bs’_m_d\)

= R n TR- n R"'i()?

= R-io?.

Gii) —r:(t)=_s]nij+_&SL§Ltan_Lt-

Ld ey = s'm{ gﬁ:) cost hit) =tant = Sm{:

cest

:’Dm_cf)qL @om—(%) =R, Dew(W=R-{agomes]

Dom 7.4 = Dom\i@bom () O Dewm (W)

RSN R N R- fRee) 3 ne2]

= K "‘f#(ln-u) L\ AGZ]’

(i) LC'U—CLt) == T § &
Lk fay = 1=t oet) = , hy =\
+ v
:>.om_(_3c_) - K a \Dom_(_g)z_R_U_ib?" ’ ..:)..om(_‘/\'_)_: '\?\_— {_0‘_?‘_
;D gmﬁﬂ#ZDa m(_f_)‘O_CD_om_(_@‘Q_QDOM(_\G}
= R N 'R+U§\0;f’ A_TR-{oy
= (RJ'UiO'Q ) (TR- {o’i_)
#& ﬁ?————-——» — j = 1R'+
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(V) g({) = (st = Cost_a\ + cosect k.

Ld f&y = ot hat) = st k@) = cosect- !

Sint

Do (f)z R | Dom(W=R . Dom(R)=R-3nx :n€27.

Dom( &) = Dom (§) N Damy N D om (k)

= R N TR O ’\R—{nﬂ:nél}

= R n R-{nx : f\EZ}

= R-4n%r :v\er.

@ Find *.L\e. l{_mj Lth_V¢ctoqunction o@i e kCity'org 180

r@) = (ezt‘\)j-l- J3_:" -3 54- | E at 1=0.

ot~
,“h ?('{'f)_:_lxm_[_ce._“[)_:_+_‘r-_{'- _E ‘\_..; \ .
20 ml. . O{%‘- 3t d Ly ]
. &
= (_Lm gt-g@{: (ﬁm N 3+t "ﬁ ‘J > [(
Lo ’ {0 3-l: -bo Q'l:'H
= (e__l)§ __(_{m H-\[— m t \I_ ) ) )
3t Jm + (o) +!

iy (l-l)fl\-l- ,',, B -X )d

1s0 3K (3t 03

—~ 0 T ¥ ( |
3(JT*J_)’ i
= Oj A | u L
~ G_E
= ‘ jo* | .
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O & G- ti-2] : T-2AT-5k ae  vedor funclions ond

h = 3t 1S 2 scalar funcjtion, then {mA fne ﬁ“%‘iﬂg‘

' b (3@ +ve)] il (D@ - :
0l [F0+T0)] R T & T S

(il |;.:._" [T& x ¢ @] v h.':;n_’s [ho®])-
Q) \:[:M-T [_3_&) + '\-’,("-)_] ] lf o~ D&y + \‘:-. o v @)
= f[:‘-ao(t"-a‘l) * &n—'o (2*! "'5")
REFAE (J)I-SH
- -3} -5k
di) i [__Giﬂ_._"\i(t\;] = b V@ o b V@)
- L~ 4=t
= .l:n _t_f\_'- 5_ r-" (2'{',1 -Sk)
\{;9\\?\ (l—Qj_) . (Q'\ "5\‘)

= | (R)_+ (R)0) +°(:5) = R+0+0 = 2

fil) m [u G V@) [m, U#G:) X b O (t)
.|._

ol 2l
(’c 9\) % \im (R'ts"SH
'|:"'l -\:“‘“
=l —23) X (2?—5\«.)
o el 1 f k |
l -2 0
R 0 ~5

r~

— 0 'S\J} -5\+L I'A _f

= 1 (10-0) =] (=5-9) +H°*‘0 = 101 +5]+ 4.

