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4 am Eind the derivative o

Averase rate f Ch | se ‘ Examplei. Hf;e followin; ;?mcvl::'orfs

Let § be a real valved f-unchon. the (differenc by definition (@) fta1=¢  (b) fr)e 2t
L) =500 . cqlled averagje rate of

tient ) .
ook ) x =% Solutwn:—w fey=c— ¢t
change. )

9 g tek oo be agonckion, then | J0rB0 s ¢ THEL
Dcm{a ve s denoted ©3 £7x) or 2500 and | gy i) - ¢ o flx+Bx) - §O0) = €€
ks derivative is den e d cexie o

. P (o Ll g o> §(x480) = §CXI3
def-ﬁed a '& Sn—>0 £ D“"d;ns bo th Sl'dfs bj 5"-

+ Th oces _
R process o foxr B0 -FO o o fex#s0-fou_ o

-tiation. . - X -
Notation for Perivative s
For 'Ehe f—unc&fon 'j: fh() App15:03 iml p
- . o™ S ) - () s
o Y46y < flx+6) = &)= Loxtbn) =500 o 6\;.:” Fons ; jex) ’s_:—n“)

nhere 5j is the increment °f 4y (change N the sy ,E/(x),_-, o (-€. DQriVGU"" °§ =

valve of Y corresponding to &« (increment of %) . ostant fonction is zere:

Divrding oy by S on both sides, we 39t (b, L= x

¢ )

W

o+ Hu) - F (A )
X ® L
Taking lirm: £ on bo th sides as Ex—>o, we gel‘ 8y gy - = f—c-rt+6:J-ft'1)= (A+82) - A
(O
9 _ L fu-rsm.)-ffﬂ) & (, %’ﬁgﬁwn— fcxy= 24 (50) + 226%) -
L—m = = m - o
6,“;: oo . omﬁ\&“ N _ (gw) +22(8%) = gn ((Bx + 2X)
im 5_3. is denoted by ‘jl_c'.'_]_ , So ¢ij?~x’l:g§;>lrithn = f(x—!-&t)-{(vl): % (Sx +2%)°
Sn-—: % , d= ;f’@y bividing be th sides by £
3 & 4 oA Q) .
as ¥ = 5’ ) ,\3"“&\@\;/ - frt Sx) - F0 ;,,{(_5;-;—:.1)
.- I ‘;‘ __‘___—-—’ = ——__-——___—'
" b» B

rN_;tE'.'.- The Sjmbol dy ;¢ use

FAAN
°f 4 with respect £a!
quol.-n‘ent e,f. dy and d=.

S——

+Different mathematicians gt Symonls + $700)- 2%

ond hereit vs nota ApplYing limit as dw—ro, 3°

dY ;5 also denoted B |5 Lim JOAE) -3 Ui (3et 22)
d% Sn— 0 S =$u-—)ﬂ

given below-
dy o df Newton {0 ExamFleLFu'nd the derivative of J%

TR

cibniz
L dn d* at 2=a ]'-ro'm Lirst prn'ncip!es.
Lagrange 500 Cavchy D™ Igyiutiomi— Let Yo JX —>

Findfﬂﬂ 5/‘1" 5"""” defim'{i'on ‘f + §+8y = Troe —>
s Given a function £, e0if it ey di- 0> §+8y-JelaFon -Jx

derivative |

~yists, can be foond by the following feur SEEPS |y gg o (rgy - I%0) (Vx78x +4%)
Step In-Find f(usx) Steplls Simpijy flasi-fo [T on +7

step IL:- pivide §0nt §x1-§x) by g to gel gy= XtO6% AL . 8%
ff‘tt-!'&l)" fc*)and Si'mFll'j'J it. ~J n# g ~* o wt 8% +I%

3!

. . ' L—m -f-t-:MSx.) - 4x)
S{;EE_I'I.- Find S The methed " ?.1. _ _ :
of finding derivatives by this precess is S iZU;;g;‘ %) oo 4%

Cc:l”f'd di{ferenh'a{‘l'tm 'bj def-l'nf!:fon or bj HPP'H"”S limit as §x—> ©
ab-initioc or from first principle.
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Example § Find the derivative of

fu—v0 B bx—>0 [xrgu + ¥ A% FI% Y tint+3
d'j ' s i 1 .
dy ‘ New = c — glutldn.— Let Y= °+2%x+3F —— (1)
adL '5__?{— 6 dtixea Lo s J (

| : 3 v
‘nd cii L x=-1 +84 = (x+8x) +2(x+8x) + 3 —
Example 3. 0 Y=L, then find K ok 2=t JHEy = (4 8

by ab- inibo me thod- .
) I 3 L)

Splutioni- 97

3 3
BY (ih—¢h> =b Y+6y-Y= (R+80) + 2(R A5+ J-A=2%=3

- &Y =%(5t)3+ Z1(50)+ sf(éx)%lfﬁﬂ)%

- 38 * ey o Gaeset | B Sx () 3x(80TIRIL) :
BY (i -t =P Yy +8y-1J° m T (nt %)~ - Dividing beth sides by &x :(:;::;)+ el br 3ol
o (Y r (W) = )K' /" g s (B 8 _ o ((8!)‘4'31 (6%)+ 3% +2)
il (2t ou) - % (r#62)" - % on $C
8y - - gx ((on t Applying limit as &x—>0°
(xt )" % - Lim & _ Lim ((su)'-.;m(ax)-r By % 2)

-> _5_5_;_ _ - S/ ( Hx 1+ L%) G’ma""ﬂ both sides @ dw=¥o or g, o
o% x()!.'f S’L)" x" S

APP‘.ﬂ"nﬂ limt as &x—> o

' rm Sj _ L - ( O+ '2._'!.) = —-2"—"' & s ”»
~ ;-::-)o e fw—> o . sw)t. B e Derlvathﬂ Of X Hl"e" né z
d = 2E—="==2 [(a) = %" when n s +iv integer.
il _C_l_t_’_ = " il ——3-\1.:-\ (")3 g ( “fg—%ﬂt\ 3 = w 3

d < d S0 = o —> >, Y18y = (o #51)

: 7 ; i
E lely Eind the derivative of x* and {ul |\ & ‘ I N
lQH‘IP €Y. calcuvlate the value of der}ﬁ@ﬁi 189 (i — () = Y+8Y-J= (n#80) - %
at r= %' 3/ {a_\_:’i\\j 5 n
3 ' -\ = Sx) - X
5 t = X i /7 '\_,":\) = Sj (1+
Solvtion:- € ’ - % | |
> Y+8y = (x+ &%) ;__,. eiiy\ ,\//\1 vsing binemial theorem, we have
By b - > = J+5) EN ( %& ) vy [ 8Y= [w."+n-2'3 5 +”";","£“f(3xﬂ....(su)h]-}t"
-y 63 = ‘KL\+§_’:‘_ - R | . - - -
£ * | ;jr»?{rn:?- dat N2 su)‘....(g,..)"_)‘?/
N=2 g

::571[01?-'4 VJ-J-:-;—Inux (&x)+.... (sg)-'}

Dividing both sides by &x

- ébi*‘- =%[nﬁxm'-r '."‘i_:. f-'(ax)-r.... 4 (‘SxTJ

pividing beth sides by bx Aplying limit a3 dx— o
"3 (2‘-4) dn =2 "=
. D 6“_..)a .
s ] 'l' as 8!-—)’
Applyn 3 Jime > dy _my Nt () 4o+ (0)
- ) ) 1% x.
-*6!::)6%4: Lg:: 4 3{”(3' )( 3:)4' -d} o \
03x 2! Aae
° -y E:I_;,_ = NAL
- U - -——2'-—'7"{ '+ 07 'b} o
ol X 3 x° .
dy = S ——
dy _ 2 Now _= —
agx ] —I;:; dx lx=g 3(8)° 3(",)}’
c -
30) 3
2

Please visit for more data at: www.pakcity.org



by Let Y= " where m is —ive nteger, 'DWidi'nj both sides 53 6

Let n=—r (m is tivinteger).Then -~ 8 _ S (1lex) + 4x) _ 2(sx1+Ux
-rm g . o j{
Y= % = Y« — —y b as §x —y O
x ;\Pplﬂins lirm
\ ‘e
—_— M
‘ fn—> © on on—>ro
Bj () — (1) = Y+ §9-Y = _ )
i (x+ 8x)" 7 iy 2-J% 5 |
™ + 38 % & ' t - L= X, —» (')
~ 8y = ,-L_:qi‘_n___x_)_ vsing binomial theorem SO‘Ut'on' Let J
sl (- 1) > yrby= 2—JxFex — ¢
™ ol wyw vV (rm-=1|

mel b
A (D ) 3ueee 4 {5&))

= x= ( x +mn - fn? ¥

By (i) =) 4% 64 4% 2= Tazgn - (2 V%)
x (et $x)

—_--ﬂ
vy = ! iy LB L g 6 - —.,II = +J—;- - J—- _J”'*sﬂ
"-"27" K- on— T—%—_-F"x "(8%) = e - (B0) + 8y 2L - Juton X

5 ) -+ 8- Jx - x+pn KJ';""PJ’L*S"
v ((n+ Sx) ==

- y - e ¥
83 = - — (m;- * M(m-“x -2(51!)'?"" +(5») ,) 6_] f-'-(ﬁ);' (“ 11‘6*) - x = (%#8x)
:(Xs‘-ég)H 2! —_— J-———
Jx+ 4 ntn x +J nrgn

pividing beth sides by &x

et -1) ™2 s +
-y _6_:.,. — — &{ m X +mtm )x -(5‘)""""(&) /E\ R '1*6':‘
5« ;(1+6KT‘yﬂ 1—_’ ‘-& 25 ba‘”‘l ‘Sldes bj 67(-

applying limit as ox—> ©

- m=! m(m=}) m=1 ﬁt )
Lim ég = S mz T :, )x_ .»(S/i) 2
6220 .  bx—ro | I (n+8n) N A\

<)
, <
- _yy meL (/\; wy=t
* Jj - -, mxm '-' T.—i—-‘:‘—:’x ”6&@3\/*.11'-*(0) )

A~
¢ "‘\.‘1

dt X' % PN

e ) NMM —_—rm=
dj - - v % = = m 3 - —rmHNY
dv. e

2 v

df _ a0 er L = %
w ae d=n
ddr 2y 20
proved that & (X)=nw, ne2| Y +§

Nete that é"‘ ("‘?)= nz-l 'S called power "'Jle By tfi)-zf‘J-) J+dy-Y - I I

Jx+sx S %

- 5 8y - Jn = I xtgn
E xe r-c , - (Jx-}-Sx)ﬁ
F'nd b definikfon, thederivabive w-r.t 63 = Jn - Int e X Jx +Jd x+6n
Q .t,:’ of ‘13':6 following functions de{-inedﬂ (J'{I{[)(ﬁ) Jx +Jx+ 8%
(‘, 2 i"-f' ' , 3 . == s:l = (ﬁ)t—(\) xfﬁ!) _ Z_ﬁs-:_
: > ¢ - ——
Solution: et Jo an " | (JxF6x )% (% + It 5w ) Erren)n (5 +ixrs)
-+ Y+8y = 2 (x+8%) +] > (Y by = — %
i~ > YA 8y- 45 ) (nefe) = (2x + 1) (Sarex )X (K xton) |
B:’ ("}"l')‘* + j_ i L '\l.d’.n b.j 8\'- omd {'.CIH-C limikt 8\\.—)5
sy - 2( < (50" Lalge))H1-2 e =1 D‘.gj 9 g oxand
& z,/ik-!- L(St)l-f- §x (S2) -)df"/ ilr-;—:og; = £ w—yo (-_mu)ﬁ (ﬁ_—_*m)

0Y « 61(1.(81)1"&1)
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IDWfd;nﬂ bj En and take limit Sx—p o

- d'.j _ - | -1
dﬁ. (m),f—(.r-i-.-f;;b) -G.-f;l(’-& Lem ?_3_ - | NS ()_1(-/' 5!-—3): 1Lx+0-3
SxvYe DL $u—do
+4dy . ;
d« ). > g dnx - 2% -3
| -
(tv) % (Vi) _2.__&_,__ ,
. ! . 7, - , o=y i)
' t Y = — 1) . = — W ¢
50|Utl0ﬂ; tet g s°|”t|0H£" Let s R B e
then Y+8) < (' @ - Y8y = 2 (%t 6x) -—+"“
X7 Ox)
. ; 1) — #84-Fe L 1*8‘)-11
Bﬂ iy oty j+8:j":]= ) - - | BJ et) :’)-)/‘.‘r 53/5 ( N o 5‘:_'1
, , (H-Slt) 13 '?6.:' Z,Z"(l-f' ..——) A = 2"' [( %
- 83 _ o x = (2t §x) - 3.3 (1.5-!- (&,s+ 31{81).'-!-3!15'9 " -y (- |.. 1)
. ——— | =22 By B ) 4
(x+8x) % Cw+ 1) e
gj 1 / (‘Bx) - 3x($n) 30 (6x) o (.5_:_:_ [-L, + "'f_:_z_’:{.)(é_;)f--- }
(‘i('f' Svr.). .« Qe {: ke limi't &
Dividing by dw and take 1t ox—»o
-+ 8= —8x( (S!)L-l- 3 (6n) +3x) 3 ot 1) 5
e .S A IE—. _ -y - =
(.1+Sx.)3- x’ l{..:ﬁS‘;l Sl ** 'Q'() 1t L /1 J
» o Su—re—
Div\'dfﬁa bj S'n. O.ncl 'LQH.E h'rn;t Su—)o J /5( 3{5__; — 3
: , -»__l.___)_;_(..g,.,.o)g- —
> Lim 8 . - (894 3x(60) 43x) dx\ *
bxr—be o dxn—>o 3 3 f’*‘jq(%f !’3
a - (ers v (e + ) |
- ] _ > A
-d—f = ( (o) 4 ox(o) + 3% ) _ 3’:\ O O'Utlon"" Let :, (14' 4) ——» (')
: B
= QL+ O) x ’ﬁ"‘-\_fﬁgj =P 3.’. SJ': [xf-s,(_'i'(f] = [)L-I'Q +5"'] -—'—"("J
dy _ —=2_ N4 A
- — ~eo
dx % q {\j\@ By (i) - U J*8y-Y-= [(x-»‘ Q)* Sn] - (j':* ")
RO ¢
v) “Nf =5 SJ.;(HQ)’ [l + _i.’_"_-__] _ (x+4)
% — Q ifi b x4/,
, = \ ! 3 8 P — !
Soluhan'- Let \”'x.-—a. s Vaw ‘9 = (1'“0 [(H f.’i’ﬂ) l
w Y+dy= ' —_— £ ¢ L[ o 3"("3'") e "...74}
J (x+50)-a J¥ _(-;u-t:) [/-l- 3( 7H“l)-r —;_-,"-('{7'::)+
By b - > = g §y- N2 — - =(x+q5’(_&_)[L + 5 (57" = )# o ]
(=) (x4 Breg) P i3 20 (5
> O — LA g"q) — = = B + '

(X‘fS)L—Cy(x_q)

Sj ~ &

| Di'vn‘d:'ng bﬂ % and take lirmt Q@8 dx—po

(#+6n-a)(%-a)
'bi'v:'dinj by &x and take limit §.—s .
-$ —m 53 l_.:l"‘“ !

— —_—————
§x—>o (%4 fxn—a) (x-a)

..] -
(1+o-—q)(x-a) U"q)"

dx

(vi) X (x—3)
Solution:=— Lety -
> Y+5y= (x-fo)- 3(%+85x) —> (i)
By (1) — (l')-)-,b‘/Sj;-J/— (« +6u)t 3(x+8x) - (x- 3x)

- 5_‘} /-*(Sx)-flx(&c) }«{3&: XY-P/}{

¢y = OSx (Lw+6x-3)

X(%-3) = % - 3x 3

Please visit for more
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Lim 83 _im ('“'L') ( [’j*'% '%)(&:_).,. }
bu—b o o%  Bu—ro 11 n+y
_3
a3 _ (x+ u)/s ++5 (%)
=y a.; = ( 3 3 3 (0)+ )
]
A o L
Jdx 3(a+
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Lin) \2'» " (x) L men
SO|Uti.n:- L(t 3- b G I.i) =

. g e N, ety 6
- Y6y« (X+ Bl.)»b-——" s SD’Vtwm' Let .~ "

» das
Bjtm—w-))‘frsl-/:’- ('A* 51) - A "3*63'(1*6” S _,..("u'j- -~
- 53 f‘(u 5'-) . x e x.[(‘-*"") - ) 8y s -iir 9 JF By« (x#ba) = % = % 2L
| -] X - on
. » ..'; r-n 14+ fx ")
- -:‘/+-’—-5='+?:_—-L1"')(LE)*" J s 1(( =/
3 e limit Bw—o y ol (2 ). "')
pividing by Bx and take Uik b ol i C T
V. \ - —m)emet) f Euyd o .o
Lim 83 _ L i-"&"": LA }{'('i'.) (6..*_)*] . x ("’(’E""—T(r" (%) )
fud® HBR  fuo ";;— L "T s L take limit §x.—p o
: ) Dmdmj l:j Sv and e lirw
d h"(.@.r 2(3) (o)+ .- -
-l (% :_.____5.( ) L8 om0 2 pemtmey g
'IL tux—po P duho — 3 Y

- 9 - -3: *~ o

(") XL Sk oA L .
Sotutioni— Let 3+ X0 —— |43

y >
= ',j+SJ= ('.H-B'A) ——? ™) Yo
(ki) K

J+ Sj P (14. s-i) _’-——"7 ¢ x
i.: . __
bu L [,(-l' )( ‘L)-l» (E)( )( )+ _/f] A E)T'(') - 3+63 Y= (1+5")

C\ SJ-: (7(4'5’0." x 2
20

; 3,
pividing by &x and toke llrmt Sn—ro =7
A N Oq{}\/ - x 4. QOX (61()

S AN
ot B Otk e
@ 51!. w=)e — U 0o
r Jty‘: frxeﬁ{g\ﬁf; 0O r & EE:Z‘(Z!S’()1‘L +- . F (Eiii) .J
= AR B & _— A—Ho
e 4 a"': = X L w ;b)"' D|v| cllf')j bj 51 and 'b‘-'lkc I!ﬂ‘l
dy S Z" 'ﬁiﬂ L é_!_ = l_quof()[x + -—_ (5!) ‘x "]
= == T ST S BALPO gh x> e+ (B
dr Rl A o 3,
(Kl) X- meN d9 4o x5’+ _3_;2x(°)" .+ (O0)
tr ' o L‘t 5‘ x D 4 I” —p ;:'2 = . 39
Solvtlon: w Al o 4ox
Jrﬁj v (x-+ 5:) —_— ¢ ds
By (ii) — () = :J+65 Y = (X+6%) "o - i) s
RS — 100 .
- & = ')L'l' m'X. (St).,.m(l )(51)4» -HSI} "( S.lut;on:_ut Ya L —/> t_:"
- o+ JH6Y (x+8%) « 2 (1+ &) — &

i - |o®

2 2! m-|] By ) =) - Y+ 6y-Y= :-'(‘, )—"

% "m(s‘)[; *T‘:','(S*H TG oty 3(Cr) -]

) & o -|0® . (=100)X=it0/) , §n. :._ o
pividing bj 5. ancl ta ke limit b "’__' < % [H (=188 @ " (%) ']
Cim 89 Ui mG0[ 2710 B (50) 4400 ) g g (gon o (conknf
bx-pe 5‘( T pur | f(o';.' Dividing 53 §x and take limit Sn—pe
. m-l o+ . 1y -Hl “ (.ut}( 19)r3uy, .
s d:‘ [ > ’ (o') l.‘_‘:‘. “n “_.. %[' oo ¢ (_) J
43 ™ 'J'Lm- J
-+ 2 =
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2 Differentiation of expression
93 _ Y .
S Fi d o :rom Cirst P"’""P"-" ky FOF‘H‘IC {:‘JP&S' 3
n | ,ne 1,0, 000
QZ‘ U Jﬁ"f () ﬁ " @w* b) andfa'ﬂ* b)~

lrd I—rom d"u"’\ll“ﬁﬁ the

. g : &
i SxF Vv (x+3)— E“ampui ifferential cceffierent of

saIUtlow ] [(t-r ;H&u]%-——-* ot |(ax4b) vt "X hen N -;:m integer
105!""" p ] b
. o) (20 Solutiomi= Let - FEH Ty 1
b'j(lll'lij"/aj/ 3-[-6:, = [_Q(l-f- 61)4‘&] —p (ax*.qu
[_H §_,_:___] (':-rl) oy (i) - () = Y4849 » [am.a,&x-t-b]
> & Q"‘"") x*ﬂ. J !
)__ /) .,55 - [caxtb) + a5 @t
«-(t*‘l-‘ AT n(at+b) (qs‘)*,ncl;-)(qx-fb) (45")
Sy« ( N) I+ '( ) :({-”(url) } ' +(45¢) b)
E ned
a [ ( )+ t( {-) Be )¢ ] 6y = naéx[@n-fb} + ”("")(qx-!-b) E:'S't)
o (wt?) “.,_ T Is e (ase) J

rmit .
Dividing by &« and tnkc l br— o Dl'Vl'd"nﬂ by 61 and {qk! lim & §x—po

= g n-L
w» Lim _E.’; l‘-::’.('l*'l'l) ,,“,,.(-— + I( é)(f_;;)' ] L L—-cm Al [Cd\(-l-b) + nin- )(QX'*b)
fa—de ’9‘ Eu-» o0 GL 5!-’0 (abe) (q 613 -
= z L o
néi . (!ﬂ.? ’( 1 %__.(-%)COH e ) __j“?® !
de Y N\
- ! n(n-l) ( O)
L d L s 'ﬁ% - aftaxsb) + (aub) Q.
9% 3 “'H) T2t 1A o0 AN ' . +(a.0)

(M n=1
L E— QL 4 = ~a(qx+b)

\ w

t;;, ﬁ}fﬂ fu>
Jr+a R dx

I A

. = Lek 3- s &g A
SQ|U£'on Le x"'%‘ (\€ Fnd f'fﬂm f'b'ft Priﬂ(lPles ithe
@ Y+ by s (x-f&t-rd) [g‘*%;’”‘] " E%ﬂm?'t z'ﬂlerwahvt of 1 ety

(ax+ b)"
BY d'y— """J"'SJ -Js {i )(”’ ::q) - (’*ﬂ) Solutiorr- Let je@-f:;;; = (Qxbbf" se)
+ 3 y .
n g SJvL:-M) [ : 1-fll) '} * Jty « [qu-rsx)fb_] - [quqsub]
3 (%*a)li.[ld- ( "i!) !i_.'.( I)c-i-"(‘l L.' "_') <> Y SJ = [(naub).;.q 61]’-._____’ (i
.} £ X 3, m) - ' . _
i (14-!)‘-( _{‘(é:_;) -'L(-'E) ( 80 l. “.] 63 U ¢) @ j:'ﬁj-j-[(wutl'bqbt] [qn- 5]
" 3 "*“ * §y= (av+b) [H 3;%’ - (Q:+b')'"
Dividing by 6x and take ltmit Sw—3po » DM
X « (G e¥) (14 nub) - I]
. -¥ W

buso fn I--!; ,‘:Ht T - (qaqub : L treb
dy -3 “l/. C(ax#h) [-n(—= )¢ DN =mt) sy
- ;-; c (1-#0) -1 4 lt( %)fON J ( ) [ Qv¢h ‘_—"—" g +)
-3, o ledtns by 61 and taoke it t1— o
o :{? 4 -i' (24q) ﬁ'," (L lﬂ'“'b) ( i‘l‘:)[ “_,("'"ll('\ " lh)
olx 61-” ry " fu-ve e L )

dy '[,""{ gl (=n)(~n=1) ]
e { AY 4 (q =" ¥ __T____ O)4 .. ..
ol ( ) -n-r - e (nt1)

- na (Q'l'l'bJ v ~NQ Q'l'f'b
.pa%_ ( )
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Exercise 1.2 |+ 8 el [ G G

Flﬁd om {'I!"‘St' rFinet IQS the derwah 2 1723) t .
Qi c} thgi-?-o\lowmj erPrcsf;an we U their -@tfl)[ (25:‘ 4 (IJ( 3 ::H- . ]
rables: '
rESPCttM ;ﬁdQFCnd!ﬂt varia pividing by ¢t and tqke it §t——> 0
dy (ax+ b) |
5 lubion:- Let Y= (QHb)S—-—? ch L S L_:,,.,.(atn) Jﬂ)(-z. ""”‘ -3) 3m )
J-OI-::] [a(x+ax)+bJ — ™ sere bt B2 —¥
el-!
By 1) - i)+ Y+69-J = (aua.sub)’ (ax+b) 5 %9 3t+y) (3)[ 1 4 c-z:f JJ(OH ]
- 8y = ((axtb) +asr)’- (ax+b) d:— s
= (@4 8)’+ 3(@x+b) (a51)+3<u+b)(%n)+(““’ - -" < 3 (3t+1)
- (q% b) i
&9 - 5&(60[(“*“’) + (ax+b)(asx)+(asn) ] (W ot ) -5
viding by &t and Eake L_mit Bx—> 0o .. . (Qx+b) —r
Dividing by Solution:- Let J ot b .
Lim 89 _ Lim Sag((axth + @408 facaipo ]y (20t
PXFE gx  drae + (a89)” J+35 « [a=+ b)eabn] —

/S'i Bytdr-ci) (q“ b) (l-f afn }‘,- (au-l;')

*,34 53 -,a/n
dy _ b) +(ax+b)(20) + (2 of) aix, £F
* m[(qx+ ) . 633 (a!* b) [(|+ ai{-b ) 'J

dx 9
ds Sa(ax+ b) 3 (-5)(-3-1)7aén o..
g dx : (qu-b) {/t f’(f:ﬁ)* SV ;;-;:J }
S a g 4 ("51("“ O______‘O‘ L-f-"
Lil) L}. > B o 3) < (q‘-“’ 8/\[ (a;ﬂ I-J antb
Sohrhan.- Let g (1**5') e D.@\hﬂbbj fx and take Nt Bn >
S 4 <>
“;,‘f\ g=re Pwn 3 ® .___---—-—
By i) — Ci) = 6”3)5 (2% *3}\‘*«”Eg9 fuve Tm | bo =
y+6y-Y = [7"(“‘ 50, N\ dy i -S)-©) -
5 _ L1+ zé,\\j/ > 93 cLﬂ‘.ﬂ-l’) (ﬂ)[—ﬁ* AT (o)
- &Y = [(11+5)+ 7'61] A \\%’ 3 2| d¢ 1

QN -¢
-=Q—/5) + 5-(,_“-3)(2.810 +”§$)C?—”3)(25t)r > A _ q(ax+b)

W21
4 +(¢161) Q o
@ 251) W) s -7
&4 = 5(2'5*)[(“"'3)* """"(2'“'3) ( (az -B)’ ge .(az-b) — i)
e +(261) ] SpluUm" 5 Laz-b)
Divrdimg by 6x ancl tnkt limit Br—pe - Y+ 8y [aC2+EE)- 3] 1e [aztase- b]
Lim BY _ |O/[(N+3) + L (2,1(-?35 (2'5()] - Y+dy: [(qz-b)+ nSZ-] Ty i) .
o £ g o 2'61) -
bx-pyo g S'l') ot ( BJ V) - tl)#/sw (az-b)[ 2. b] ~ (az- L)

ﬁ- = [0[(:..:(4-3) +—~(ﬁzﬁ+3)(2°)* 1 (3: °)J

64 = (az-b) (‘*:f:'J o
-t-‘” = l0(11+3) o [ J

(315: -H-) - ..@z-b) [14-(-1)(" lv)+(-1:).:-7-|)(:zi;l.)"m-ﬂ
m) -1 S
+ 2) —>» D - $ -8) Sz
Solationi- 1t 3= (HV T o [ ()
» J+d8y = [3“-*5”'”-]‘-' [st+35¢ '”) pividing by &% and take limit $zc> 0
-1
L+1)+ 38t — ) Lim 83 Limaz-0 (2Z5)1. en m
- (ot o) o+ 28T (ated) T & ""'mf——(-—' o BER) y

alj = (a _;7' Q -74-('7)(") )tess
+ = (2 ) (o) =t ]

* 3 =Ja(az-b)

bjtvl-t"'*,a""s:'/y‘@t“)[ St+L
s6t )L_'

> &Y» (3“’) [( St
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Theorems on differentiation Example]. Find the derivative of
Ne have, so far proved Ehe following tuse farmuls|y_ 3 4, 2 8 _,__;__.1".,. 1%+S wert 2

: S
d (c)=0 c-¢. derwative of cons 10 Y= 3 v+ L+ Lo
L a"’;.( ) ) 'S zerO. SOIUt ‘o ® 5—%1"‘%1 f-‘-i-x'}')_xfs

e when n i3 rational ne.

y = . (1.-,,):”;-! power rul Diff. w-r.t "%’ we have
d+

., d /
scfowr 6 Pacfo 1Y _d(8 kx

Ox " dx 4 3
Prao¥¢.- Y= Cjc(i) ) 3+53=cj-(z+81)——>tii; : 9‘?(4);-!-*}_ 2 )+__ ) +2 +0
+8y-J= ¢ f(2+82)- cfe)

3 2
x +..'£ X+ LX+T)

By tihy — 1) = J = ol 4+ X+ 2
> 8y ¢ (FOre0-fA) d the derivative of
it §n—> 0 Find the derivatwt =
Dividing by X Y t;l:e sn: fex) ExamP,e 2'3'-'-' (x+5)(+7) wrt 2
: + Sn)- .
»;:'_; ?; = E';:‘_::[C ( - ™ )} Soluf:on:- J& (:c"+5‘)(13+'7)

S
> A oo flx)  Thes proved. + Y= 4TSN 38

dx ’ + Y= K +5x’ +7x+ 38
dx 4 /}) |
E)Lﬂmﬂei"" Calcufate 5(37(’ Diff wer-t "¢ we have
‘l{ IV) ds ty < L )
SO‘U‘HM’:" d (313)’: S 3{2(1 ) T x + SC t')+7(z.x 10
o =$xc'-!- IS + 14

F.‘nd the der?vql::'vc °F
E?&PIQ <. J= (0= +2)(x-dx)

{@Wf:fbn:- J= (2yx +2) (%-Vx)

’ ’ ¢ ¥

- [-f(x)-{'a(?()] = }Cx)"‘a(x) O/'g{}l\; - 3__: 2.(&4") (ﬁﬁ_&) ._.&ﬁgﬁ;
Proef:- Let J= F o0t 302 - f’gi‘//\ *> J= 2 ( 1+ V) -Ix (¥x-1) "
3+53 = f(x-fs:) +3cx+5=t)———-?£f@\’v - = 2_({_(!4-\}‘3'()(&::)
. : S \\ = 2Jx (x—' f):. 2.:(.1(7(— l)
By = (0 Y+8y-J= F(x+82)43( ﬁ‘%zf—,tm—ju)
. Y f “w - J=) 7:/"- l'x."‘
- 8Y = f(~x+51)—f(x§/\®y&+8x)—3m) Bk et "%’ we have
o) ke Lim't &n—>o0 % k
. pviding by gx and take j—%f_ li( K )= 15(;()
Lim 8 _ Loim fOxt80-fea)  Lim 30x48500-3(%) -1 oy
fxde §x  Bwde T g Bnde bx | 2(2)x - 2(z)x
’ ' - b
.,‘35— E ,C/cx) + 9§ () Thus preved « 3y _ ¥yt IJ% - oS-
' WA - b /) . NSRSy
8, Derivative °f di fference of funchons: . Derivative of a product ( product rde)
[{-(x)-— J (x)], - e -9t 9f £ and § are differentiable at =

| , /
* then f.'_ (x) Jx)) = (w) g OO+ 900 4 (X)
Fon) - gix) —7 99 dx(f I foag o

9 (x5t — e Pl'dof:- Let {= fOOI) — D
o[> 9+8y= f O+ §%)- J (x+5%) — cii)

Proof:- Let U=

g+ 8y = FlOATEN
BY (“)-—tiJ <2 J+ 63-3 =5‘(1+6ﬂ)'j(1+51l) -f(‘?()-}—a(x

Stya O s0f 0 - (Jexes=T0) Do J84-9= (4809021 500 ~ F0900)
Dividing by dx and take limit & —>o svbtracting and qdd'hﬂ fxr 80 9cx)
\V1 (A

Lom 89 _ Uim ACTRLP —-}(a)_ L e 81) =300 "'53:)‘ f1+61)jc-x+6u-f(1+81)3m+f(x-;c3:)3u)
530 Ta 63 7° §n=3o 8 = 7))
27C gn / DR | R 63:f('l-f'atJ{J(l-ﬁ-ﬁﬂ)'ﬁ@t)}-r?(-u){fht-bén}- fm}
5 - § ) = J ) viding b :
d DNICl""ﬂ j 6% Qnd take limit
Thus proved. Sn—> 0
2
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. d b
L~ ?—j-:uﬁ%l**S*)fﬂf"*s*)'at“}] s‘ijc:,{;ffum-}w Emmfle 2" and ;r-.]; i'i- J_.:ér;-ﬂ)(l -t)

TR e o / S‘d n(:f'i xk-l
'4 $l
*3}; - Foo o st e Solution:-:j.-:(&-n)(w. e 1)
saty = - Jx) e =}
:F;ﬁd dEI"lV'G{:'VP OF 3-—(2-1;."'2)(1
Examplé > Y =(F51) (G5 = 1)
r.t X. —
W"t. . 3=(LH+1)(X-—J—;&) Jx - |
SO'U on.- ( ) c (=) (J% - (-,‘_-J-Irsfi)
o 3:: p X l-f'J;_ A —=J X V4
DJH. w- k-t ‘%’ we have a-b _ (a-b)(a L itab)

9 = (VX +1)(r+14I%) = (J';._+l) (V< +-!+x)

Y= (J‘i-H) + (J‘i-;-t)x—x-rt-n.f-rx + X

a L

dy _ }[_(l-l- J'i)(x-d"i)]

d ” Jn-1 E‘-C"‘"J-;L) - ”"4.2,!.-!'}_-,;"'!',
] L[d:((wﬁ))(x )+ 6 )ol-ﬁ- o *:.H?tu.!"' E f %’ we have
1) _
. ! (’(-H)"'(ﬁ*') | =% J -1 L=
_2—[(04' k= ) L z dj—:__s_‘;/h‘l‘l—fl(-::-))L"‘o
1 ® L
Lt ) o+ ﬁ*’) l = —_)] Yy -4 )
=l[ 2 J% ; ( b "%1- +1+x=-§£&+z+ﬁ
X
x| : +1) (27=1)
=L [ ’-‘-{;—-‘j—% + (%) '):;:‘}: )J Example 3. Different .mtew?'-k x& wrd
((x— it 23 Y% - 1) Bx— L ,
= Z -—-’—_‘—'_'/ g p72 . Sgl t'dﬂi-" J" (ﬁ-ﬂ)(x_ -1)
) RN ”“?‘t%; i 3, y
. ﬁ\ - x t- w
7. Derivative of & Quotient ( Qustient ”’“? +9 = (Ji-!'!)((ﬁ) ) (R
= (1) e
For two differentiable 5“’"‘:{“""5 ("')f?ﬂ xS — S Jx (X —1)
(_{.'_‘_1,).. 3Mi::/\;\/v *> Y= M/(x-f-!-t-ﬂ) T
sl | T T T
PI'OO{:" Let J= Drff. wer- b’ w' we have ko
$-1 - )
9469 = f(x+5:t? 13_‘ -fi(l-l' . +o)-—-(1+~f-”)(
9 (*+8x) d= =) L
" , 6 /_ | ‘J—K(' l.r;k) ('Kl"\ri") pIN £
o H By g+ 8r) 30N '
' l
(w+8x)-§(1) - F OOt Ex) SCTAR U Cu
7 63 - f 3 z.ﬁk ) 7—\[;‘
9(x+8¢)- J(X) ________________.__-—————
BY cubtractg ano(ddd-'nj g e f ¢ i y ke me g ﬁ%:
{f ) Jex) - 9¢ of (x)4 J0r) fo) - fexg = d n- 2% 3. i, c
(¢ X o z  nog tfﬂ’
sl = -—-—"""""" enbatg l___‘!f_-_______,_.__wr
9(x48%)-30%) Examplt.l! Differ =
S ANIE]) 3__.. 4+ S
)
j(-nt+8-¢).3(-£) . o aE Sartn )'% ey t ‘% we havt
Diwdi‘nj by 5» and app yng d:) J (L’l. 33w +S )
ot |
(x-f-l)
w)=- i . S
i 83 1 el T LLt_,i,l,t,i—lﬁ————
En-2° Hn br—>0 J(x+54) Jtx) Lir 3(-,.+$-.;.3¢1;J Ly t)
- foo.Lim — (¢ >anss) (AR)

3y ij)f(w-;‘(*)j () o (Xt0) (éx
U A ()’
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jd-d- - G!.q- 6‘!}4.6%‘.__611-'{1“4-613—'5“ |Q5 (‘K"S.)CB—X-)
d« —————— =, - .
el Qelution’= Let Y= (1-5)(3—=%)
"!2' = lxﬁ + 6% — 16w g " 4
dn - Y _ __[(1-5'] (3-—1)]:(1-5‘) (3-2)+(3-2)Z(x-5)
L'.It"-f'l)" a_;. dx J;L "
RCC‘FI"OC‘” l’Ule v 3 300 15 " _‘_l_i____ (!__5—)@-.)-&(3-1)(!-0); “X+3S +3-X
uifferentiable at % and 9ex o R | dX .
_— = =N
JL di‘f{erenb'able at « and dL .
9(x¢) ’ Q6 (Ii—j-_;)
d (L) 3% s caled reciprocal -
dw N JOO (3e0)* role. s°|ut,ong..Le.
.
Exercfse 7_. 3 -+ 3= () HE
¢ ) - L.
Differentiate w.r.t . »Js Xt o —& ~ N
3 = fl..:a: é‘_ "-1):14'(-!)';.--0:"1
Qi LA+ X ~ 0= = (x+2 ;
” 4 3 L dy - - -~ — !
Selvkion:— Let J=x T 2% +:c L 7 & X ,, x
*é_ggétxu+lia+xt)f_qx+1(3)x + 2 Q (l.v.ﬁi)(.x—*-")
et (e X)
* e - (1+ -
= 2 +6% - Let Y =
. Solut{gegs Let &
& 2..7‘:-; + - fgjw L4+ ) (7(-- 14—1) _ ('+E).x (f—.,ri)

s°|ut'\0ﬂ

-3
ifLQt j—.:')f--l'z-

-3 AP\
A+ 3 o R}\f ~Toe I
(@ 9= (BB | 5 (=)
=1 x{ﬁf&?ﬁ N~
O ooy o A % -
Q) +)= x-xX" = _J-:-‘-:.—}_f
d 2 2
dy , =% ) ,
o SUPLESCR NN N - I
de Lx I N £ 2
- 93 _ (= 3%
= £¥3 zJ’i_
L -
x +
(a_—vt)(o-l-l)—(q‘”‘)(o") QS. ( - ') .
B x = L
L . _ ()
Selution:— Let J= =
—x—a—%
iy, L4 W -"'3:3.".‘._ -+ Y - x 41+ 2% L, dy _ d (1"4-:-;- n")
(a-*) 2 d, dx dx <t =1
-+ ay ﬁ(xt-')&(lqﬂrlx") - (-x"dt l4 z.xt) }x( x"'—:)
dx (xx._')t
L 3 b 1
- (3‘- ) (4x"+ G2) - (/4 1+2) (@)
d

(= -1)"

ﬁ{-—‘{z —l'ls-- R "‘11'-!3
(-1

1\

4+ 4

=+ > = lawo- bx>— Ex _ L (-x"- Ln -3)
Canllk G-1)”
Y| AIEVS 3>LL-3} i 1 [ 2" (41 -3(x'e))
5 49 _ Lx(Kti)(x=3)
TE
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-!
Q9 ')(.‘-+| _ ...‘._LQ"I)’L (q.}-x)gd:‘_(a-!)- (q-!);ﬂ(a-fx)

L -3 . S =
5 Jobi : Let J= £ | oo W (249"
e ] x—3 ) - (a=x)(1)
“3) | = o (a-X) a+x)(-1)—(a
- .s‘..(“') 3) FOh - 40 -l : ¢
dr” d« @__3) (@ ,,i) La.-r-i)
—______--—'—'-__——__ ot
- -3 : .
O 3) G ) » 3 (a-f-x) 3 /(q“‘)
oly 8 %
dx (:c. -3) o a_..x_.(tl-l-x.) 3

'J'-u't l 1+ % (H"’L N Y

» Le. -'& 1.4 _

SD‘Utlon:" l e FS: = ( Y )
H.:LJ (P (I'__ % )
=/ de - 1% : 140y =< + )

d3 ) ROF an
=P — = T — - ' 8 v _
xR ot ot > P Y L S
p 4 LR/ — =
3 . > j —
= _..'__.-—-[(-.cﬂ)(lJ- (ax-1) L(x* 5 o4 hl“’] LIT:; + %) VR TN VU
R, & dRn o ) % g
— L Pk R —ye—
[2— 2a-= 1 .('{X)J 7+ 12 T %™ j_tl-l" V=X ) | +.01-x
t*' >Ny
] ZCH-‘J-)—-(L o'y ,pé_:!= g—(—"—t-———-—
T r [ - dx d*A N\ 1+ -
wt NEN 4 4 )
i (0= % (1
= ¢t M__‘y,{t.,.x ” X+ - = d+ y
(vt It (x‘w)”" (1+ i)

Qiz ’i:z o 1\4"(_) [H— el 2 r-(o*:*(!-l)]

a-—"% -———-;
,‘otféﬂ"" Let ‘J r a¥ _._____—-- [H_ Toxt — R __(n-x) (n-—x )l

|+ Jp-nt
dy _ d a-—*. ( | )
a:- . o+t n+'z-,'/ i e v 1+ A-xt - (—ZI)\
L Q__":.:L—- B -—4 -3:;‘; (H'-J:-u ) /ZJ;-;“-
= 2 Ta+2/ d*
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(1447=) =g
= -—-—‘——-‘"b{.}:;?(m-m) t 7'-"]
Ll*m“ ,-_xl.-