(V) ‘lm "\ U(E)] Um L\) ( li:ﬁs '\-)’_({)) (Lm 3{:) (Lm 4:1?-23)_

-5 =5 5
(s) (83 -23) = 15 fasi-2)
= 3751 -230].
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@ Show 2 he  Lunclion

Hpakeityorg@ R = st ]+ tont § » Li

s ontinuons _ at {-= ?SLF
y_ll.'.’:e' K_E-;_:. Siv:'.'&.':+'kqv\?f_«+ | '\:
' A I B )
AR R ‘ J“' 4 k
V& R
= 1 1% dﬁ r & k.
R S \ A
Lt |,,., R@ -‘-'[\v Sint ‘T + {(lm font) 5 4 i L\ k
T -{;--1»5",1 ) \'l:";% ) ‘L"’K4 “,J (.l?-a F-E-j
AR AT EAN Y Y
i) e (e g)je ()
= (Jl-i) | 4 | J '!'k % \(
= ' ‘i\q-‘()\(b‘i"“r |;
Q SEE x

, - (;\
\g\o (‘g—(*—) s $Q@B "\\'\un u.sial( "[ £

@ Show  Hhat the @nctlon

?lt)=2'-.‘+ t éa— Nk

t 2t>-5 ot

IS con{ nuows at - ».

i ?G’-): \im [_2_?*_.\'3 ?1- ‘ i:\’

J N T 2{3 w ql e‘l‘.
( ‘m\ m .\.'3 e _"\ (\im
":""00 .l: -‘: ~od at& -5 d

13- -~
g 01 + \,1. St{z) £ 0k
-~ 3_
@S
- 0":"- |thn ! h:‘\- 0‘(
g -5 ¢
.
= ot | g*‘o‘* =0?+_L"\+Ok
2 -0 2 ¢
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@ For N lm'at \QIUJS 0. '-'_,(,_, the prLo_mn ve CLoY fun ci jons _are con{ijmu&?_

s

) F&):—. _07;(‘&1-3) !l\'l- .._l_ j\+ .E-"R ‘:
=i t*-4 akcity.or
@M rE = — ?+-1-§ D@p g%c
3t+! T R
Q) Y @) - ~0/-\(J:+3)T+ T T .. "
tou ) £ -4
Lt f® = do(a3), g0 = _{_;. R N ¢ R Ak
=1 t*-4%
JC(‘H 1S Cbn"ﬁ'inuo TS &t 'l'.+3 20 p t> -3
3_&) IS Continuam al 1 -1+0 | 141,
he) is cm‘hnuou_._s Zil: tl" 4 +0 , "ll $ 4 +. $+i2.

S o T s c.on‘k_'\J\\LQuS at

{{GR : \<§5>"3—» t41  and '(',#:\:2_}

ch) r (%)= _3%_@@ + "c f
Let f@ - §7‘§ , gk = |
3t 41 t
f@ s ontineoss b 3t +140 , te =
¢t s ontueus - al $40.
Se T &) s continwaws  ab

chGTR = {4&—]3_, {*oj"
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[ E xercise 8.2 ] oépakcity.orgzgo

@ End '\“z\e,_de.ma][ ive g{ “me. !:ol\o M%J&chbf -(l:unciiohs:

)

fw= Wt"1 2 e (atuii

d (Fa)s d [ht1e &fa @EaE)

il et LR TE IR
L, ., = L apn s a(E52% +  (44+0) ’|;
@ ef.;f_ t?‘zl, E_)_&J )
= % l: + Q_Q&é + L{'\: ‘(

3 [(hg. NN ]

d {
ot
_ j\_ (Jt+| [—Qm(f’ﬂ)] 4
= ‘("55?\4- [ b £
’Z\}b e () d
- @Q ¢ % [ ey
= \ _| t _
D £+ 2

i o= set? + cost} e (Fetei)

d fay . d [sect s t'ps (Btedi
Wi AP IR 4

= d [SQC{ZJ + d (Cad,_) I d (-L+_‘L+_l

at

= Se.a‘l‘,_"‘.an{ ) 4+ (;S_ld.g_&tJ (&'l:_l)l‘

= Sect ‘tomj( P~ Q{Sm‘t Ll (A’H‘)l‘
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B J  Z-tle2t] o F. 247 +3tk ad (=3t

o d [X0-Fw] = d Fa) - _coi‘jc 3 @)