(“"'Jl-)l") J.'—’:-;C"
1
| {ﬁ::;+(|-—x!‘)+x J
| = /1—-
I Lid 'Fx‘-) of
| & o .f-p..-/{("')(t
B
(|+ f—-l") ,....11-'
) x| - _ ‘
” ("“"J"""‘t')"f | =R JT:;(H-_E:;-)

015, “E=

Qolution:- Let Y=

S
r—— ! _ y
- __E-—' Q-"'L -i—(a"'t) (') QA<+ 3

L [
E———
3 o X

aw + (a-%) (a+2)

—_— — )/‘_
(a-Ja+x Ja-x  Jat (a-x)

"

""'_-l Shﬁw 'l'.hﬂt
Joe
=2Jx
./:. -‘/L
A
P - -4
- 2 -?l-('xk'- ). Fx -3t
da du ; : |
kLt . AT
Y T3 s Lx
clj ! L
':_- yJ%  2xdx

o XX e 2 (*'by 22)

dt _xIx ;{fi_
A % % I
J c = + e - = 2d%
ey B R
=¥ '2.121.;1'!'3-.: lﬂ Hence Pr’o\leo’.
at
Qr] 0f gz o 42kt 2y POV that
.é-:?-::'-f%Jﬂ-‘l
d+4
l'-:-?,x."-!-lo
Proof:-" J= % 3
a3 -‘-'—(,x"-n.x-rz)- G+ 4%
-2l . T
d % )
494 :"47‘.(.1"’")

, -
= 4t 1+2 =1

L
= LIXJ;(_".”_x $1+1-1
" :j-.: X""’ 2-')'-1""

dy _dy du _ qul ez 20 (l-Hz
d*'a: dx (u.c.-.n.-H)
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3
o 922 4 (aty @mjlen-@ng 000 Eyamplel., Find 2 ip ye (a2t
dr  dx \ a+X (a+x) 11 d-»‘-3 5
_@+nce-n—@-0(eM - _aq-w —at® | Ga|ptioni- §= (u+ y %) %
/ L
a et Ty e G e ()
- . 22 in rule : x )T
~ By chan y Let w= (1+2
d* a+2)t dy 2 cl_._:_j_ dw ° [(H‘ LI ) H‘-] ”
dn T odu e e o du 5_{(”_15)&}
X _w N - Qa dn *
da ! U.L ra ) = -——-"'"'a ) _—____t. d.'j SuL ]
¥ e C ZE N - —= %" d (1+2J%)
d= - _g (a+ %) a+ X (Qa+2R) ‘ v _ (t-l-‘LJ—X)El;-x‘ +ﬁdi('+ X
Py
du. -(l+lJ—>L) -?:7- "4 e (0ty )
alx.
AP
_ (+2f2) z‘ri*z' m;__r'x
i+ 5% L% 14+ 2I% + 20%
T LI% 1 T
dw _ ‘.'-L(r’t
kT "2 Te o d
J = ek
gy cham Rule, .3_3- ® Ja A~
? 4+ ud>
AP . ,,,.qrx.)
) ,5[(1-»-).1'!)&] ( Y
‘U"
= 3(1+2%) (I'if("" -

.;‘L._,, 3 (+2J%) (% + ‘-l'»t)
(ax+b) where n is

3 Y=
EIGMP" s ~ Fthd dy us.ﬁj

o neath& intege d=

quo{:lenf theorem.
L Y= (ax+b)  Let m=-™
QoluLion: L
- :‘, = (ax+ (——q-,q_.&b)“
d.:j d ( __!________) (ax-l-b) d‘(n_ (l)é(qn+b)
A= = L
d‘i (.Qi"' ) [(q‘“. b) ]
y La-u—b) (o) -l.m(an+ b')"': i can+b)
— -
(a-r.-f-b)t
=t m=l=1m
- ——m(ax+b) (aj-;_—MQ(Q-.(-I-b)
Q=+ b il
ikt N
. —ma (ax+ b)
Y¥)=—m
n-|
.l %i = Nna (ax+b)

" (- S = U e } (o TR
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ind 43 16 g X where n=2| 8y chain rule, we nave
EmmP'e 60. dat Y dj é_tj_‘ C_LE _ Zt'(,- L) x i _ o (1-t)
)Y #0 50|ut10m" ' I - dbt dx -
P q" " pam
J= * ol L T P/‘v th sid€s) <2 El-i = 3({'-"") .
beth °° d+ - 2
Y %‘U Takin ‘-}lh Pou&r‘ ot : d d__'_‘-_’_ : x-:}:_‘i. o g me—
+J = (”L) (Taking v g;ample&’:“ dx j 1+t e
LY, P é( qu):_- ?..-L ('X. ) | tl
TIET e & Solotion:= *= T 4o
& d b=t (x) . W& (1) - 0 =) T (et
-)qu _ __‘.‘.j.--_-,: P A I‘- | *d*-d_(l__t)_;(\'l't dt dt
- cil'i. - q'-‘g_'_;’_ _ -?_1:'_ dT = J.E —Il'tt L\-l-'tl)‘.
> v gx” pr T dn Y Lo ) (-LE) = (i"tt)(lt) -:-.'M
o s —_— ks
olkiplying o both sides 237 (1) (1447
-».‘Jg,-'i‘?‘:%{-la de -4t
' - Y L
" 4 d+~ o rd&!__g_.{'x” dt 1+ t) .
+ 4L o Exow X TEY ¢ ot o dY 47 2 )
d* tg= % ) New dF T dt 4\ 1+t
p-1 Py p p-1-P ¥ §'- 1{ d|+ L)"'/ Cit t2)
ﬂ%:%}_ﬁ_x - ._C-i-/-'x. T & g(l*‘w
d )L-‘ f,” d9Y P Z‘U_ (l t t‘) . *
- Ti _ _%; R a—;—-‘_t-'? _ (|+tl)(l)-@t)(2t)____ ,__,.)_L-(It
- Lyt
N =l p t\.) L (+ L)
é_:.j--.: r 1% h=-;[, «4?@ Q+ ‘)
d+ t ive (:l\g ot 3___(::_%_
. ' 1% - 1+ t8)"
Derivative of a function 3 YU T O e
. the form of Paramelrit @ T ysing chain ru: ) £)"
e C /;;\\f 4o dy. dt (-t ST
equat‘,onSF nd M i x q{\-_:;édgg- 2ak ~ ::L - dt  d* Q’/tt)l- ~ME
Examfle i" | a-; .,,\;;\(\1) | 33 = 'E.L - .é.i- = j::::_’i:_!_
soiutionnp X = CliL@ \ , V= J—Qt d» -2t d= 1.2' I ‘
ol t) » . mpilict
_ dx _d (ath) dy .= (2a o tion ©
e ' dt dt Differentia o
o d(t)=acrt) oy :-.2‘16?-'{(&) RelthOﬁs cind Ay if 'x."-r_'jl':: 4
- £ g in e
-}a-g.-:)_a = 2q (1) ' YLy = Y
4 - a Qolutioni= *7 =
" dt -> .?l—()LL*J )} - J:LLLD
6:’ C}'laln RU’e; we ave ' d% A 1 0 = 2L n+ ljé_i = 0
dy dt X — ° o d@@)+2( )7 A
3y ..-"1 — = 20 sat t d+¢ dn 1 .
2;' df d"" 2 /jdﬂ -_:-’/ZL ""'"1' =‘——j
_ Find 3 if vo -t and ya3t-at| P VT LN
Examf,ez' a L Examplez Find &-3-_ JAC R i
e A= |"‘tL ’ y=3t-2 5 S -
soltltmnd Y A9 diait 2t) Salution:= 9% q: >
X _ 2 (Wt , 99 _2(3t-1 o - _ S5
T gt dt dt dt . -+ (37X ) = 50
d (t") ad (£)-28(t) diy)+ 2 () -4 = o
Y - 3 d. o= e =
= 0- & & i | d,”)*a«c () 3 (
s - L = 3()-”—11(3!:) 'ljd.l-:-’- _'_1.&_1_1 - 0
_ gt -6t ¥ Jax PP,
dy _ - t) > 4dY _ yoix = L _ L7 =
a4y = 6t(l jdv. = U bl

at
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A i yoxy-x+U=0

Example 3. Find

Eyercise 2-4

d=x
2 L _ i )
Solutioni= y'— xy-* +4=0° Find 99 by making svitable
w (Y xY-x +4)= d% b Ql <wbstitutions im the followng
e 1y, & (Yy)= O functioNs defined as:
o “'(31)'9""(“-3)'1:1%“)-'.5;:( . —r)
d—:f. d+ () 3-::- _— \
Cl'." dY 3_' _11-'.0 = 0 i+ 5% B L
1LY — = o — T , T — % _ {—%
+ X dx { o } SO|Ut‘°n:"J= | 4+ % (\-Hc
d-‘.‘l..xé'?- ~y -1 =" y "ody 4%
- 1Y d= A _’dﬂ ] LRt Let w= 1--'*_:_ then Yye W -b&.::&—l-l(u)
- El--s-- (L‘j-—“l) = 17("":] a-;'— lj—x ‘-:-l =Y
d* Find 22 if Forugty Y 4Bn=0 [ 21 o Lul e g
mple H:- d% du N d
Examp 1y 4Z3% = 0 d (1—% em T -0 g [
L = d —t _ Vaw - de
S)tfon'- §>— 2%Y + % de . d,,.(""—_wx) .
olv 4 N d. dr (14 %)
> 22y +30= (9 Cr=%)C) x
o E(y )t d = T R e e e (S e i L
d;\t (33)—29‘:(*35* & (£Y)+ ﬁ(‘?ﬂ):- 0 1+ %) v+ =)
ad av . —
sl 2 { % %34 31%"”} *(*l:-g-_f-.‘l(?—"’)"'z’: dw ()7 dy dy du
+ °J3; d* . L dy 1320 By chain rule, weé have gl ;.;
- leﬁezii(lﬂihﬂuﬁ*(’" ;’;L'”'"’j) dy ko= (1 v S
dR = = —-—f':.'/—i * = — e L -_-—1.
. dy _ Q-:l'j ?_‘_!. Lj"q- ® iﬁj- + 2% +3=0 ﬂ“@ " (\+ ) \+ X -.’(l-rx)
P O BN Tt gy s
L - & —d%) T H:’ 3 - L —
o (331'__(41.3 + 3 );—; = +J O»NS:J J</ G4 x ) Gi+R) ™ Vi
dﬂ Lljh— lxj —3 fﬂzh(g;\&d -’-C-‘__ﬂ_____, ik
T oax 39"~ Yy +% A dx i Gry®
FRTRRE V) S -
EXOMFIC S. D"He"”t'qg%‘&&xf; A T N s
(UL éﬁ@\y | Solytfan:- 3:-..’ X+~ Let lk'-‘y"'-*ﬁ
& % I d A= X—0 ' \ 4
; ' - e H— an " dy d. Ay, L u
Solvtien:= Let J Ay Xl Y= = aﬁ':;\".}(u )= %
dy _ k() 2t & (kA d- d ()
*J—f'dz( dr d=n 3—9‘-'-'-‘ é—;(*"'&)-‘ J;(“”d-x
d Y -% 1 = s T +!
= j‘i(x‘}'.a;(x ) -.::'—:;.(i) J;(_('x.) - { + A = |- S % 3 T2
-L=1 . ve
- Lt (-'l) 7S l (_”.{_l-, Bj chain rule ’ we ha Y
- = u d. L q > 2Ix+!
-?%2 = 2.1""‘-—-;" = gk ...L-;- ‘a: > JJ_ d-~ dz L)%
a & % " Liw !
1 DY T L . LSS
« LX T 7 - du = L+ = 'z_(“ﬁ) SNl Ly (Fxem)
3 p—
p, 8
(_‘_'4__ ) d+ xt (i) Y= % ,Cl-f‘ L
L 1 o = H j.,'__'t_-x = }_——-—-—""
A3 _ o (a1 (o) Selytion 39 Ia-'f- ,..l =
T L =
ol * x - Y ,_._(:.‘(M’”)L Let W= axrt®
e r_md _‘_’!___i by chain rule » ( a:-xxs)yz_ o— %
Nﬁw Y| - ] ax T
dﬂ di 1(',(3-')( > ')x _/_..Lf--" 5 q::i-'*-
Ol A e A A
L a. ty | b —
7"'—')... ( —__}_,_ __g-:. 1.-----((")-""""""‘L
dt
Y
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pew ad_f_’- - ae__i-c (axl'*‘ "-3 ) - (@) 5".;( (“"‘L"' x,)'(“-"* “)}‘(“‘l") clﬂ ~ c a"_'_ :{.1) . lar a K
A oL —

_(a-%) (Lax +3x') = QX +%>) (1)

O Find ¢4 if
- 3 'QZI d++

S ! _3w¥4 A% +X
= LA X +3an = 0N -

] —-—_—_(T’_—_ o0y 3Int+by+7=20 N
j 4 ¢ — {0)
ditz: 3¢ + 2axt+2a'*  _ 2% (*%L+Q"-+“L) SOIUf"m" f‘. (3% +44+7) dx
g ————— ] -
d% (O-)(_)"' (a.-y()\. ) é:(‘sx) +d_(q.j)+é_—.(7)= .
84 chamn Rule, we have 1% d= d
y g t) dy = 0 w=p E':;— = '—3/1-{
dy dy dw _ o ox(atax-F | o 5+q;:+0- .
dr " du dx g (a-%)" |
i ax — nt) I +31 = 2
L x Axa+ @y %Y : Ay
) - ' : P = = (R)
A [axts+ 2’ (a-%) s,wtldn’ ;:r. (x3+9Y) dz
o B
1y
= .-Ja..-n_ % P4 (Ql‘l'ﬁr-zl) e j_‘_(i'j) +i(3 )' =
r"—' -x)* " dy
et o R Ly > o d oy koo M7=
- 'x.(a+aa-x") _ x(a+ an-* d= d* 49 )
v 3 e =
dy_ X[ a-+ ax—x") ol +ax—% 4y ay) = —J 7 = - Yy
T P e > 2l (¥ N
d= / att (Qa—=2)"" Ja+= (a-%) ?Q
4 iy x - Ury -39 = °
(1 J= (3x-22tD) \\ ¢ A/t uxy-59)= L (o
2 ¢ . O/\?\W sow(,uon:- = (x- 4% Fu
Solutfom- Ye (3x-2%x+T) Let u=3?}?(j’®’\7' dud’ d.(j) .
U X oo dOY) -
> Jou -+ 49 T é—‘-’-"-ﬁ%}(ﬁ"—uﬂ) g j—";-(x ) - J;( N° 5 L
_,f\{\“&}@-} 6% -2 - X - L{{ *;’; dz d#
By chain rule, We hqug&xﬂ\y e ¥ [ g3y~ by - 5 éﬁc =7
dy _ &4 2= =63W6*-1’=“3*;1?22327 e d* 4y dy
j;: E‘I - d= ¥ zx_,_—’)g - L?C-—qj = L"L "d"; + Sd-f;-
dy 6(61--1-)(3"' " dy
d LI.Ogtd) (¢ )d:r.
0}) :j.- Ql"’ g L. é—-:-.-’- ’ 1(7(__2-3)
. i q* +2* Eus= ot % \ oa +: L jx+l§3+ ¢ =0
Solution:= 9= J°%— ., W a - W) G +2hny + 20 7
> el by (W) N . b 1 .?-jl"‘ Ifj-f-C)
4 L - * Ay le O- (x4 2mYy+5Y
= :j-.:,fl: -Pdé-'- -:_é'_(u ):-—i- s“u‘tlon dx( " dhew
w du 1 =
: l’)d(n

Tt |k d* "~ da =¢

d. :.+ xz T L é(a1+z)-(qf ) 2 la- S 2 di( d ¢ )+d(¢)
pow, due o & (atX) _(@-x)q, x thg!._x(wj)-rbi‘tl ) 43 SR+ S S
dz

dy o
d — +Oﬂ-
ay ,9) 129, M

YY) (1x) - (at X )(=2X)
_ (a. x) ( — l{(u)-l’?-h(*' d2 4 443 &
- . Ay L9+ T, T
: (2 }:a"m’? g (285 " | gur 2 sd 1 2h3 by +33 15 g
CIEREIITT T @R | )2 - (D
(a - %
B_‘j ahain rule, we have ) > dy _ ...1.(“‘!. -l-hj‘l'S)
dy au ' -y“ /ﬁi:—— dt 'L(hl-i.bj_rf)
L — = = L i
R A aS A dy | —(ux+hy+d)
K ) al+“l.>/;. —2:-127‘- Gl')(. h“'+b3+£
T‘-—‘!‘ (al._xm.

4
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) % [73 + §fi7% =0 ) uo bt

Golutiont= x(i+9) +3ct+x) dx I t
ad Y, Y _ d (o) Eind 24 of the followaing parametrie
J-;(x(wg) +Y (1+ 1) l- Q -f-unf_kc:l:ﬂ‘s
é-(‘i(l‘f.‘))’b)*dé(j o X)L) - iy x= 6 + — ond S=B+L
ax " PR d oo 1@+ o =01
;,-1._(41)) o'-—(|+3)+(u+j) ()+J t:+x)u)+(t+x_; so'ut‘anc- w= 3 )
o & d (6+6) . dd S (et
x .4_!--1- 1ty + + Yikat __ — O de dQ 46 d6
2 Jity dx ;_r" ol:n. (e,*d(e) o dy -4
AB dé de
x { -_— o + (- ©
<LI|TJ 2 1+ X djt_ ( + _2- \4'7(.) - :: ....__L_ Bj c,ha""’ r'U’P/ Webafﬂ
X+2Jax )y Y anraSieg + I . @ dy _dy .dé_p) 5
P e S A B dx - 6~ — = Jo dx o -!
2 iy r X Ji+ ;'é'. o ax d
-yfl_B_. - — ey (3+ 204207 +9) - __:_-;
. dl’. o- -
ok & [+ (-x +2mm) \ o (1 - ) = 2 bt
: (u — " ) L
IO PR i e = el T
s : 3 . . = O L=
Qolutioni= y(-0 = x(x+u) Sglu‘t“’" b N ) (1t R tY
9_’-. {3({"...)} g EE {x (x“+t¢)y"} dx ﬁf\ = (ut‘)d,;("' T dt }

2 3 tx\,{'“’ '+t‘. -

n l-l-t)
5 "L(x-l)-*(-x-l) ::=x;t(.x-:0 + (XL +4) ';‘u;\'\\\xg_{(wt‘)( -2t) - (c-— )U-] 2¢- )ffyzthl‘e]

X
4 Y%
I ,,L(.,L-n)el.‘z‘. = X- ;_(:.Hf)d ""*"’*"‘f 297

-r).'ﬂ-j-f(% -1)dd . dt 0+t)7_b‘l’.
d+ = —
Now) -
~n |
-vz_ﬂ-j+(’~ ‘)c13 - ¥ T+ ’_____(zbt )
d'x_ d -—-—
x . P‘\"% °""CH'£‘)\
L . dY L -+ § (L
= - R+ K b Mt)dt
2+ O — — % ) \( tH)
J x4 S (4 t)LlU f+t -2t
> (-2 L tel 2%y =‘2.b\b+t)m -; .) (t+t‘
dx T Q-&- t'
i 9‘.-2._-_ 2b (1-t")
o2 3()(.1-—") = «Jxtl dt (I+t!)
- Yo RIXFH  Thos By chain ruvle, wehave
= o dy  dt
L, C_Lj_ _ 2-"'-1"‘4'I _YR(R n+l ) :l.‘i = -—‘i e
(1-)&:’-— — w = d+ dt  dz
ﬁa— L M ( t'l.)
L v Sy = 2_—b(l_t)x—-——-—-— - 2R I—t
- g = - -2
== el Lty -hat .
x4+ Y ) . L Q‘ L ( tl—_ 1)
(11.1'”') (%) = 2x U '+4 dot 2ot
:;f;z (%=1
= '2_1 -21R +L'1 H-21% (1+Q)
LA -2r T

au (1)

A‘j _ )% 4 __2_1_'.(_'1".-“ )—’&""g‘1

2x - aatalyatoto2X T
4 FErg (-0 ;
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(ﬁ) ("'f' X_L)n W.r-t ')LL
50|Ution:- Let :):r- (1+ XL)h' and w= 'x_L
we have te f—;ﬂd é..':-’-

+ - o, vy B it d® n-t
vt 4 (ORI RO |y L () < e n] - R
dt dt N+t ( l+tL)L A+ Glf- - o .,
o (+t)(-2t) - (t—l:")(zt)_____zt_),(‘_'_?_.!._.,_z{* _nG—+ %) - (22) = 2w ru 7(1)
(Le D)t Cieth) "
Syt and 9% - E(x)2 2%
dt (”_ tl)L di. d’-
Now2 :j _ 2%t Bj chain role, we have o) ‘
L+t dy dy C_J}_?S_ _ 2_1\/\.-(!-!-7(1) " v
+d3 _ dat ) — = 31 du
dt  dt M+t d;ﬂ - x"')ﬂ—‘
d = . = N\
. (l-!-tt)JE(lU'("t)dt('*t) e
1y - '
(H‘t) () )(f"" w-r t ---———'-"")L
- (1+t) Q) - (;t)(zt)= =4t Nkl 1‘** l o
(+t')" Cr+t7)" salufiom-Let j=i£‘__';"_'!. and W= o 1
i:jf 2L, (ot we are ko fnd SH . 4
G dt ) dy od (K] ) =6 ) ) - G
By chain rule, _éi = 5‘2 ___dt @\ dx  * - (11")‘
dx dt dx /»5‘:\0 ( "_\)(21)- (‘!L-l'\)(l’() _ y{‘j_ zx-)‘{"‘-“‘-
—tt) 31t tr KRB T x- /- = “
+ 21 = el « ) o = /C;\B (% -1 (X -1)
d= (i+ ¢*)" -4t —7_ng s .
7N = — %
Now? i » \\\_Et = — JE——
ady _ (2t (1=t )==- \i; ) d* (x—")
' ax (”'tl) -3k )7\?90\”'; | du 4 A (xﬂ)gﬁ(" ) - (24)g,*"
I B Rl A e o
-#‘j-é-;“l‘i""—( Ht@ 2%a Y dx dx 0o (’H-;:
— —
dy + X =0 |Hence Pr'avec:f. -.:S:'_"_‘_)_(__‘_)_:_(i_ﬂ__,_ ?‘__‘_f‘_‘___:_.__..
Thos I iy CHI)" (et 1)
QS- D fferentlate o4 ______,______)_:
y d*  (=+] dy dy d=n
e ] r-t X a) 2. ==
(2 X - Xt T - ) d u= 'lh By chain role, we have du = dt du
Salu'ci’om- Let 3-"‘-‘*":; \ad A dy - ML (—.,—.__-Lu_): o ()t
we have to f".nd %%1 . A 'él—i' Z (-;v:"'")'L - [L-x-l)(l'H)JL
p
e - +|/ — LN
dﬂ__ 9.!.'-(.['__')[1 :é‘—cf)“é’-C'ﬂ -?é‘_.!_:- }i(‘:%;: —_
dw dx d % "if dw  (x-1) (Rt1) (»-")
p W | e %
~1) % = LW+ L% o« b
- 21-—( 1)1* iy '\V) Q_.l(—t—?" w""'t C}-—-—_L—"':L
4y = wx+ 2~ = Lx’? (W s 8 Cx+ L
1t Le ? b _ax*t
" % gioni- Let 9= 925 and w =200
4 dX - é:.gx“)-qi SO'U c,c,i.;d Cx +
— .
d. d
dy dy dx _ 2T x dn dx S ex+d (cx+d)
= ;-;. d"L 111_ qi ’-+| Aj .:_-(C'J'(*d)(a)'_(Q‘X'l"b)(c):g(x.‘,qd_ﬂé_bc_
dv () e T ———
ay = — = T ¢ dz (cw+d) (ex+d)*
= Ju 4« A
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-+ é-?- _ ad-bc
d % ((_)L-i-d)h L ol
‘.:.1_.".,: _ i——_ (Gﬂ(}-{-b _ (cxz. + d);; (al-"b)-(qy}fb);'x((x-hd}
el (¢ + d)”
= (C"-L'*‘d) (1ax) - (ax +b) (2en)
(e +d)

)% (ad- be)

= ).'K?_O,Af-l-q- ad -

W’_bc}:_

c£+ d)
B R TS
By chain ru = I T
- 34 _g_oﬁ'f_ (& +d)" _ (cx"+d)
—a—:k kC!.'f'd)" lx(q/d(bc) Zx(CX-}d)L
3
) 2.':):_":—-‘- w-r-t X
N 3
x ! r "K:L'{' l and Y= W
Qelution:- Let 3d; <~
~e are E° find 1

L (41— LD 1

dy _ & '_’::'f.-i—) - (1) dx
a d'x ‘t,-"' (_’Lt.__,)*-
3
— (’LL"']) (r¢) - (':(."-H)C'lx) _2_7(‘5"11"2-1—23‘-
= (£ ) - O AURE
(X -1 -7
~)
L B -"__"_‘_3‘_:.--: o\\,/\\?j\/
A S @
- NS
el.-l-‘-' = E-L- L‘Z?) = I ¢;;g}/
dx  dx dy oy &
BY chan rvle, 1o {fw_\a u 4
- Y = - __
%ﬂa‘* T Sw (- 1)
& o )
& - ‘c
Derivatives of Trigonometr
functions:=
1 dsinx)= co3%
# d'ﬁ

Proof :~ et Y= Snw —7 2

g 3-}-63# Sin (X7

BY (- = I+ 5y-J =

Ex) ——> W
Sin (L 8xn) - SIN %X

B < n-—&)
(= sinA-5inD= 2 cos AL2 S ==

- 8= 2 coS( %= 5*;"—) sin (2 5x.L-—x)

. ‘&
gy . 2 CoS (m‘____;_’.‘r) sir- 8
Dividing by d% and take limit &x—=°

gw) Sim 8%
L ‘é_j_, L—im [)_Co"s(i* ""i_‘) L)

§n—>° {R fn->o 6"(
in &%

_,,Clﬂ __2_1__.Jm{Co$('x+§_;-§_). St 8"1
— o -———":
A Sn =2 lx—;

ch’- +d)" P'-oaf:‘" Let Y

- Y= cos(x+ exX) -

= ‘j-PS\j - tan (x+

pn—2 © P $n—> © 3-
2 &%
a-
d___j = coS K e Ui $B ] )
d# ove "3 "

Thous -5 (s'nx) = COSX

d

z: ..c.’l-'- ( cosSA) = — SN A

- 4y+3Yy-= c.oS(1.+5l) —_— L
— Co S22

Bj(ii:-t.f)-p-:l-f-ﬁj-j: co S+ &%)

CO SK

- W,
++ %) ¢in R+ D%
__agin(AtBEET)S (2
- X
- + ) ain =—
83= -25M (l-}-—-z'_—"' i

2 (1-1) Dviding by £x and ‘take limit dx—>o0

: vy D%
E?_'uﬂ'l -1 Slﬁ(‘l-’ §%) 5'” T}

™
.’6‘&—?9 fn  fn-—ro ==
e : §x ). Lim S5M 8%
=3 \i\;> - L Slﬂ(‘l‘f‘ _{) o, =
D ba—do X( 8 )
e
& d ' i 909 4
- —%. e — SINK e—-b': -
d'CCOSX)—_S;n‘x_
e — =
Henc e ]_
z 4 (tan)= Sec %
Dy ! o W —D ¢h
' t - an
Proog.‘- LC

&) — i

By i =<2 =+ H+9Yy=y = tan Ot Sv) - Lanx

gy = SinOt+ %) _ SN %
& 0§ = —m —
cos (R4 1) coS
sin (A + 6X) coSH — Co5 (A+5%)-Sin

coS(N+dN) CoSxro

( . sinckCoSP - cosKSinp = Sin (ﬂ-ﬁ))

Sin A

- e —————————

-83 coS (A+S%K) CoSx_ CoS (R+85r).CoOSK

])'lv:‘ding bj 5« and take limit &% =0
v Sin §x

sin ( 4+ dx—%)

- pu—re {R  Lu-—re CoS(R4
\ L
wy E-l-';’- = -—L——'—"__ C\) = 3 = Sec X
d= cCoSt. CoSx cosS N
11
= Sec
Hence i‘."’_(tcln'l)- S
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_J_-__(secx)= Sec X tan
" o
Proof:-
-+ J+dYy-= Sec
8y <ii) =) = Y+ 8y Y= Sec (w+ ) —Secx

&Y=
+ ¢coS (A+8%)

Lgt j-: sec . —m (_I'j

( X+ S1) —— b

|
coSW

-

co S(x+86x). CoS X

)

( coSA—CosSB = — L3I
-2 S ("“_”.’.1{_6_“7) Sl'n( 13_:1:-_—_?_{-)

_____#_

ceS (H4+5) - cod K

nﬂ_’.'.'_e’. sim A—=B
2- =~

=

m AW — W= ON) s (—3n)
- 2 S"n(‘x-f' 53‘-)5!")("_‘1’_‘:‘ — S_l__é—-——-———_-—‘ = . ){.Sfﬁ(""'a’()
- 5 L Sinx (in(1+50) SN
coS(H+dn). CodK <im S
n
: . I e T
oy = -~ {Sm (“+§%) > %] el Sinx- SiN (X +5%)
cos (urBeen” '-'Si'r:(":?né Di'h'dfﬂﬂ by éx. and take lirt SX—> ¢
_ L W _ . SN EX
D;V'.d'ns bj 6‘5( O.nd ta ke [n"mt ox—¥ © Ui %Y . Lim ____L________s ) \6-::'; ————614'_
. o - l'I . . ( + 1 ®
84 X o sfn(x+&)_ Lirm Sn8% ][ 21 B fu—re N SNy AN A
L—ﬂ"‘ - ‘_-‘M . P + ‘*_’. p . As _ i L
frd0 G fu-pe cms(nHin)-Cein AR - = . = _— ()= — = —(osec
4 , Sivy % dx Sin K-S Sin X
- ;"—3' = ____L-—-— ( S l) = 88 % CoS® Hen E_L_(Co.t,‘l): - CO SGCL‘)L
A coS. (3K L0, dat " y of tanx
ol _ P = , he derivative S-
4 _ secx. tanx Henced—;(Stcx)-secutqnz @i@}vplei. ?:ini.}irs’c principles. )
d SR a Sec %
KM #3 Z(taml)=
5: 4 ( coSecX )= — cosecX Cot-’L. » /@% ga“'{iongn See Prm{ d=
dx. —yr L N\ f&" H 19, Y s | ‘x?
Prbbf:"-r Yy +8Y= cosec(A+6L) <=7 Examr'e 2" Dif e i ot %
' ey SN A X
Bj tﬁJ-—-c’J =y U/"'S.'j"-‘{: reste (1) coed LX LL t coS LA —p (1)
diani= Let =
by = — 50'0 L ___—» D
+ ©J sin(2+ &x) > y+8Y = ¢oS gt ) ~coSLL
: 4-J= cos (A%T 14
2-(_05(14. coSB =~ 15;,-,#15 M 1’6*%)
- __ﬂ_—_—______..._-—- [ ( COSA ‘ J—i+ 131*1& Sl.n eﬁf_}/—
sin (A +8%) SINX _asin (At —
i = Sj v :3*) < in %
4 +
- ‘ : ®Y __25‘,1(14}_,_,:——- §u—> ©
G S il fx—> © : by % and taqke lirtt 0X
Dividing by 6 and toke lirnl OX pividing °J (xt® ))-‘-"" ?1,,_.';535
| . : 2 T H%
- | L 2_’(55(1.4'&' Lim SM Lo 3 I L (_.),S"'i -
. 53 L --—-"—-'-:- Eu=) © L’ b =P e ""5";_ . s*.-)i -
‘g;‘_'_':, Tx RO sin(rppr)Sn* o ()=~
d | ((cos* l) = s M = =3 2503
J - cos K L)w ===t e d+
— e — y &
~ d sine. SIn% > '~ X _ smﬁ paself 358
(ry S0 et J=
4_5- = - Cﬁsecj"('bt o s'h’tqm‘b" = v
dz % +8y= 5" _ §inT%
E_L_. (c.o seci)= -~ CeS€C bet > J i §44= sinm: -Srnf
H ence _ e JTOF
dt By ¢V~ ¢ . A-E’)
A-I-la ] g JHA N
--"'""1 pX

coSA — CoS(A+5x)

L
(cotx) = —cosec x

d-

di Lgt j-_: Cctx-——) (;J
Pf'b‘f:- 9+2y= Co £ (x4 82) ——> )

By (i)~ mp §#8Y-Y = cot (X#86x) - col X

8.

coS A+ )

#—

GiN(x+8X)

oS (4 %) SIMA — coSx SR+ 8x)
___/—

SNt 81)- S\ X
-))

CoSH

= oY =
’ 1N A

-
—

Ca = un(X
& Siry Ok (oS P — COSX SvnP = 37
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- fd_.-.-_-.- 2CoS J':H-Sn. +JIn A sin arin -Jx (35“’7 'XC){ )(

S N 3 )_c,o&/x;m/i(
tx _*51_2_ = -__?_:s!n'x.

As (Frpn +JI%)(dxFsn-Jx) = bx , 30 | du

%: 2 Cos Jorbr +-12 Sin It B

itrIQOﬂOme ric fUnCthns -

-
(JxFen +J% ) (JxFee— % 1

1o 3 x € (-t,1) or -4<n<y
c 2 oS TFm A sinTarEx —I% L, &5 =
. R Let §=5in ' %
Jxro +I% ,-,;_(W-J'*) Pmof'- d (3iny) = d (L)
Take limt as &x —>»o . + sinj= % *d-s(. d

J v -1 d dy _ _1
e 23 _ L, COS%+ BN + . sindutsn == | CoS_'j-.—:-j- -1 = -

- ' Sx:o e d d* cesJ L
Bupe BX (n—>* = I JR d i . *9s1-35NnH
J I - xS T~ ....3- = — S L
x+ o T B L - ol 4 m -+ 650 = J,-5in"6
= -3—%" = (o3 f_;.'_-j;-_‘{-} (1) = CoS 2-__{_% -ws-f;(- - é_\_i_ _ i . siny = X
T 1 d - % q
T< +Jd%¢ - _
' Hence & (Sf""“) . "
LM Col X ‘t_l : ;‘; | — %
a —p 1)
SO'ut 1oN = L_Qt J=< * CL 5-'7() = __'.'_..4'-—-—-— 2 €(-"1)
> Y+8y= cot (x+ 6x ) ———7"'" 2. ci: L N
By (1) —H=v Y +8Y -] < cot Cat 500 - ok t ; t Y= cos X - coSfj = %
e tt. " ((_ot (R+Dx)+ Cotl][uf.('ﬂ'sl) -Co Pr-aof - e
-yﬁj-cnt (x+8x)-Co \Q _ 2 () -»-5""_9—— -1
] e § (3t B%) Cosx\ _ﬁ\ 2 (cesYy) = I d*
[cgt(-ll-f-S!t)-l- ot [s-_—_—-m(*" %) cin* %

.Sin( ’ d-'."

< x,cgs(!bfll,"CQSx § ;\\ -wp — =

e | 2+ 5u) + Cot A s s o</ d Sin - €05
= eet€ ] Sirn - S (R+ int.) /({,J j m

. L 8
- r\? __1_ o sind = (- Co
(.: and Cos [3— Cosd SIHP = 6'" (d P)) /O(::,\\f * é_j_ = ___,.—-—'."'- *Slna - r_——"-c”‘a
= Lco shﬁ"‘ﬁ?ﬁ Hence ...-(CbS x)= -

) + Cot 2) fse) ' d* fi- R
_ + 6+ =
ﬁj - (&'t RS Q\/ INAK- Sivy (AF %) 3 ..4:.- ( Tar'\: ) = __i..--: , X€

pividing by dx and take timit 8x—> o " d+ s
‘ W =R t Tar\ R
.)L.-tr"" ‘63 l_._.m((.ol (-‘.,.51)4 (_otx | I 5_:1.3-—- P"ﬁbf Le !j _ d_ ('l)
— Lw—>0 Ex -p — (Tan'j)
1 6n-¥C HU gude i > "[qnﬂ = K o d-g
i ! VM ———
::—»ﬁ sinx. Sin (A+5r) L1, dy _ 1 - ds _ —-—-"'1
Sec~")/ — = S L
o . (‘-'t'!*c'c’tx)(') % sin%: sm-.r.) 1T dx  sec)
: d'}t 3 Py é!- 4 __!-‘_______.- :]_l,,the 5.:_(_5
3 - -%’Cf_t__é - - lcot x(ﬁcc x d-ﬁ |+ {aﬂ"j
s -;["; Sl'nlx | a .t cog-x g:__\] . __j:____ <= tany= X
le3 'D,'H-ereﬂba’ce Sivy K W T — 1
» 2 . - ——
Em""P e \:] vy Qﬂd W= coS K Hence : (’Qar\.‘ i) T
L-Et - 0‘-_ _ ’
Selitioni~ tind SL. 50 Y, &= (ot )= L xeb) e
e havé du " dx 1+ W)=l
dv: A (sin’%) 35N X 3-_(5;"1) Proet i~ Let = ot *
- = (S & y r '
g:;_ d""\ - 3S'r;xcosx - Cbtj - = ?(cbtﬂ)ﬁdé@_)
y
d_ (OSX) ds -1
d-u" - == (CoS'JC) - ?—COSx .x( e _Cosegﬂc.l-:-l — 1- -5 s T e—
Zl:- d* (oS SINK - dx  cesec
.-:?..COS"((" SINA)==2 l > é-__':!_ 2 :_I.-——;—- - cbseg'e-;u.cotlé
By chain rvie, we have dz I+?ot_’j I
dy = = -
dl_'] é_i Ci?.(_ -y g"‘t"" 1+ %' Hence i(c-t‘)Lﬁ ol
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sa‘lt(.se;x)— ;—L;ﬁ , ze (1) I:(|+3L),/Z|l
Proéf"' Let o sex =« seej= X = (1+y) 2
- & (secy)= é"(*) - 5“3"-""3&’-&‘ .‘.‘_i‘_-‘?—
- de'_! -—-‘L'" 1 14 tafﬂ-'--'fzﬁl - _j_ _ QCHH‘)
A T ek
fi';'_ = k : secy = X
ety = Differentiate the f"""“‘"”ﬂ
Hence I;CSec 'x) -.(J"—_‘ Qi. truﬂonometf‘lc funct-lons f-ram the
6- j_L..( ceSe€c x) = J‘Te_—: , xeR g'-r._.,t prmuples
PFDO;-" tet § = cesec % "s;,) ‘35;:-:-"'- LeE Y = SN —— eh)
-+ c¢oSecY =An = Z—L:(( cesect)rs d‘(x) -roj:Sj i 2(x+Ex) = sin (224 26x ) — ¢
" "‘°"e“:\“t3 ::1 =) = 3% - .:‘__E_ By ¢y =) = Y +8y-Y = SN (2% #28%) - SIn2x
»8. . t+cat":sezs:139 > BY= SIn(2x+25x) -Sin2%

d% CnSEC‘j ICDSCC":I"

- CatLO = coscclﬁ ll

( sinA-5inB = ).cnsA"‘BSm‘“ 5)

é..:’. g =) @ cotO= Jeesedo - _ 9 cosS z.-x+1‘bx+lx)5m6( N _;,_q_()
d=x % J et = “ CsSecY = %
\ SE ‘)_LoS(“”-"' lz"—) SIN §
Hence 'c'l':'(CoSC.;:_'ﬁ) . . > ‘
I d % Jat =1 by &x and take lirmit Sx—>o
Find a4y . " Q\
Exam‘?'ei. ) —': "' 'Jr- 'x.Sm-(-—-)* Q—'.t %&V 55 2. L_imn CoS (l.l'l‘ SX) [_u"l Siﬁsﬂ-
50|0tlon,—' Y= nsin' (% )""JE_—;L— /({.,/B e fn—>0 En—P0 g
dﬂ p = J °'3 = 2 CeS (l':t.) (l) 2 coesS 2%
a—; {‘X.Snn ( ) + (Q_ i ) } d.,_
\ﬁ J,;.. B.L
‘".': oy in o (x) _é_-: e p gy tan
- xdtSl .:: <+ St (a‘)d-’_ «) + f\i(eja"/) . alut ;on:- j.—.. tan R —> e H
' | é: * c=! R s L_tl- é: ;-1‘) i tan (31.* 561),__’ o
= |- % di(d)-’-s&:@m{-z. Ao 2 - Y+ 8Y= tan3 (x+5%)
= . s p &
n o [Batinedrs 9esy-y < tan(BarSE-Tan
- _In '
- ’:- : i.&:(x)+sm1;-_)+/iﬁ ) > 8y = sim(3x+38%) _ sin 3
- a:x ¢sS (32 + B6n) Cod> 3%
¥ 3Hn) SIN 3%
- 2 L SRE) = . sin(3x+ 38%)casx- Cos{3x+ 38 3in3x
> — x* y 4 O a -~ ® cas 3. €05 (3nt+ 33d%)
-l i
- = b s (E)- 2 (- sin g B - CosHSIng = sin(e P))
- T a. —h
P & a o’ 65- s.n(%+3sx_}{)
, - - /
SI"‘-’(’L) =p ?..l_a— = S!ﬂ(Z) (:0537( co5(31+ 55'*)
- Ke llrmt Ex—> 0
f,cz jF q& tan ().Tan -—) Show D\\Hdlﬁj bj % and ta m-_.'s,,, _—
d v) 5 L | SJI.
t L"'*.'j m J_ m_____.._.—-—-—-‘"' e O
tha e = bnde S*  Hx?° cogTn- cos(@n+38¢) 6
t on'- tan (2 Tor %) 4
Solut J= L4y 500 =2
dY » {tan (z.Tan"")g dx c°53x.c05'37( CoS
ox 0o, o (1'\'0'1- "") fl_g_ _ 3 sec 3%
= Sec (LTQ'\ = dl ol
pmin) e —— (%)
- 14Tan QT %) 2 — ey A% E
%9

22
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() SiN LA + CoSLK

50|ut10n" Y= Sin L+ CoSLX —> t1)

= Y+8Y= Sin(1x+28x)+ Co5(2x+2D1) —
8y (i)~ » Y4+ 84-]= Sin(1X+25%) + CoS(ax+a8x)- _Sindx-coSy

{"J

"'SJ = Sin(1x+218x) - Sin2x+ coS(2x+26xn )-CoS52X
%)

sinA-SinB = 2ce5 A%B sin 822

CeSA — coSB = -zsnnﬁfe Smf‘ -5

. 2 cos (LRt 2EXTEY L 25x42%) siny 0;(4-15*-&)