=d (1 e h) - L u.+3m

= —~ ) + Qd -3k . L .
@ d [Za)fo] = X0-d §d + 4 20 Fa & pakcity.org e

i ? No(d (a4t aatl Yot [a i ead
: (JC,  2t0) (ch_(aic. i)+ d ) - REst)

olt
(47 +247) (:‘i'_ié%f()»f (F+2])- (Rt +3ih)

‘24 +o - $‘3\\ + T +0+0

Lol ]

i) [ X () % 4 UJ = X (’t)@é.ia ('L)_-l-_L;.L(ﬂ—’—‘——b—&)

d
ot

- (428 x 3 (2£.+3‘ck) ]+ [ g.t_(_ciug_)_} « (24 + 3t k)

~

- {72); (2'+3L) (T+2]) x ()

P 4 d L

|
= \ t ?:t 0 + | 2% 0

2 o 3 |2t d 3t

L]
)

N

% o o 3+ Li 31:‘ lq{ 2\

__:'T?'Qio

- @c)-— L)+L( 4t) « 5 (6t) - d(3£2L+u(_4t)

(
= 6_‘(:? - ,.?’iﬂ 4"[1& ~+ 6{:__3{3 .|

= 124" -61§_8£L.

0 g-[450) = ¢4 F0) (8- 6) x &

d
oit
=3t o (Hhad]) + (_ol () (£ 425)

=3t (T42)+ 3 (A a24f)= 37 46t + 3ET+64

615 +|Q£J-

1]
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@ A Pad.icle moves  so  dhat  jts pp_sﬂj N 2s

2 f uhcjtion o_f

time  is given b‘T

r(&) = 1+ 4€§+1:E.
N r'n\:e. ex Pfesﬂsims for iLS
(2) ve.Loci’b‘z gb) ucg.lemtim
as {gn_c{:ions of time.
v) = + 4‘:";’r E].
(3 velocty V) = dF = d (Taaf" T4 th)
ok dt

= 0t 8{:;+;

(b) ch:_lqa. igN o G;) = o vid = c:“: (_oﬂ: +8’t§* ’l:)
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@ Eﬁ P&{L O{ a Pa(ticle_is_gu_e.n fpr Jcimg >0 b‘f

T e aramelric ualtions: 2 :
P 3" ae B_42, oﬁ pakcity.org go
J s 3

J

x=1- 3t
3

Find ma,ggﬂ',udg, _o{ vel oe'n’t\‘, and  acceleration o_¥ Partj_c\e. 2t {:-5

Fay: x@) i+ g0

rt) = (t°- 3fc_)'u_+(_33__’n’i) }

oi v - P = d 1"‘ ? A
V&lL'LT v :H: r @) d‘l:{ (t*-3t) +(9% t")_d

- (2-" "3) : +%—,—'5t)*3

Rt-3)7 + 2t 7.

L= J@t -3« )"

V1), = 5 -33030;@ () = 49+ 2500
SMURTES
(b N
Acce leration Q= 3_{.. v (+3$$\$%__ [_U_Uz_-3).: + At &]
ot
= 20+ 4t
3] = . J2t+ (4t)
o l_l = A eGp = [+ 40 = N4ot
125
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@ A P_N_"ﬁ C ‘e moyes_'a\ong e curve

~ x= 2% and 4= 41.

Find the mmpmenis 0{ Ve(bcjh\f _ “'amd ‘ZLCLAc&tf o at

1= 2 in the direction o_f A+ }:

T = x () + u@‘j

?(":):. 2_":1?"' 4{}

\IeJo Ci{_T

A ccelernﬁon

\ | i YN = V(R)-_‘:

\ < %)
\\Gm\# Pomnlt_s_f v (?Q_'in_‘“gg_dleciim_s {,’_.‘Z_.L__
C mpon e!i &f WJ»CEL( al' { =2 n the di f_Qc,{icm d-F b
— V- b % pakcity.org %o
I..Bl O =2 -
- CST-I- 43_) (LR‘*,]) _ 16'!’ 4 - R0
.\f—_??- = J5 5

Compow\{ ¢f Qca{ua’,'fon a,Jc {-;2 n 4o d\irec. Ton ‘5{: -1:: = 3(’5'}

ey (D) g g

J Qi s J5
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