LEnt LR s, + XL L im !
( zsnn(z';t__..’.':—-—) 51 (3*"—-—'_"‘,_— )> Lim 83 _ Lim (tantz+s)t l:anx) 5‘_:. PR
§y = ;_CuS( Gau+ 1‘5%) Sin f¢ - 2.5m(‘l“_§_'f_£:.§."f) sin &% Eu—>o DL EneC L S ndL
= — : —
Dividing by b and take limit dx—F o ) 5“"’(“) B
e ol Lan’l '

5 . 5().‘&"'81) Lim SIH Ex ZLJH Slﬂ(l‘!*s‘) - a—_ ('\:dn'l+ oS . CoSA
‘..-Jmn_g.;.:z- ls"::'ﬂ‘ Eno 8# 53\-":-;“ Siﬂ_& Ltan'x. )_tan-x_SC_sz
n—> ' A d _-____T__.

dY o casax (1) 2520 (1) i limsind 4 d cas ¥
c* ) Sin L% v Jtan %
dy = 2CosL%— 25N Jtane —>
i ¢ o Let 'l:,aﬂ’!‘-
d % Salu't“"’ = _
(V) cos % & Y+ 8y= Jtan tx+bt) — 7
- —_— o
Solution:= Let = cos X ey ("J \, 2§48y Jton(arsn) - Jtan
. (II)
<* +53 = Co3 (1—"81) m
. 446974 Cos(x.+6x)-.:osx. 2 by JEam o - St # Jlantaibe) ¢~ tan
Bq Cii)- ) = 4+ L8 \ Jtantetn + Jtan
("' ¢os A-CoSB = —2.5iN 'A;"t"B' sin ) /(://\B - e
&J L{an(gq—&t)) ( Eam‘-J
5&) —W«fp\\/ ___—__________.-—-—‘—‘-"_—_
_ 9 Si (-:+Su)+1t- sin (®° A
o 8= -29IN z._— .-—-—-——/:"’ m+ _-_n?-
.4 smg-_xj_%g_-_rzt_ siv /fﬁ \ e~ S
i = tan(e 3] 7 &
. _ 2 Sin (1+3n)+x-t S m”/ka
n %X
Sinln+8%) §_{’_’__-]
% "' ° - .—_——_"_—_———’- _—-—-_-
= =23 A+ En)+ X sin ( %+ 8x) 8% wx+ % i [ oS
5y L_____z_-___....- ( ) ( —z) m_}m cos (x +6x)
(4 5"-)
; » S
pividing by &x and take imit 8 —> o - E'nw"ﬁ';‘“'_}
+5%
1), 5 Jiomit s+ Joann CAS R+ GRICX
8 L 5m(1+51)+7¢ N e |  rin)
Lim 2J (-2 CDS“S’"P*’ $in (et p
e grn En—r° h-—* (4 s:.) 13 ( $'n cosp -
- ("”{-') 1 [ sin (x+8x-%) }
w—> © s —
] s%. coS (+8¢)
d9 . _ 3 sin }:_'_tf (1) % ._-.-:.snnl;:;.-'-_ (%) s Ha oS
#-‘"" p 3 I hm't 6,——) o)
d* ‘. d Sx and tau
olﬂ - LR SN e Divid'NY j '
B A——
d"- . $ Lm / - Lam CoS(n48n)
L.m -!_:_ 6’,—)' coSN*
LX- . Ex—yo On fu—>* Jran(x+én) TV ta .
) BN ety kanx— D ! ¥ . sin
# e = . i -y
On" in
SOIUt‘ : dy ! |
— (U il 5/ e —— L')
> y+8y= tan (1489 > dz  Jtanx tJtant  cosx. Ca3*
2
oy ghag e tadtss e | e
- — cod* p 8 va
[: d-b'= @) (a+b) ) X 2Jeanx kar
> ‘Sj _ ({'.Oﬂ (-‘4-31) +fﬂﬂ7~)({an(ﬁ#5x7- tani)
23

S (xnt §x)

#——

coSCL+8n)

S$in X
coSX

J

St (nf8t)-Sine-Cos(x#34
coS x- CoS(A+ §¢)

= [l-.an(x+ §x) + £an1][

x )

(.- Sinok CoSp = CoSueSing = Sin (% B))

[ Sin (22

coS X- CoS(‘L-"?’U)
imit §n—p o

[tan (£+5%) +tan™ (

sividing by 6 and take
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| i +
+ Y+8y = cosI nt+n —7 Lit) *‘_l_-:!._: )_(51!12.9-5-‘3:’36) (2¢0516 +35Nn36)
Bj (i) —c1) =y ':J-I-S'j Y- coS Jxa4sn ~ 3 db

Ov) Ct:uS-J'1 + Jsin % L 7
§olution:~ Let = co3 ® + (SinXx)

Ly - & ( cos x cs-'nx)""‘)

RV cos JxrEn ~ €05 I
-6
(‘.‘ ceSA - CosSd =—-2 SN A-fB g A )
_ -2 Sin ths:m +J% ¢/ J-H-Sx - J""*-

Dividng by 5-;,
=5 65 -—2_ Slﬂ ‘IIJ‘S'IL 'fﬁ Snﬁ JX.-PS% ""\-r;L

B = — dx -y
B e = . £y L (sin) (cos%)
(e ) - ) sl L X+

s Y _ ~ZSin m?:'f“ﬁ' sfani-S"'Ji

m-fﬁ Zx\’“*s“—& Qs Find é_f!_ ,5_ (V) Y= xCo3Y
- d= _
Toke \imit dw———>° ’ ) x= 3snJ
in Sratnt S inerm | 9 = X 03]
'..,._5'5 __L_;,..,"S —_— Lm SN 1-!- n+
i T g bions- 3= %oy . ek
« +Bn I x+fn = I%
* = 3&@}*’\( cesy)+ coSj —(x)
_)f-l-:-’— = = St'n{i‘-_ﬂ' (_l) _ = SIn 2‘___",—’" 5 \\,&;{ 1
dr —7 - A% e sy Tat sy
Jx td* /B <
/?"J\
_,cls = --—gr"ﬂ____{":_. f\ 2\;// "3! < -xsunjdiif. + €059
d= 2 Jx o> *
. wirg) t ¢
Dif‘{'QFQY‘IhO«tL the f-o"?; é\ - = é_:_'__!_ ';(Sl'nﬁ c_:l__L e COSj
QZ. the. variable fﬁ‘ff\@\i dz dx | 59
Aﬁ 3\ - é_:_’_ '+ % Sl‘n J-'-' C°.5 - -;sj-: (-
dy + secH™ @S\g dxc y 77 3 1+ X SNy

(n % =JsnY
= =5 ()= CL (j Stnj) > =Y --(.SmJ)i-Smjd'(ﬂ)

1(.

d (yx) + Seclx ( 220 " - dx
"7 (5‘“‘“ tﬂn“*) "\ | od (3) + S'nY dy
.,El-:’ Y (SecuxLanux) + 1% Secqx - 1= J(¢ 53) 1=
d£ | = Ycesy 39_ + an:-j{j:.': - (jCon+ an:j);ii
p ol "
¢it) tanesece
eco |
&ldt'an' t Yy= tan 2o sec [ | =f.l§. :;;El_g-_-_.

“L(to BSE’CB) ‘tonﬁ d—(Sccﬁ)-i- SQCB d‘(fané) Jjceosy+ anj =~k d« Y cosy+ 5|'nj
Y

dB —de db o Q Fmd U‘)e deriva l‘.‘l.V?- N-l"-t %’
d sech 3l:0n5) (tana - — . sin JTTE
=tane(lsec6)aa(5?f3) + ( () ce$S ’ L (i e
-r?.{m?GSece( Secﬂfonﬁ)ﬂﬂﬂﬁb”e (SQC 6) (I') coS j_f_f:
.J \ 4
dy 4 + 3sed Btan @ 6 . + - cos | '+ %
*;l-g- l{a BSECe salut,an’- Le 3 -y

dﬂ_i(S‘_"‘_}___'l—!-i &
ity (sin26-cos38) | ax Tdx \ J,m)' sin 22 ()

Salv tions Let Y= (Snm_e-cosse) | LLa
:-—S;n}""x.-'—— ' ; o= | 4+ K

‘15 - .d:(S)nZB-t.D.S3B) I+ 2% -~ ('+Lx) d R l+2x)

d9 r__d%_(s:nle cosse)o\‘(s'"ze cosse)

2l
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- ok o .
= _S;n | 4= r & ‘ —;-_.(.+7._ )J"(l_’ll)é'i(l*‘ﬂ' (l‘f‘x)d‘;(liﬂﬂ) (ii) Let j = S;ﬁi ’ u_ - COS“’(
T+2% ) — ——— |
N (t+2X) we have bo {—anol 3_!'1 , So
-.:-sfn’:-?'i‘_j_(l*’() (4 2%)(1) - Ct+2)(2) . |
— — - d d .. .2 _ - & (Sinx) :1SinxCo3 A
1+ 2% 1 ([-}-l".)h’ ( . lx)\- a_i_ = d—;(SIn X) = L5 xd* )

G 3 LI
cosin[Ex (0 oK -1 % | dw é:.(coé'x): hcos X 2= (cosx) = 4Co3 X(=Sinx)
= ey g ———-———":’F'L v — dgl d*

I+ 2(1+22) , ( 1+ 2%) dA s
i SN
[’_' - | = = YCo3K
= = Sin i+ X ( | + i). . —— chaii rvle, weé have
S )_(u-z.x): (14 %) RY ) '
dy C_Jl_?_ A% _ L% ¢O5% -
P e - =y du  dz du “Mcos x S
TEE 2 (wrt) T ()t dy T . -l sec x
oYy SIN {n+:¢ .y:l-:: g_cos"x 2.
»—— = g .8
” % tanx) = 1— tanx, show
2 (l'\“ 1_1), 14+ X 6 5f taﬂj(l"' an ) )
® U"'lﬂt E!.g- = - L
iy Sin [L 2% d= .
[+ W ’ _ 11— tanx
; o | LR jon:= tan (1+tanx) =
Solution:= et J= 3" | T | - SO,U{ J

= —tanx
_J_—_i: E!:(Sn-h rll.:"-.'-_“'.;.):coS"'“'t, _q_f-_ t'++l.i) -y‘tanj-_-.- l put j_:tan%

dzx dt t+%X dnt 1+ tan«x
%=
_cos [1+3x 1k & i_'_"_i'.’."..) o tany = tan® - tanx
) 'i__ 1+ K ) d."t |4+ K
' 4 d. ;“.-(.,,9 ,_f“‘?<?> 1+ tanZ tant
éos [te2n 1 g4 L% .(.4.:.)';;('“-")-('*11)4,. (\g) | : < tanf
] = t@Gnaok-

RTINS IANNT 2 CG+x)*™ O\,/\\?K 2 tan(""'P) = s ——

I+ 2%
= (o3 —_— . - ..-1)
3 an (
X (1)t (l"'f}@/ Jtany < € T i3 &K k)
-4 <O) _ oy e o = (E -
oS | 1HE% | (t+2) 24, _@\(j-}—af » J = % Te  d% Q
I + L))" (it %) L dd _ 4 Hence Ft-ovecl.
3 dL

{
= cos [1H3X -Q,_& 3 Q‘7 i Y= tnm(-l'm:_——'_— Jtanx+..-+0 Pprove

* that (24-D%2 - secx

9..: coS . & 3 dal
x 1+ % 4+ X S 1+2% . O
| HZ ( ) 50|Ut'°n' 3 7 \J {:Qnﬂ‘f':i'tﬂn‘&-f'] tanA+..-+00

Q,S- B sinx w-rt cel % we can o bserve that

Y
®
iy sin % werbocos -+ § = Jtanx+ Y

ol % :
t'on;.—- dy Sin w Y i t savarina on bo th sides
Solvt! o quaring
Let J= S and  tho + Y = tanx+ Y
bo {-ind é_i " W d. 1 d_ 0‘3 Seclx_'. Jﬂ
we have du v h(g) = E(tanx+Y) 2§~ o
dy ), (sin) = coS% d d1 dx
a’; -d* L > )_jé-j——é—a—-n SeClx
Ju | d(otr) o esee T d*  dx
= 1y L
’;;—- d% lanve -r@_tj-l)j_;% = Sec L Herxce Ft‘OVCd
: rule, W 3
5 " nolﬂ dx _ cosA: ""L""T Qs i x= a.co38 ., Y= bsin®. show that
é.’?-—-'-’-’-‘ o"'f;_;.du ] _coSec * \ *add +btanb = ©
du 1) =~ CosX3in® ek co$®
dJ co S (57 sowtcom- ‘e @ e
o LIS L (Co3d
duk - f_:e_(i.):'d%'(ﬂf-:’se) = a.dB

i"—- (C&SQ) o q~3Co;0(-5iﬂ9)

oLe 3(056 _
i dé = -3acos 8SNG
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New Y= bSlne > L(y) = d'(.bs'" 8) dy = - N - |
46 dé - — 1 e X
- 23 = b..i":(s:‘no): b 3s:ned%(5m9) G a=x Ja"—x
6 de (") Cot-‘}_-
_ 3b$l'n"9C°59 O- Let 3__ Cﬁt _)_L_.
8y chain rule, we have sa'ytiﬂﬂc-
© p——1 J ETH = o
dy 3% :l.!.g = 3|‘-’5"""ec be(BacoseSmB) -> 5‘-‘1 = (ut ) 4 ,,_)s-dac( )
d %
49 _b sin® _ —lb tanb ( "'(cotx - )
—_— T -— a |+11
dn o €o3O
dy , ptanB = © d -l )
> O = 4 Jd __=(x) - =
+ a @ o -btand d i ) TTTQ R
d* Hence Proved -;: o
9 Find 94 it w= alcost +Snt), 3 . = o doe =5
Q A dx ° Y= a (sint-teost) olx at %X o ol &
s ; +$|ﬂt) -
s.lytlﬁn - X= Q'(C°St } (th) % 377\-'%‘
ol a(cost +5int) L a
- __ = ’ R, Y
&M 2 et L Solution:= Let y= =5 =
4 CL{ é(co$t) *d"i‘(s'nt)j - f_l_.'_’_ _ i‘:"... l—-SI‘Y{'&) _ 1 _?_L_(Sl'n-';?-_
'93—% 2 @ ~aink +0 ! ' EE-..(B:.) . &k (sin'x) = —
: ° t‘) N oy d K d« _x*
Y = Q(S'nt -t cos q?@\;\ ' = 'i-)
v | .
s 49 & Jagsint- teost)§ R S — 1S
dt d | O\,\ , }{ o _9,_; :r.--::l dx
o | Eisint) - & (beost) | () x _ .
dt ‘“ ! (s . £ (- )
((USt)-l'Cosj:\ﬂ'Yt/) = Y i v ~
= a((oit-(tdt | «’ €2 - Q - Q P2
By chain rule, .
. ' 4 J1—
El.! = é—-’}' A,{Smt (ﬂ( o8t - Smt')) SilUt'on' Let J= Sin
dA dt d* dy _ d (sin'J1-x ) L i
dy = _tsint dt  dx J t-( ) d=
*___- cost - sint ' d
te w.r-t % "—'—'—“—-—-('-X‘)
Qio :anferentla m o .
%-
dy . ) Ly g —x')
) Cos' - - 5 (=) d+
g - d / ) -1+ " Z
Selution:= Let J= cos "}f | ;""»( %)
f — -
- .c.l...'i _ 2‘-_ (ug'?-“—) ‘-'é((,rg,)t)f- - | = JF :1'_“_!/ A |
dr  dt “ d Ji-xr | 4 ) G -
. d (%) de X -t
}-)L d* ) -l xL_,. )
| — a (U) .SEC. ( )L; —') '
- ’ - -+ !
L1 d@) Solutioni= y- sed' (57)
1 - xt a d=« d . x =
;{ - é—‘-y- = Nl SCC-: Xt ))
i - 1 [ d di R=
- s L) = T ! d s 4l
= a¥ = n* Q Yot- 2+ & = ;—‘4, — ;‘. ( o _.)
a’ a o (,,_-l),/ %‘)"'
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e é’-(SEE"I) = _____,._._—-— - )
as X , > _ |4+ A
X . 4 (L) - (x4 -("") j/ (_‘:ﬁl_lg.;-’f-)- (

i! = I Sl ('—")Jat. ( 1+ x%) _—
d*- 3 L 8 ('+x\.)(_zx)-('_x (1
(?‘-"HJ ('R.'i‘l!" ) L-x_.-]) _ =] | L

(=1 X i (.+:?+).xl'('+"-q'lit (\+ xz.)
E i) - I T(2  ———
) v_/ ' .(x- ( L | 1+ A
()t'f") (x‘-ﬂ)k_ (;(.'t-f)l .,L‘_U l
(ﬂ.\“’)t ( = —(lj/ﬁt) ""2-7(.")‘,{’:- ll'l'&z,
l -
'ﬁ-"__l 1-7((-’3'_]—'& "'I) | l+£"_flx_|_x“+lx‘- ('+x )):
- / S —— |
! T, 1 1L 1_,)‘-
(OG- () (% N e
[-‘f—l) .
( W ) (—1)
o —————— )
(1) 2 +20t- (x'+1-2x")
- Lnf..
(-x.-u)m
+-€l—3— _"ﬁ_":__——-——- =
dn (L) 2% (o + 1)
. - L X
("9 COt ( 'l ) ) 3
So\ution'- Let 3 = 1= % H
d-J_ CL cot ( ) O:;N{Q-a \
cT- di. ._ NN 2
g LN - /S-/;J\
= C:'?‘. ( l—ﬁ'ﬁ;’lp;)d

i
.l-
/'\
r)
H
"'h—l
/7
.
fi-
c~ 7
-
\/ |
\-—r V’\—’Qm X
A
| * P- f“:f
\ |

(1= )L
= (1 =) (1) - Qx) (=2%)
— _____————-T—_. :
(""x-b?‘-"' Q‘& ( [—x")
e
(1 -—7'-)

i +

d=2% A

/. ﬂT
|+x-2.7("+ 4t (%)

-1 L FLN
R —
-;Lq*l*).?'-z '

0'9 - ] _Z(I-J-XLJ':

Q,,_" +1) (ot +

i
\
~
|

W

1+ ® .
— %
._. L (=%
= ——————— d+ - %
(=%)
= 1+ x° 27
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Qiz, Q)C J= to”(.PTaFCu), show that
% (|+)(:')3'_P(,+j\.) —~ o

Solution:= y_ tan(pTari'x)

-+ Tarn'Yy = PTon %
> L (Tan'y): & (pTany)
d d n I
l dy l o & (tan %)
e s A dz
I+ Y o % |+ X e
Y, = P dy _y,
~ =+ :'j" t |+1_"' dz
:
> (L)Y = p(1+Y)

-+  (+x)d - p(1+Y)

Derivative of exponenttal Bye & b4

— 0 Hence Fr‘oved.

Dividing by dx and talce limit Bx —y

gn—re DK fn.—0 Ew
% 4
-)‘13 = &'t‘,.L L—m~ o - _ c;mea_
ot =%  gn .«
ot ‘_..A'f"" &_ =QNQ)
W =—p Q& o

%® A
dence () = alna
d | f . &
Fl'ﬂd é.‘i I‘f'.'. ¢ 3:: e . ~(lljj=a-

EXGMF|e ia d*

. 2+
Solutioni= ¢» J= €
s d¥ o Xy 2Tk 2y
d T A% € B dz
%
. &M = wxe T

Ve Jx

b 1.
- fb\,a.é—'-(ﬂ) = aﬁﬁnﬁ';"‘(xj

fUHCt‘onsx >0 Lhen f("‘-) 6‘1& :’;_-. cf”Qn.a.
8L f0= 0 where ol fometion L9, &;‘.Qma'-‘fl -
entia
's called 3e”eml exper nt and . ; bate Y= o wrt®
base O. is consto le 2. Differentiate y=a
Here the Oa .V le Examr .
b’ﬂent SRR varid . L % lna x 2lna
et then Fox) | §lutiomi= 9= 0 =€ co.= e
9¢ L) = e where e =27 ) ‘ﬂ\\g; " -
) led -natural ex‘oonent—ml functien \\&j . iR dy _ é-_(é" )
> called 0 astant and exponenb@T T Tdktde
Here base @ . o d (xIna)= o . lna &V
s variable. " NE: I d 5 d
1 i( e ’= e , <“\<“;)‘” = ;lnﬂ. lna (1) = a lna
dx OV
Proof :-
@ Y+8Y4 =

By (ii)-tH # y+8y-J = )
® Hn 'L= e""‘(ex_. l)

A4 = e - ‘ B 2
-~ 2 -e bn—r°  px fungtwﬁ Liom:- 3f @70. &F L and
d-l‘l - e. - Qr\' e ) x—> 0 R . o|.$ e the &Untbon dQFf\ed j
d+ x and —20 e-! . lne == >0) is called the
* = loq = (%
o d..—-.-g" = € lne = i ‘3"' 3a, d o 0.
o d () =e \oﬁarikhm of % Lo the_ L % od (oo %
pence L€ The logarithenic foreen? F0e” 97 )
< 0 1tNms
Z d' a’ - ax ‘n'a lled naiural and cormrmen legar:
g - are calle L
d‘ ® —y W ‘< wr;ttaﬁ as j= lh

ﬁ?SP‘ j.—: Iojex'
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[

Ld(lnx)= &
dx p &
Pf'Obf w Let Y= Inn— ¢t

=» 3+ 8y = [ (4B ) —Y )

By (i =) =+ Y+ 84—y In(x+8x) =Inn
b (
In( —-'+81)— |I"D L+ é-):—)

"‘"‘ bx ( (nx-(ny= In%

-+ 04 -

i

Dividing by 6x and take lirmyt X —> o

|
=

-
-

- b_'j LS
bu-de 2, f)x Su—y ©

3/

e | L. En (l"' &}}
i Pw—> © l * B %/ *
= i
Clﬂ _ L L ]n(l+§3"_ (nlnm:lr\.rﬂ)
N * Sdw—>o L
dx .
da i | |n_e < L—A‘iﬂ(\*—i = e)
| '—)E »_ e L
d= ne =
]
Hence d-é—‘ (M) =
A
| {
$®| = S
2 -‘3"""'“"5!4:!.l X Ina
d
X —y "
Proofi- et J= loJa 1
- 3"" SJ-_:' lﬁj (45w 3 U'l', r?@)}

+ 5%
+ 8y = Ioj (2===2) ,\@3; ,an 1.

(E+ 5*)

83 = lo a ) °j(|+ 81-)

DW'O""S bj % and take hrmt 01 —> o
Lim 23 _ L_im [ R 103;'4 5"-::.)]
bx=dogu  ba—e | HA

4 2=
. e [..’..._".‘_—lojé‘ = )
T ogx—e LXK O .
.\ o
- ...-!-— Lw 'bj(|+ —E) (‘I nlﬁjm_;'bjmh
A Swre Ya
¢
=-L-IOje ':L—-""'"(l-l'—'-)-.:e
). & o N—D o
—_— I |
- = - - & loq p =2 —
d+ - "o eo. Jo‘ '°jb°'
dy ) loa @z ]
”» - L. — 03  hodt
% Ina s
o o {lax) e ——
HENCE d-—; ( oja ) = % Il"ba-

£y
&> Iny = In€ = fex)ne
- o nlﬁjm' 'OJmn
) Iny = fe) (1) = F20 Wt
d'(lnj) :L ( § )
i)/
— é":"‘ -f-(i) -)dﬂ f(:t)-e :ft:)
Find derivabtive of l_j‘_-_l-—*j-_—
Eﬁﬁm Plé Zt w
:.l;t - I =+ 3
so'Utmn x+ 1
> Iny < In 7_‘;_____.__J‘*"j:5
x t .
= In(xdTxz)-1n (x+ 1)
c Inr+ lnm_:j- In L +1) Q‘""m“'l""‘“'ﬂﬂj
= lna + In (%4"3) In(=*+1)
Iny = lnx + 5N (£+3) -Int+) (e = n lowy
2
Difffrenhabﬂg wW.r-t %, we have
d-(_!_n_'j)-:-fl-'—(lnl) + = (I/In (x+3)) . (lnht +l))
d dx dz 3 .
y dY | | & (M(’L‘*B)) — & In(t+)
SRR
Cooy At - —— =(xt)
= .;:*-ixg.-,_a d* x-I._'., dt
9

/%\3 ¥xamflei Diff

, d
xamplei. Find _LJ.
SOlUt'Dn:' Y = !Oj' (ax‘-"bx-fc)

"' =1 “abx+c)
J‘ j ojléaz

+ & —-(lojl(.ax+bﬂ+¢’

B (axl-*bx 29,

T T d*
a,b-bx-r—t:)lmlb
( | (2ax+b) ;.4.-017;)
p 4
(axt+bxtQ)Inlo gy
< Ina.

dy _ 8%t —
- = 0
dx  (giabxrc) I

E)LamFlcz, Dif ferentiate In (% +2x)

Wer-t '
56'0“01‘)’- Let Y= In(x S+ 2)

dy - (x-&-).z) = __..---- —-(z.p-u)
~ dx ('n ) £+ L% d
< __1______(2-14'1) i Ainn) = -,-L-
x4+ 1% d
d3 - 1%+ 2
—_
> ax o+ 2N

Q\fhm ic differentiation

erenbiate Y = *“)
ftn)

Logar

wer-t'

Solvtion:= J= €
Takmg log on both sides
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|

da ' " —— ) -.':"-.!- é—x-f ..."l'-l:—é-:"~ =_|__ +-x§_(_1)
-E!J-J_"" % *:.{; +3)(u) xl"H . 2—{ dv‘-e d } L(e € ax )
A =X
o Lo X 22 - (&)= gleme)
p & 114-3 y_"-f' ! ‘x - s;nhﬂ;_ e_.__f
LAY ()t ED XA (#1) - 2AX (x+3) = € "L_Q - Sinh% 2
"'.3' = o —_—
n * (xL*3)(7(.:+ '):. 4 (nt -5 (CoSh‘.‘&) = Smh'x‘
_,.‘..j.?- ._._._j xq-n. +3In $3 4R FX =TT X d "

d (o +3) (31D 3. d_é_—_({anhz)-.: sech % g
_A ’_84_-5 (3__17-) ?c- We know -I-,haf l:anhx: —
TR e ) Proot* - e +e

x );((x+37(% . L/ &b
1 3 - p 4 o g’-—_({:anhi): — —;(_—:i)
é-j—:: __1:—';——';’-1"5 """'_—1:'—,3—1, dz d+ e,-l-: d-(e'x_*,é'x)
o% C,}-"S) * ('l +1) N x_"+3 ('X--& (2,}.6 )_c..l‘_.(g__'é’()_(e_el)&-;t
D;He,-eﬁ{;-rnte (Ina) ~ere b - /j_}_{_:.:_—————*—‘—_'
Exﬂml’le & f';t’. A€ ) (e;c"'ix " _.‘)(ex.'. é!(_'))
Golutiomi= vet 3= UM - () (&-gem) (ere DRI
L - 3
4+ Ing = Inf(nx)*] = xIn(inx) (€+&Y) x) (e &)
- L A _ £ e.e
=» .é'_(lnj)-_- i(iln(lnx)) :-.(ex-l'ex)( e +e ) (e -€
g_i___ vy d- (ln(lnxl)-l- In(lnx 3

| ?@ s et) - (€ e*)
X

®* =K
! + ) = = dz ol % & .
Y L€ L s:‘nhli—x(l) -(1) I.;_(Smhi)
— _4_____———-r—""_"—__
- & (Sinh) = cosh® ( sinh %
> sinh (0) = CoSD®
d (coshw) = sinh% sinh %
' dﬁ'( d crsh™ . _ cothnosecdh™
Ppro f" we Kknow that J—(cosech")‘: “W "
(] . ,{ \
4 _ d.(ex+e1') h'xcofh'x_
Se sd:_ (CQth) } d: —-_1:- - é; ( coSec hi) = = CoS?C
L -
L& (e d
T2 d%
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dt di
coshx S'L"(') "'(“z::t“ﬁhx) 1’ Y€ R-%°1
e ——————‘:“"—_’__— _ ol"';"" |ff 2= tothj J xe[".. ] . )
cosh * (#3120 sechy ;e e 361
hx (o) - (4) (Sinh) sge sechn e xe R o] 3T
coes

,'ff. €= CbS?ChJ J

‘;|
¢y = cosecn ™ o= in(xt &)

= /

CDSth- 5|'n,h..x"
sinh % - tanhx.sec hx Prove that - sinhy
BT e T - Sinhx =+ X=
tﬂShX.Cﬁth P oof‘- Let 3 x - N
't ha J 5 sinhxz = e...:—E
= El:_(Secbi):-SQCh‘JL an 3 o = e...-e T
d= 1 p = Yt
-J J o |
g L (cothn)=o cosecn™ N
dt 1 " y
COEhX: m—— 1Y 1 =0
Proof i~ e e an;t tnhz | 4 yx€ = € -\ + €-1xe-!
et e L _ _
" é(cokhd): ({-_anb'i) - e’){ -)xe-l= o e
d+ h)(d(” _1) d (tanhz ) | ﬁ,@@ using = o e g qu
T 520" it Jomane
tanh * . PXA \ 2.L1)
A’ 7\ adi ~a 3
.. &W O L s JEERE, et i
- A\ -
- N4 2
tanh - RO% * t Jxr!)
A\y Lo | = — 3
o= J x4
(rejec.ttt.d
inq =\ve
be an"xeR)
Notei-
=
2 4 e =%
- !ne’ e In%

d - X_e
o 22 - 9 coshlx 5 4= ete . cosha= e-—l
3 : — 2
Find 3L if y=tanh(x) I . Q. ()
Exampleza d+ + = e+ €= @F 5 F AT o
e
’ - h(x) 5 Y
Glutioni= 3= tor L sade 1o Bopaderme
- dy = é(&qnb(il,) y .2 / 1=0
g {1 o lie 4+ 1= -
by sk | 7 (SITIEETT e e
s $ech(":— ‘_d"" R 3_ —(‘lﬂrJ(-ll)'q(')U) pN-3
L 34 = 2xsech(x) €7 — 1w
3
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ves Xt Jua-u | axt Judt-i) 4, & (coth= — | »
s ) d \-:lL
= xt2Jdam -1 g (xR PI'O"" Let Y= coth *
2 - ‘ o - (%
> = Xt ST -+ cothy=% = ""(C"thfl)“di( )
4 . | d dy _ 14
- e = A+ ,1‘_' ; e = A— .’)L‘—— ) | 1 -F Cosec}:-a_d_%:: L = a—; - ec}.’tj
Y _ (rejec ted being _ceS
As e is +iv for yelt -ive forall221) _,.f_l_?_ - ! - .+ coth %=cosech Y= |
So e'd — 'X-I'J';T_——l 0‘7( |—Cﬁfh7‘- -)-COSE("‘;:,:_:"I-CG(‘};
d9 _
-’:j.,_-ln()l'f'J-,_"—!) = I_; " S
Thos cosh-l_x-_-; |n ('1"‘..‘ )U--l) 5. é- (SGCH'?()= __':‘______ 6& &
f, k(sinhR) s = ek | T
* d '+ Proef:= Let y= sech %
o i d
Pﬂaf:- Let § - winh = -+ Sechy=% = ﬁ(sechg)'-’&;“)

d
+ - sechytanhy = -1

d (%) = d- (sinhy) = coshy ?l-'-'i | . = L
ch‘. d"" ...-2- = i ia
dy = dt sechy banhj sechy J tanh* Y
» oM ,_
~ jé%!.. . :sech Y+ tanhy =i)
dy {;@\ sechy J7-sech Yy

- |
d , 6. & (cosech)= ———— ; xeR-30}
--2 — —— (: i Z N b d £ x ! 4 13-

ProOf:- Let Y= cosel &

d_ (cesedt)) = d (1)

ol \é + cosecY= A * ko I

Probfﬁ" Let Y= co:ﬂn T
o Coshj-—' p - cased\jmt j ;:. -
: ] = _

atr E’:(Co:.bj): ;..':(fx) = Smhj 3-‘; = 14 > f.l_?.j. o 40 _ ) ‘

dx A , d cosec h:j Co U’lj &-3144 hj cot h j

dy - ' . \
~ J:Z ] Sihh:j \.ISl'nhj . ( Coth‘.""-" ('_bSQChz)L = | )
(': coshy-.ﬁnb'y-.-.- 1) Co Lh‘-.x = \+ teSec h“ =

dy . o _ _

d'x' J Co&h:‘j -/ ‘;gf = ] i:_j_ = - o= -

- d5 sty T i Al

3 d (toanh't) = ; J osec [+

ol = ExamPMi. Find 99 3¢ 4o sinh (a%+0)

—' . "’ ') 3GR dx
) o= t - tahh x e, o
Proefic et 3 Qolotion:= 3= sinh (a%+b)

- tanhj —2
d9 d. /el
- 2 _ & (sinl (ax+b)
- 3-- (taﬂhj):’ JO;L-C‘?O at d"‘-( ) _..é_‘(sin};'x)
. d+ |
v d ; l det o o
- Sech_‘}__—g—- = 1 ;. dnl( b) —
" { 1 | + (ax+ b) ‘J
dy 1 - ==
—= " seehd  I-lahd Ld. o
dy = 1 (ssechustanhr= L) dx + (axth)"
= ;I': l-—')(-L
3L
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m Fl.r]d é_:i Y - - ——
E%O f'e 2: An i f Y= cosh'( sec) Xt e”‘-
Solutioni= y= cosii'(sec) Solvtioni= fo0= =— X o 57
oY d- =1 4. X e_tl i(e)_e—(e-l-l)
- =J _ & [cosh (SC’-CXJ} d (fw)= = (€ ) _(@) Jx d %
dx  dx % T _—___———_—(é"‘+n)"
' & (secx) X A oFdx)+0)

dsed x—1 at

= jecxtah"t Sec'z({? n K

Vo tan % tdn

- ! — '
b.c..l_:?- - Secxt 2 _i((‘,bﬁh’ﬁ-): - (ex-l'l)h Ee +)x
d» ~ dx% w= | , _a X 2, o =K o g‘+e l+e-\'\
b1 ! e e + = ——
+tanx = Sec K .F(ﬂ.):: e +6€* = * =% Y
—a e A1) (e +")
(é"“-l-l) (<
| 6
Exercise L. Sfeo Ex
; X 4
Cind £ if e+
OL. e
% - v INn(e+¢e .
L) f(i)ﬁ < éri = ) S°|ut‘ian:- g('&):‘-\ﬁ (e t+ € ‘) d_(eﬂ-’_él)
o ! & (X)= r & -A - e P
So(ut"m' ‘f 5 - Ix=r (e -1) d_ (f(m)’- ..‘.’.L—[_ln(e 1 € ‘] -x-._é)(. d
d (so0) = (€ )= & dn ax A o* N *_ &%
d (o= £ (& s o e ). (€6
d= / " L _O) If,.-_ﬁ\(-/_l > | (Q (H+ & -0
m-Ld o dkm) e (3 (B ——— ‘te
= & 1 dn ' P 7 I et
ok % -\ ’ \\\Q ete 2 \ Xt
Lfeus BT L 2 e (€ - =)= el
5 % L Jx ,«z\j D) é - éf e (e) 3 e
Vo D> e
end ‘5'(7()1'-'- w e o o) = - )
tion:- £ = x e f“\a@\i s |=rf OO = -—'-{-""“ == = "ef;""—;
50‘0 1ore by 3 “M; o & (X) & + | ! e +
A é—__()te )" > dz ot
s (fn) = RO ax. -—a
" | da %} N (vt -5-(1):: _Q___:__g____
3 /"'“'d. L + e .30 Qi — Qi
- s -+
A A ti AV e
Y - = L(N)= _
2 ()3 SOIU jon:— §¢ e~ =
‘ d= 2 /x | x e
/ -2)4 32 € | Q -
_ iex(—li) 3:-}3'_ Y ey }_(gm):fl(e-—e*
3 Vre, o +37Le. =—-XA€C +3InE A+ A E".!. E_q d ax =-qx
( L. i d_ Q% —qn .—-Le '|‘€
ax -axd (8% 2% (e-e )43

f 4
(X)= = €
* ! * = (e;_tf'_él'._—————-———_—‘_""_—_
L ax -qx)’-
-aR at =N

’/ /a
> f - xex(?’*-"') (e + €
e e-axt

- ax
(il‘;) f(x ) = e:t("f ln)() _ (é'f-'!. aﬂ‘l)(gft o eﬂl(‘q))-(e_ ¥

x
‘At T(X) = e("’"m‘) an -ax \>-
Solutcon. fd. "(H.lm()_) . (ea:e. __?“) (é"_é“)(a?-a?‘)
f:(fc‘ﬁ)):d;[e . x) ;_(e e )(Q& + A
A (e -
_ X di+lnn) (1 +In2) £ = ') o xS
ax ~ad\( 8% S4%)_ q (e - @ )(Q -e

= dA <.
= e'l (o+_l_)+(|+'f'\7()e _ CL(Q +0. )(G’. +e
x =
7,8 -q )'I-

=7 &
INX)E e te - -
r (14 1n%) T N N ATty

e L
p & zee
!1 ) ')((_L_'_l.l.lﬁ‘)() f—'a"[_’e;__t_,e’.:;r—:—q-;‘h—___—’_—
7L()'e - (e +e )
_ Q[}?ﬁfé"—rz——?{?{*ﬂ

o p
(&* +e?)
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Lo (i) Y = % Jinx v,
% (\nx)

R i AL an =ox\L » ‘o — ‘ )
(e"+2™) (&+27) Solution:- 9= d (1rs) + (1I00) E(2)
d- (m?L)L} = % = (0] + 00X g
=, o) 9‘_1—;';({"‘ dt
ek} F00= wflnie s B d* - "d-(\nx)+(lnx)k(')
Solufi'on: foy=dJIn(e +e = 3:('"") dat
d- ( §¢0) = f.!-_[,n(e + e ] 7 . ..'-/-I- INn¢
I e ' - . M I
a* i ax 1 oL (In(e + 2™ =S Bk dsio i
_ _'i[ln[e, +e )) —*[n = ‘ + JInx = s JTn=
X - 2 Jinot
| oo d (e +€) , 7.|nn-x.
= = 3y dad e '
2 Jin(&*+e) e +e’) - 1 {—_JT’F:{
-2 K
’ | .(é‘&.z_'-f-e. ("2')) (ll;) j - p 4
fon) = T:{F(,:_{:) Teikc2 .
(e +e (n(e +& ¢ N Y= d
ax, T% el Sﬂ'yt'dn' J= Tax .e‘.-.(z)-xi;(mx)
r e ) & - d | %
SO L S o (2 o MR
s (r+e) [inere) (e+e )inte+e) ax ~ dn ' In% ’ (1N
r":.ﬂ.. -3 - i(l)"x'_’ In % - |
viit ) {-(-,()-.:(n( e_-l-e.x) Y, _'é_:.’. ‘r:_______--—-—-—r: = 21"—-:
: e dt (Inw)* (In=)
5°|utlon$-' fex)= In (e ‘
X -3 S L
fne Lin(€+e) L ] ) X N (- nae Rl
e )] = —-'('n e+e) f“\{'% b Y= K In ®,
d [_Lln(e +e J > 1 jon: A
- _c__l.__(.f(l‘l): — Ly S - _xInx
d'ﬂ d"L d__ p iy 4 -2 A :/\/,/g{d\); é:g_ = é—'— (... x"ln){) )
' -—-,——""'—"' Ce Te /1 /9\ d* c Inx _d_—_('&)
=T gaer 4 A G AP
77/0\4d —fay y &
- Ao ) In‘x_ PR 3
) (é‘x(l)‘}'{\?h {:’;n _ . { .x':' J_.:':_‘. In« (11)1- {i-‘- }
] —_ﬁ—_'—‘;)_ & _x (14 2n%)
L(et+ & w d_\j__{-,_-rlenx}..
2 LR - X .
_f(-x_) » Z ( € - & = tanhl'x. at J”LTT
ﬂ-/(et’*' é?-“) 1 y 3 (V)j: In W 4+ | X |5’1.
®N -
X =% e 3 F) ___...---
< atal ’ex el (N ee’-"'_“fﬂ) *SO'Vt'om' ' ln( % ') Ly (4D
> +€ 1\ L [InGe-n -0
e.':e *3'—'—'.1—!”(11._'_‘) l[n
Find é_-'-j- '{' pa . ”}
QZ- ok dy | é_[\n(ai'-f)"”("‘*
1 — "i: A'L %
(") J= % 'hJ";. 2 “ d4 | d_ ]n(ﬁl}-l)" El:'\nt'%“)J
’ e = x,n)‘. = —2:[- * * | G_L_..(-ll-l'l)J
SQ,UL'On' . &) _ d. 2-. ' 'nx) ' .——L—_—_ é:_('t"l)"‘ ""‘;-—_ d
dy _ & (xInx —;cx-i - "i( L =1 d% T
Tdn 9% L L% r
l_-i"(-'-("-lnx) = -1—["":""‘_ N
= 7 dx o d..:..(x’“)J O S
- L[k HOOT - [ A— - ":"“']
_ 1 (x+2xIn%) P pd
= .L[ f/-‘;"' In% lx]'?_( 1:..{.._.(-,,"-:) x(@ﬁ'}
B % - . /" -1
= A i- (-Ll'—l) (ﬂ.l'f") p &
dj _ x4+ nIn%
dz dy . I
- — _
dr x|
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& ’ 1 > To¥, 4
Solution:= 9= In(x+ LC+1) §olution:-9=xe
5 239 _ _E‘.!.:(ln(xi-m)) 5 dy é(xes-m)
r“" A .
dx  d= 1 (% 7L"“) dx i sinx és_mz é—"—(ﬂ)
Wt T o de (% > ax, Sinx
oL () + & () J sinX drgina)+ @ (1)
NI vy e .
L1+ Jt ! 1 #}"-é(f-HJJ - skt g.mu
{L+ "'3:'(’“") d= = xXe - )
‘ .
- ____,_._:——- dy SN < cos X+
eIl . ,7_’-*] +3.= ¢ (
I \ + —m—= _ Ix-4
© —"""_"I. ZJ%) (x) Y= 5€
xtd 2+ 3x-Y .
e )
= 6-61';(( q
IR -0)
-t dogyp =52 O
A
(2+1)
dw d* N ‘des
" (o-1%) = — 2= 0"/\3,»\\ " Taking In on E.o{h ?
- 3-—9- = 9'_1_1, ° o-x* ,/9% |1 & Iny = In (wtl)
it X P
(viil) Y= B siNLX N - Iny = x:: Catt) )
= NS +1)
5 |ufi’on... = -é.ltsiﬂl. ‘AX}A@\’E .4..'.' ('nﬂ) = d_:(xln(‘i ' |
o ’ o~
=3 5 nax 2" dx - "L(ln(x-rl))-r Inte+t) = &)
dy - & (e Sinux)se =Em+snzx ~E ) '_E]‘ EN* L d%
et d'.(
dt  d% -2X g \ In (1) (1)
o= 3 : +
= %xmsui(u?* Y -.»4.( & Al
dt dy _ j[_ = + ,n(.'l'ﬂ)J
) Zz.xcoszx -2 o Sini% A 2+ | | CLH).,_
= ) s I
d)J -zvt( coS L - SN %) f.l-‘:,- - (7“")[ :-q-l +ln(1+l))
-?'a"; = L& “‘dq(. -
(ix) Y= -—7(_(13_'_ 2.‘>€+l) (x1) J= (Inx) lnat
Solution:- 9= 5% (C+21% + 1) Selution:- 3-.:('”*;) s
g - . both S
iy et 0] Taing I on b3
dx ng= InCnx) = Inx In(Inx)
d« d* 2 o (é'x) 3
=X 24 K d(Iny) = é:(lnxln(lnx))
= d"t 4 X d-;-( d-,q_ n
e (3t ) + (7'~3+ 22 +() (€)1 L 49 _ e El:..ln(lnx)-rln(lnl) ;—;(l"*)
= ) S L& =
-t | 37&14—’4-&-—13- 1w - 1) Y dt d ,
N ?')( 4 3 LI')t—f) _ | 1._"'_-___._4__(lml)+ln(ln‘l)‘-—_’:'
= e (—x+x- I dot
-A 3 - Y+ dy 3[ I S ln(,nx)]
dy =& (£—n —Un () T % X lisss
1 lnx( 1+ In(inx) , 4= (lnn)
d~A qi.?_,_(lnv() [ e J
d+
35

Please visit for more data at: www.pakcity.org



(M) Y= = (et ) (i) Y = tamh (sinx) -Eexnc¢e k

- . L
. (+") “ 56lutl°""" y= tanh (5P )
SO‘Utlon:" Y= (x"-n) (w+!) L d9 _._.(tcmh ' (sinX))
Y ¥ d"f- d% -)
(7L+l)(.x_=-_x+l)] " (3inx) g_L_ tanhx=_"1__
7 Y A /’a.. = —_— L d® 1-%"
Y= (n—=t) (R+1) (A+1) 3 Q‘""") (1) | =(5inX) o4
Yo, L ! 2 % 3y oS %
+1 A — Xt1) Y Ry LcoSx, WL = ———
(’L ) ( ‘l, (ufd/(l X ) = ___._'-———-:;: d)(. CQSL
A= |— SiN
-t o A—1
J = _L_‘_____.)_% 49 . _\ = Seéc L
b"”lﬂ) A **d-ﬁ- co SAH
- 3—1-—5—[ (“_') < ) V) Y = sin};'(ig)
X ALt (o)t . (2*)
: C p) 3, so'ut‘dnt- 3.-smh
> - E.’L...(x -1) _.(-x l) ()t. X+ 1)
(k=) 30 d+ +dy _ d__ ( Sm (2 ))
i(-:. - X+ I) ]L d d""- : ;d..‘Sl'nh‘li: LA
A ~¥ " 3 = : ol (x’) o E o e
_.(x.-x-n)(i x-n) -2-_-(""")"(""'” .‘:_(’-"“"""“'1 ) l+(z.3)1' da
3
(-x,"-'!."*' I)
..L):.'-'JR-H)/L-'- [(7--'1'“) ‘ -I==1 '3(“")}
) %=
('x. --x-H)
5) d (tanha)
(x-2+1) — (n=1) (€x=3) \\ 22 A tanhx)) = . &
= @ £= d= Inttan ) tanhx d%
A _ < h I
= cothat sech % Cs?nhﬁt ash %
i ‘ = .__3:—-—-———"
A\\“' = mm 3 Sinhx coshx
Q d hit
ij,: x_"_..-»(+| - 6')(1-"!‘ 7("'3 ﬁa-—t;,: = _mﬁ ‘)_Cose-c
. 2 S/,
d~ 2 T -1 (w=nt1) V) Y = ,sm\n (x)
= dY _ 8N -2 - nh %)
dx X 7 X+ Is""twn' / ?: .
2 o1 (- dy . o (sinb (%))
Flﬁd _4_2. is:- da d% 2
3. dx | S+ (R
= ‘L = d'ﬁ-
4y Y= cosh 2% | + (-;:)
dy osh1 !
» A _coShlx =» 2 (cos ) l . —_—
Salution:~ 3= o A i o Jur ™
> A gnhzxdi‘l;(“’ siqhd ] p
di é-!‘ = .—-!-—'—"'"-
3_'_37. 2 sinh1X d+ Y
AL
oe — slnh?ﬂ(..
iy J s inkiget)
501060!‘7:—' Y= 5 dr  dx
> dY  psh3n. & (30" cosh3%- 3
dr d
- 3(_‘05”‘) 3 X

Please visit for more data at: www.pakcity.org



SUCCESSi\/ﬁ dlff-erentaatcon
(or higher derivatives)

Lel Y= "'(‘LJ be o
success\ve or hi
below

funchon then its '
tives are 9iven

J.""t de rvative 2_"dJ erivative 3'd derivative
# 4
3’ Y y
é—.d- 0[13 d’y
d‘L d.{_ '-di'l-
J, Y, 33
% Dy By
4 (%) j"h‘-) j_#cx’
5 ot &
dd‘ d'i:- d'ﬁ.?'
# ) d_"!,
vat g J ) ==
nth derivabive Yy 9_;_:_ 9., D_, 4 -

pe |jr'-om.al
fx) = -——)t - -é-x +-["x St 7
5 t.b g = -!—xq--!-x"-*-'-'x."'r N &
slubioni= foo= =x -2
f ' - ")-t-.!_(z-x.)-l-ztl)-fo |
Feu n_( <) 6 e o/g\k
: : (H
e L —Lly 4+ Y
3 2 = AN
3l ) = f:gf%f+_L
FR) = L (3x) L)L M +0 = K S
> . O
/74 Civ) \i )
§7 (%)= 2w -1+ O 3"’*& k
JC“:'*J"D All other 'valhives are zero.

Exomple 2. Find
Salution:- y=1

c_:_l:__'-'_J_ l'f' B:In(x-l'.lx_‘-.;.d--) :

d-’

n(x+ Jx¢+a)

g-:':’- = 9“-—‘ In ('J("‘Jx_"-l-a‘)

dt d=% vy
S & (x+ )
X+J—m " —;’l-ol. S
28 X+ Q —(1+a))
- ' (|+ = ) i
w4 ¢ 4ot
et {1¢ = (,rx))
X+ ta ZJi+a'
= : (GT;— + X )
1+ JAatral wta !
L
Eﬁ" = ‘-"'L"——’ = .c.l..g--:
d= o drt
-‘/;_
dy _ cL (-;("-l- &)
.-—-""; = d'ﬁ
d %L -3/
¥ Ly *=
dl.'j = -—)((7(.‘"0.) =
ol

i Find h.sher derivatives ol the

3
I k(22— )
e dx-" T4 ) et (oc‘-a-at)k
{(fwf)d-?;(*) - X d
= -————-——’_"'_TT_——’——_
[L)L'-p-a") ] )l,‘_({x)
! :.;l. .3 !
. (f—i—d‘)(i“’-) ([)-K E(I'f'q
-
Qt."-t-al);
s Qi‘-ra‘)/"[ ea =B (—1xx+a‘)
T -
L)LL'PQL)) (1( 4-0)
_‘.,éj;z__ 2.7&'- CLL
d« (‘)‘L"‘Q‘- )5/1- d:'
; =0
Find tf 3 +3ax+z.
Example 3. Fird "=
5°|Ution:- Y +3ax tTXx=0
d.
d (9+3ax +7L )= kil
ol
- 33‘ 019 + 3.0+ 3% = °

: dﬂ +% =0
:Q@z + 4%

Q)™ dy _(ax+x)

————————

=Y. M) &> 22
\O\* ﬂ%:"(qu*‘x) e j;. |
) 2 i
r
ty ~ é x+1ﬂ:¢.]
Il A d?L[ v
ld'(umx) (:r.-l»).qx);':((f”}
[ (4*)" dy
g (Lx+2a) ~ (% +1‘11)"'9d-&J
| [,__—~——————
X +290)| g0t
"(3(1+Q)*(1+m)( - )J Jt
3
{1 = 2-..( 4’ (A+Q) + (1*101) )
g G e A o
| J y*
3 % -:.+2.4)1'
[ q & {‘j (x+2)+ X ( }
¥
= -z (-— L (a+30)(x+2) % "-(’“"“})
S
J ‘j+3an+x-
- _3_}((1+14) - (M.+3a)(1+0)) - oo (1430)
5
J :. .
- -2.1‘- ( 1L+L,|Q1+LQQL_ (1. + QA +3Cl‘i+3d ))
y° X

Please visit for more data at: www.pakcity.org



s

: _ %
Exmp’eqz_, 9{. X:S(B-'S‘hej, ﬁ—a(t+co'59 . i__j_ =3L= ~a. cos(ax+b) a_d;x(ax + b)
> a =0 * dx”
Hren show that :l-::_-; * d'9 oy ~ — o cos(ax+h)
50|Ut;0n:-' x__:a(e-siﬁe) éd’& " 2 d_.( Scaz-l-b))
. - — ( COo
> dt_q & (p-5ind) = o ( c_:L__(a)_.g_‘-_(:,..oe)) - d-. =72 gu
—— d d6 d0 d13 o (Qx-l'b)
de  de 2 (—5'°‘a’*b’)d
_;gl_?-‘ = a( |-co56) -
do n dd_9. - alsin(ax+b)
(1+ co38) = o &t cos6) =S ¢ Q.
New, Y= Q de do ) d® 4y 4 3 d_,(sfn(qx+b))
....'5!'1')9 ” - o -
_ 3(@5(0’““) dx
dy - _qsin® = i} w cos (a¥+b)
-d—g dy G‘j dé -;é'-q- ed = a.3 ¢o3 (a‘)f"'b7( Sale
- — — 4
Bj chain rUlG, "'1"': d > & d"- , 6 9)(. fj=éa% {-_hen show 'H?Qt
dy g - - _ -sine |Exampled:
— ~d@&sin S 3
+ 22 A (st oSO 4" . aJ=0
d‘7(3 _ éQ'K.
Yy A smﬁ___.) (on: -ax
- -‘-’-l--;_ == ( |+ 058 " Salut A [ 2%%) o L (-qu)=-ae€
d~~ d% g e - g)—(u-:-cose) dy _ &(e = ol %
mse):—(&ﬂg)— (Sln dat. '3: d'x- ) L —ax
:_(W ou < é 'q“)g_.a.—e_q("qJ’a'e
(1 + cos8) 5 d Jo Qﬂja-d*(e
| 050 3&. - 5iné(-5m6) ( @ _ —ax (6%%) E(-an)
B .."__——e—-,_i(l*cﬁe) " dx E\}d"_‘) ) ofd;‘:.(e ) = & d
o - A
Q"'C > ) 3 <in d't? i 33 5 3_ -écw.
| d6 (COSB-f‘CbSB‘*’ dg,:’ _.:_03‘8 -y é___ -.:--Cl:j -
 — <) — y
(1 +¢os B)1 d ~\ <,< d’ % ,..ovecl
KON %y  3y-0 Hence P
- (1+ 0'55.)&-“‘"3 - _d____; +ad
 (1+Co38) W‘?ﬁm d+ 3 Y= ' % then Show
L § " de =—-—-‘—""'— -ExamP,eZ L -)5/?-
?___:’_1.._-_-, ﬁ)" dx  al1+eos8) st 9, = x{a-=%
a (1 . A -
cht odo+ 5871 |t dignie 3= Sin' X
 §
ql___:_j.l.- - i—-g—': Y = O.(H-C.bbe) :j _ é_é‘]_:___ f_j_—__ (Slﬂ-i__)
dx q("a—‘) - Y |+€co058 1= d-t../ d% Q
dy = 2 4 Ly -a = —=(%)
dt” A = der ¥ J“’"{_‘C dx
o " ' (%)
- 3"& +a=0 HencE P"“"ed' |
d’-‘- ur \ -..'.-(_‘) '-"_J_"_Siﬂ"i" et
EXCI""P,QG- Find the first e N r ot e
. _ ax+ b) =l oo
§olution:— Let 9= cos T ¢ [Ex A
d.: _ d- (¢cos (an+b) oL iy
-a_i-. 3' di(a CB. b :j! = -——‘-—"'""\ :(Clt—f)z-
- sin(a 2+b) 'd:(q‘,‘-} ) (QL" xh)/‘- ) =3sl
: ¥ ,__/1.. & "‘ d- l-_
.g-iz dl = —Sl.h (aox.}-[;)-LQ)-:—QSlﬂ(aT"'L‘) - .j;_ - %: j‘L;L(QL"X-) = —-__‘,i(ti."'l) d_(a
* -3/:1 L
o o'd _y . & (-asintax+b) 9, = -1 a-x) Zx)=x(a-x)
L d
dx Hernce provecl.

38
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( = oo ( X "'"(_4__ -)(1 'x.d: Ex)
Exeruse 1.7 - @ E RO Rl E }
+e = (X)
e - d 4
F\hd 'j . ’/3,.. = _.-x.z'. e (""'lJ + e (_ZX)-!-?_{XE*(_‘)*.él“)j
v (i) Y= Lo- 3x+‘-lx+'x.-2- ™) J=(x+5) v . I
G Y= [ + = = Qe —2xe —-2%E 3208
W .6.(_ o . x
5°'ut|0n. (1) Y = ).73"3 "'+L|x + A= J,_-: X e - xe +2e
dy _ 4 = d.(,_,t_.3x+ax+x -2) +Y. = (- Uk +2)
—_— ) =
d« d"( - "
2(5>"~ ¥ e 34 Pu(3x)+170 W yg= 1IN (?;&+2_
i . "
Y, = on? - ,2£+|21+ i -Pé.:.j- _ 3' ]n(?;:::fl) cl-[ln(zx-ra) In( **j
| =
d (1ox - ,,_,3.”:.{}1) dt . ye X -3 —
b l:'.im3 =Y = __(IOX cl-}n(l'll+3)"' d:[n(3% + 1+ 3 DA+L
— " dx L |2_(2l)+0 " dx d
o o(u) - 1267 . -
if g +2U% Y, =2(a»+3) —3(3%2)
J, = Yox - r
] . d.“j Yy =2 — (2'1+5) c,ld— (3%+2)
= 1x +5) 3 _ =~ " d A N
(1) Y ( )8 z (224 s')f l j.: L1.1+6') dL -3 (2243) 3(_0(3“:_) = (3¢ +2)
-+ Y = d:t (1.1.+5i«= 2 7;)/.- _ 9 (-) (2x+3) i dt
¥ + -2
g = 3 (urs) O = 30 S +3(3x+2)
2 l -1/;_ d_ 5-) -«“U (l'&f
“ L ax+$) ) T (27 *"’“\(-' Ty 9
o (31+5) “=3(3 dx Oz T e 2
> Y =3 \\ 2 2 Lz,-“-:.)
dn 3 o (2#+3) L
g,- 3 9) P T s (@ 4 (zuet) + 9 (2243)
r v RN\S = Y (3% t2)"
1) Y = J“)‘L..p- 1 - y= -;{"-l- \W?& (17'.:'5)( ) __,9(“7&1"' 9 + 12 )
e U T T IR i crpmere
> Y= (I.:L"""L) B T&(‘N d g (ax+3) (327 ) 9%
| m-:’ 4 34k +3!%

"l"a. ! - --"!" = =3 #lé—’.{ax* L
=X ()% = 3 _ I Gt 3) (3% 1)

¥
=5 -% Eh gt
-h A -__L(E-l-'-l"-—x'
-}'31: é‘-(-!i-l""li‘_ )'2_ ax dX ) A __,6_2-&:—:"6:‘5"’1
ax - 3 - \ __1-"""'_;.3 s = L‘)_ol.-l".") (57"".2)
Ao(2)x ] 7 al
=
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_ "-';{':l-"“"';:)j - dy - ? By chain rule, vwe have 1
: e dy . dy dt Ly - 2bt
i \ j""‘- — m— — K
SRR ""*SL"T"S dr dt du Far a
1 3 g 4%) > : - -> é-:-j— = %.E-E- Ji = 2—__'2_&-
dj __(1."'3 - — -,8'4-3#‘1 - a
dz J J 5 d¥ _ b 4 (t) - 2k (2t == )
o ;l::' o % * o
- Y, = ""-'j";'," )b (Zt.__‘__) dt _ )
3 ,jJ o A 2at dx 2at
) S —
'g), tion, .‘_5..- , q3 -> 33:: ‘3(3-0.3 é..l.?— = .?'_I?— - J,= 3‘-‘3—
ou !.' - dd_" 8 2
T T d (®)_ & ()
~ &(3) dy R dt. d=n (V) 7&1-*3)"\'7-3“‘ 1fytc=0
L
£ - dy _ 7_:;; > Y= ﬁ.; so'ution;- +Y+29x+ uj'.ﬂlc-.-.o
dn A (o)
19 c‘—{"—L§ 3‘5’;&&‘)"")%(3;) :-(’&-bﬂ r29nPA9e) = o
A J =) A\ T L -
d dnt  d% g v e 'Lx-r-l‘jé_‘?--l-?-ﬂU” gi‘i&+0 °
aJ dv
. 2y - w2y dd _ o
351 , d*} *‘_ -+ 7‘_!,3%4.3"'{';:
2 R R e 4y _
5}?‘ : —"AJ 3’{3 Ve )+ (PRI =0 )
e &
ot . . % %+ J ==\ T r
, e ('5':;)"3' L3+
cx § Y= % [ N L(3+5)
9 ! R (x=97) x+3) {(:HH"“ -0, }
& am (@ I B I " @Y
X as Q}ﬁ\\,}v
d: j:-.w"l3 { €§“p ( i) {(34-{-)(0—- g d
- Jy = — R OV Y+
9° & )
AQ
UHJ X.= acosd , jj —4 ‘N e = __....-— C’"‘:") - (‘,HJJ( ( ':H'f }

A (345
Solution:- x- acess , fAFne {(31-:‘) - }

3!_3-_ . ;-E(cxcose) - o.(- 3iN8). -asin® =-@__:-f-j; Y
dy _ e (asine)= a(cese) _ R(:Hf) + (2t 9) }

By chain rule, we have . {3 > H2py XS ”jx}

R +f)

d d6e _ co$0) ( ——
33; — d: ;‘: - (‘P( ~-Asin8 {}4.3 +(‘1L +3+1.3x+15-3)}
dy _ _ €038 __cetB o+ 3l='c°te (:H;')
;:- 5in6 -:‘L+'j+)'31‘+1f3+c=6
N é:_?- _ __(__Cd__e)_.__(__c.ajece) e £—+31+13~(+15‘3-:-¢. ) g'-
dx' d dY ) Y a-c) = -7
= - +J -
- (bSec 9( asm ) 5'“9 ( qsml') : L:‘_‘_.}J'! ('S 3 ) (3 +§)3
4:2. = .._-_‘-—-——— =» 3 = -—————-
dx" a sin © " asin’®

dx _ _g':_(a{') - a(rt)=2at
¢ dt
) g%ﬁé(btﬁb(qt’): 4 bt’
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. 3
Q Find Yy if , g, = Bleos X+ (22282 ) ¢osx
* () y= sin3x (D) Y= €03 X
(1) Y= Ir'\(i"" 2)

Solution:— v y=35" 3%

d (31
> dd_y = d (sin3%)= ccSBx&C‘s
d+ dt
Ji = 3C0S 3%

: d
+d3 _9 = d (3Ce33%) = 3(-—5m31)d-;(31-)

#- L

3
@Yy = Blces X - ZUC cosy = BlcoS X-EoCesX

(il'l') 3-_—. \n(i’-?) = ln('&—a»)(l-t 3)
Y = \n(x-3)+InCx+43)
- -c_l._!:l__ | = é:_[!nCI_B),,.In(z'f'a)J

-'. d)j _ 33 d..(... 95|ﬂ3)()='9(C053x) < -52- + (-I)('l‘f's)
i dh 4, = (- (12
e C053 w -

e d (s 2005 49 _y d (1 (x-3) HL (113 )
w f_l:?__ < Sq = (-2_7('.95 3)= - d2 d‘£.3 3 d& -3

dx g ) ( ---3'”)3 (-0 (-2)( %#3)

9, = BIsin3% Yy, =023 . 5
4 -2t
> RPN I A Y (2 S 1C 3>)*di

() Y= €037

oS3 = L\COS X -BCeS XA )

o d4 -4
(-0 (-2) (-3 (*"3) ¥ ()

& coSIA + 5COSA= qcosx ,\@ '
O ) |

- .._(cassx+3cosx)- oS X g\ = =6 § - -8 1o+ ]

P A 5) x#3)" AN

Thus 3:: __‘,q(coS3K+5c°sx) M/ 5 9{- " Sme 3 Sinm®b , show {ba’c

B _y o [ S(eosm) * (300 (=x)Y,- X9, +mY=0

— =917 4 L d Q) : .
- Gin3x (3) + 3307 Sslvtion:= = x=sine

- Slf\ A = 9 = 3-— _S\n(msl"' x)

= + ( -5 Py QN
) + 5& y

31 = '3 (5m3"f-

ow Y= Sin(mSin X)

b ) dd . s.L_(s=n<m5=‘n"*’)

_ -3 ( d (smsz)f d'(5"'”‘

- ALY |
di elyy .de(mSin X)
. =
J = -2 (3C053‘K-+ coS!) j. - cos (msin' %) —___rf_____:
q A 1 =%
(essR) .
333 _ 33 _ 3 [3d- (CaSBX) +dd. J *mjl_: . (os(MS|ﬂ‘7L)
'L
_ -3 [3(_.5m3x)(3)+(-5m7l)] N A1 (m; 4, ) = v ___(c,_'.(m.Sm Jl))
- Sin3% — Sin% dx " : =1 1Y O i
K ( 9 ) ) d(9)+ 9, cl'(l--Jt) m(’s'"(ms'“l) = j
Sk ¥ T
53 % (9511031"" =% 4« )(Cli )!"a. (l-l):ms,n(ms.nx) i
) A (5inx) Ji Wt 9, ($)C8 -x) = Jian
o) 9_2_ = 31{ _ ___[-9 ;*(SmBXJ +dic N J i ) S,n(mS|n J()

d+' .

Ja %) =
. 3 [9(cosax)£3)+ cosx] Jiy a —

PN S e

Multiplying b/s by ~ 1—=%
. =1
ry? Sin(m Sin X)

p =

= 3 [;_-, (0331"'(051]

] .}(\—1)31— A, = | B
_ 3 ,_-,(4031-3@51)“05"*} o (=) Y- WY, ——rn Y : Y= Sin(mSinA)
Y 3 3
g 2TX3 e n + 2 COSN
%LJXQ e o (=) Y, - %Y, +m =0
3
o 8!&531 - ;’ Con.-l'.a- 3% 4 He nce prove d.

ud
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Q6 % y= e sinx , Show that
" dY 19 +ry=o0
do dz

Solotion:— y_ 8 sinx.

_ g&(ab@s;ﬂ_ - b'Sinbx +a sinbx. +a bcos b’()

;3 = g:‘(labcbs bx - szian'f OLZSMBX.)

Y da 1 3
Now L.HS= dJ _1a% 4 (a+b)]
ff'_ = i-..(e"s:nx) dar R

dt  d=

3 ax ' 1S - . nb
_ e" d (sinX) + sinxdd‘-(e ) - e (mbcgsb-‘__gsmlm+qs nbx) 14(3 (qSib;sbx)
- 2
xdx e @ +(al+]}) fg"s;n bt
f}i”:‘ = e coSK + eSn«x _‘g'mb cbat _gét};{bx*t’-&/ﬁ*_ 1Q%nbx
; = v, L 2%,
&Y - d(ecesy) +di‘!=- (e sinx) _ u}%hé& + de¥sinba +be $Tbx
= _,...--L - d <
o ) d )+ e & (sin) - 0= RWS
» d- {_CDS'L)'P CDSK-—-—le)"'e' - - L _
-.-.e;: - dx £ 4y ?.l_:i+(a+|a)j—
., dcp) [WeNCE a- - Ix
- Slnia—;‘( d‘)(."
L . %X R & Pr_ovg 'Lhﬁt
é(-—-s;n'&)-{- coSA-€ + Q@ CLoSh +3NX-& QS 9{_ Y= (c,,s :L) , )
) v "y - Y, - 2=
;5,4“ + eCoSX +é‘Cosx+§Mx (=-x)%h™ .
v ion:- Y=(Cs ) .
El_l _ e wsX - 5 & ( ced)
- &9 199 4y () = 27 dx
W LK S= - L= -
Now L. .H Aot dx. lC,Z")L~ -
- 2;(051 -7.(? oA +€ S [ =
] - 2_Cn§|'7(-
o xﬁ'ﬂ‘l-\: 4. -“L
_ 20 b - 2@ L05% - 28NN HIE (G290 = 2 d ()
<0) =R r
O
= °7 Yo x\i &}K/ E".:-\ﬁ::"‘f'l ( 1--:.1)
dz-j -)..c-i-'i + = 0 d 1'}1_ _..1"):: L
HenCB r: d‘)k%\/ ._L..(I"’“) a_; 1 ——_:‘_
A 3 -
ax. " . that
QZ 9F o Smb’(j °,_)3 ' - 4 __2_1__;______ (-2%) = J’l:'__—_’—::
ﬁ_la%.y(a*b | I - %
y p &
dx ax — Y. — El______,_ - ,2-...-—-:—
SOlUtiOhi"' H=€ Smb-x. Jd1-2% y — s
L
=i _é_:i - _.é.'( gx'siﬂb'i) t“ﬂ%na bb’th S{des bj JI K
dr dn
: nbz = l
_ aij:(ﬁlnbx).q- S d+ % Y 32 0 \dence ProVE'ol
A aL _ , =
A € i
X (ysbx () + SN - o aslinx) #binCIn)
] | i =0
Q% gls.nb'i prove ‘hat 1"3.2: 4-1;;*3
=hbe CeS bt + & L -
dy G‘L‘- 3nb1'+bCOSb_x] on'- Y& Qw(lni)zb l
i | d- Sin(1nX)
o d. (o5 Clnn) + b=
2.2 M(asinbx-rb@ﬂ”()} o In)) % (in2)
-Pd c — A4 € (ln‘l‘* b(w(n
e d+ oSl)) Q(—'Siﬂ_“"»d'. d«
* b +bCos0X L
ax t;s;nb,,*\,é:cosbx)f(asm 39 sfn(\nﬂ'-j-— P b(_ostlna) =
- e. ﬁa: d"- ‘ = - Q 1 C s(h”x)
ax|acos .- + bl-sinbx)H) +(2 o sin(in®) 7 bCo
= e
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e d .id-:(‘!.c_l_i) = -O.é:an(ln!.) + b‘s-"l—' C-°S(Inx_]

dn  d*% dz an
xé‘_ﬁ_..é?_ () = -0 cos(lnﬂ;_:‘,_t_ + b(-—Sin(lnﬂ)-,.'.i
dd dz
-»72'2‘:2 +xé_'?— - —acesS(ind) - b sin(In2)
det \niv

_ ( Q coS(ln'A)'l'bsm(

] "LL
{-(.,L),_{-(o)-\--x{(on = .
“Machlavrin

Exdl""[’le i- E:Lpand f('x):_.,_.__l___ TIN

: e &
Machlaurin Sertés.

© m.- _:_‘___ ( '__l_..‘ 1
Jsowtm Feo 1+ + §¢ 1% 0

|y A ) y
§ 0= c'l;_( wx) ""'F,("“-'dé’;(ﬁxl

¢ =L f( )=
Lo = (1) () = f = 3 )
-1) (-2_)(|+‘&) =2 (+ %)

(-u) (t-c-oszf-.(-l)tlh-i
| / d. =L
fenrz 1) — (#2) =

da y L,
v -3 (0)= (1) &!

= Q) = y 3 g f -4

+£ (0)a 2(1+0) ot

" o 6 (-0 D!
b {-’fo)-.: - 6(\+0) = - <
" = +A
“ 6-:‘:- (l-l-'X.)q-.: ~6(-4)(1tX) = 240+%)
§ (=67 "
<5 = (=) 4.
-rfm(oh 2y (1+0) = 24 (=1 _
. Series expan3'e
by Machlaur? e
Now j ) 4'2 R 73 ff*(‘;()""z"f (0)+
o)+ %t (0)t— ;
5-(1)--:?‘0)""‘}‘ ) ng 3 ‘:
| v g X PE XY
RISV RS CoRs Lo e LU
pi ?© 7-:_ 3 1‘!_,_
(f(iv\ "= ‘__14. %X —-% ' g
:iq-)t B - -
. _ —— '
1[Machlavrin's series for —— 13 the geometr

series with f-.'r'st term | and cemnon rabio -1

S = 2 wehave

) L [ S
/E(i | y & ‘—1*1—“-’*' ‘t—(-‘&) T
% f.. + N0y .
a, % +A% | e:nd the Machlauvrin  series
fane o+ 2t 3 ;, K ﬁE;Lcu'r"Ple 2.0 o
n + L= "t > ey
+ £o)= Q g +hn-Non* ISQIUt'Gm" Let )= S
" +60"-+|1u | o) = Sin6=0
{- ()= 2£% 3 f.”(o) f”(o) - f(
/ " = ‘%) = COSX
-&‘f,(o)f' 20, = . ""2-." ’;T n-3 I j"(‘l)'= c;i;(&ﬂx)
(ﬂ—l)(n"'ua"x’ ¢, O 50 = 1_
(0= oyt 2T t;zr:o) N0 WA Y
- | “oy= —sino= 0 , f ()= & (-5in%)
‘ ;- (O) ..yf (o) = dL
Simi larly, - Qn = L o
les of 0, Q,,a 4 in (D) ;)C”’(o)-.:-cwo:—i
Puﬁiﬂg valves F 1) V1) 3; veey 11\ (r) u'vz B é___(_ Cost) = - (~Sin%k) = Sin%
o Ko ort 2nf Loy 4 o Ll | §f 0= 32 -
()= TORES At 3) n ;M(o)-;-. smo=0, § (-u:dé-. (sin%)= CoS%
y &
Note:- A function £ can be expanded in ] o ¢ (a1 Ces 0= 1 -
! . - _ £
in ‘\:hQ iﬁter\fﬂl Cbhtaim'n 0 and‘ 1TS ler‘ licl 1§i0)+1‘1 f‘}b)"‘if Co)+ L f‘o)
exist at x=0. The expansion i oMty va £(r)= §(0) -;_1‘5 o ETR ul
it ik s comvergemt. + X f (0 %,Tf D)+
o ;. S\ -
¥lhe above expansion |:;,’d|50 named as Sipxe O + x(i)-!-}:(0j+}_:(-l)+_gl:(o)+£(;)
“Machlavrin’s theorem»* 2! EY a5
3 5 | _+ ..... .
SINA — o - ...7:-.4-.}__ ..-_Z_‘_.f.....-
3\ sv T

43

Please visit for more data at: www.pakcity.org



- x o
Example 3, Expand d' in the | Taylor Series:= e series
series. - w4 "
Machlavrin X feea=l | fxrhle fat fCOR e-_f_g_’_h oI, 5 ff"’h"

Sa‘ut‘Oﬂ ‘e Let fex)=a

£0=

H e

. . 3, n

" " -
'S known as la . .
lno. ' 0 jlor series e"f’ansm "{,

lron A Q=

dx L 0Y.,~ L t the power Series o ; _
é-_(o'f) = \na(d‘lna)= c;x(lnﬂ] Pf'é {- ¢ P f)cf'&) n (%-a)

§"x)= N8 T L Fx)= @+, (1—0) + 0, (%-0) +83(X-0)4 0, (x-a)'
. :._ ll""\ﬂ) N -
= g-‘vCO): a_(\nﬂ) 'L N P oo Ay (2-Q) ¢+-..
% . (z)
7 xy= (ina) ()= (Ina) (a’(na) +f(@)= 0, +0, (a-) + 8, (2-0)+ Q4 (a-8)+ ... + 0, (a-a)"
N d’x 3 3
-fﬂz-;) ) &( (‘nd)" @ }W(O": d‘(lnaJ = (lﬁQ) q b -f(a')-"-' Q. - Qq :.‘f(a.)
. ] LI _ A(ina) y 3
fm’(-n)- (lna? d(a') = (Ina) (a Ina)= F()=q + 20, (x-a)+ 3a,(x-af+qu(x-a)
| ¢iv) d:L(‘na)"l (‘na)q oo +"|Q,,(X-Q;-'
> § @@= a i

Now by Machlaurin

/ /
series expansion.. - Jc(ah a, = Q,=fC(a)

&/ \ m;)

5 neol
# ﬂ" -
- f#(o)_'_ y & ‘,' Co) +_’f__{ ¢ 1L J ()= La, + 603(1_ a)+ 124 (1-a)+¢... -+ N(n-1)a,,(x-4)

3
FO0 JORES Ay 31 L ¢

x L . Q LJ- -ﬁ;(lna;"’ 1" (lna‘jf... #{,fa)'-: lal_ =P a;_,. - .F ’(a)
a . {1 +xlna -+_2!__L_'_(Iﬁ) 3 e T

' e*.=l+-x+3$_+3__-t-.. g ee ('zlﬂC"i)

‘ . s
0 =
NOte‘:- .5{- we Put Q=€ in the above ! f '(_‘,.,._-, 6q$+1l¢qu(1-a)r.+...+n(n.-)(n-na,-.(x Q)

equnsion

3 g ]
e +x

/ 4 #’( a)

‘(P -

* § ez 6ay 7 Gsc I
f’“‘“\ o !

Machlavurin seriés.

5y »
SOIUtIOﬁI'—' Let fi@Qj&i) . This €xpansienis the £ (n) !

2! 3l Nn! P (E%, -l (n)(
~ i (AF Qn = Q)
| Replace x by |, we have i\s\‘ | 2 e :
AN < r
L e= Tt TR N || ptting values of a0, qy., a, in(D
mpleq, Expand (1+x) &)
5740 P ,,,\g““‘&\f@}

/ 7 ty
{'(1)-:- f(Q)f--f(a)(x_a).,.f (Q)(Z-Q)L'f f (Q)(I-Q)J

e f{o:ﬁ(l-t;o)” N . Tayler series forfqt Swa. f (M(-x __q)".....
p n - / . M1
(1) = n(l{.x) -p f (o)= n(l'f'o) - N - (]IJ
‘} -1 ne Ref’lﬂce L bﬂ x+h and a E»J x , we 32'[’
£(x)=n .ﬁd'—(l-i-l'} = Nn-)(+32) ’
o -L 75 (A+h)= £+ L " 4 £
” = + (A 3
7o) = n(n-nN(1+0) = N '@ )c. N ik f‘)_:)h-f.)c;;x}hh"
o n-3 . - ()
f’”(- X) = nen-1) & 01+2) e nen-1) (n-2) (14 %) ot § (0 -
%
n=-3 n

f'f(o)g ACn-0)n=2)(1+0)

Note!= 3{ we put a=o in(IL) then

tn)

-

() ) d. n—1J f-(x): f{n)-}- 5’(0)1 + f”(b) xl-_'_ e 4 { (Q)xn
{- (A) = n(n=1)(n L)J;(MJ() ik _-_?-! -"""'"n!
n(n_,)(n_,_)(n.nmx) whith is Machlqurins series
u‘v)( ) . nCn=-)n-1)(M=3) 0+ o) « The abeve SWpansier s dlse mamed as
&) = - T
J. hcn_,)(n.L)Cﬁ "3) "TQj’or‘ theorem-
Now by Machlavurin series
1%
{./(0)4-)(1{/? )+ )13;‘;)4-10;(:)
= o)+ A i 0 2 Fr(o)T
;(XJ—- )L( ) 2_' 3! CH. N
N 3 3
Q,,_,l;)_; 1+ x.N + l‘:__n(n-l)*l'_’_(_n(n-!)(n-l)
1"! 3! +z"(n)(ﬂ-l)(n-l)(ﬁ'3)
: ,_ g -
i("'"’l)z.{ anA 4 n(n-—l)x " n(n-l)(n-z.)x"_,.n(n-l)m-u(n-zi.,
2—-! 3! u! ye— /1
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. Find the '[ajlor series
Exaﬂ"Plei- exPans,-on QF |n(:L+x) Gt!:'-)_

50|Utl0ﬁf Lel -f(-.t)u I~ ( L+ )
* {£(2)= In(i¢2) = INM3

‘ + § ()=

am—

\t+ A
d( 1+ JLS - (-1 ( %)
d

L =

)
Jc('”" 1+ 9
(4
£() =

-1

-»)C"'(‘L)-: - (142) ©

/ k|
o)+ ¢ (Q) (4.a) ¢ f (a) _a)
'5‘(1'.) {-(QH' f(a)('i ) f"i.—l_—(-’ __b_r_(,
(1) (w-2) ';”“') (-g-?_]"" -f;l;(?-) (X-?-))
ok e %(1] ) % 2-. N 4
-‘/9 - t+ /11 34__
l -1) % (2 1) (1.’)
alnlitt) = In3+ 3 (x-1) —-;"" .-3-]-*'
) (%-IJL+ _ -(“"‘-71 .
\n(142) = \no *'L(“" 2-3—5— -;-ET"" O/%t{
xamr|e,z Usé Ta:jlor serlef e;(f?jgmn
to find the value of s'nsﬂ- r;@/

solvtlon'- Let {-u)-:
+ § (x+h) = $in€ )

i-{('x)a cesSK |,

£2) = - co5%,

N
{7
A e § (V) 3.
f(—x-l-h) %fﬁ)ﬂc‘”hﬂcz! h -'3,':“’“'"
: = s +hCoON ~ h Sll‘ﬂl hLOSL Casnee
Sin (n+h) 2-| 3

Take w = 36, h=Lze: olTU S

o b,-’qs,slnao

~ (
5m(3o +1" )z 5IN30 -f-(o ol'T‘lS'Jf-°$3° T

—w L X

3)
Sl'n 31. ﬂ O‘g 4+ 00 [5”2_- 0O 009077_5.00000 |

\ kesn=

:::) ;Jj,; Y,

Example 3, proe that

m—h _x_ e -\-...b_.. ‘3
e {li‘h"l‘ :_| + h
50|Ut'°n‘ Let f-r.-sc-!-h)- e’
x’ L
» fO0)= € f’(-x): e
/4 r 4 "e p 2
f(i)::e. , f (X)=¢
New by ,'[’q:j-l'or Lheorem,
L /4 3 7,
+h Lot
fexth)= fenys nf 0 z f(x: 5 LA STe
+ Do
3l
hj - Hence
+ht = o7 proved

APP"_’] the Machlaurin s.er-:es

Qi' E‘x[Jar-;suoﬂ to Pr'oz'e that
3
) In(1+2%) = x—-_’.‘-_..+ _7_;__.- -,

7]

| so|u‘t[on'- Let FC'I)-""'U""C)

-r ﬂ{)\n-— IN(+0)e IM1=0

[-(oJ- :

i+ 0O

ﬂ

1+ %

()= dtcux) . —(14%) - ,C,co) " Oy

f

()

5’ (%) =2 .f‘..'-
d+

-6

0+9*
Now by Machlavrn serves . we have
3, M Y llﬂ

f(x) = 0O+ 2flor+ X fco)+ X f (owa’i_f(m
2l

-3
(+%) =

- fwim c

InG+%) = 6 +2(1) + = X -0+ X’ (z)+_§_( £ )+ »-
] Sl a7

x‘f

—

3

#

2! g2 1sd
w3l £
4\ = &30 1e2Yy

x

+ C TL LA

[

o L

InCl1+) =

.
(i) Cosn= I— X 4
[

Solut:’am- Let £(A)= cosS%
= f{b)ﬁ cosSo6 = i

3

2
%, -
14

5',(7()-: - Sink )
£7(%)=- cOSX
$7 )= Sine £

(iv)

f-m;d)- Cod%K £ o) = coso= 1
(v) L
f (x)-"slﬂ'x f (0)—-5"‘70-— 0
45 4“”(*)= — CaS%, f“)CO):—CoSO: -1
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' erres, we N ’
Now bj Machlaurin serres : hawgc S 14 ) ﬁ” . ': Y _:.;t_.(l)f-
/ r B 7z g Crv) 5 13
fr= flo)+ xf0t = f (0)t* f(o)+2 § (o) : : =
LI IR e =1t wt X+ T+ Xt
tvi o
t %?Jc (e)s % fCort-- | 12 ] hence proved
: : L% 3
s 2 (o)-f-x"(l) V) e =|+2.‘)L+le-1 + xL oo =
CSZ« | + IcoJ-r""(—')*;T m _l:_ —_Lé
2! ¢
- I AP I I S R L 1
+ ,’_‘5._.'.(0)*' .?‘g-(-'"* Solu't‘ion:-— Let fcxh.- e
y ~° £ 2L 0) o
> Hence proved _ _ _
CoSL = I#E-—-*-E"'-—g"* P < f(0)= € 6-—.1- , o
2 / L% 23 _ - 2
. 7‘-:- 7C3 ()= € di(z-x): 2 e |, Jc(O) 28
(1) +% = 1+ = - =+ =+ = > 200
“ B 1, -f”(':t) Qé'_t f(or=be e b
8 ) = 4
Saution:~ et fe0- 1+ o w888
" — 86— ’ - ]
- 0) = 1. j( (®) =
=5 f(O)*Q‘*‘ ) , WP Series . we have.
; : (H‘X)L - ’ F ) " % N ‘j P 3 .~
f-(‘i)'—’ -'2': 2. Ji+ % . 2J t+0 , (0r+ ox;’CO)"' ‘X.L ; (0)+ _?_f._f (O)F=-r-"
e\ - 5 = O - 3
“ Lo (1) = ..!_(-'-)(wx)é-; L) o= 5 2 12
f ()= = = 2 -2 4 3
2 P Henct
di z'x + L' 7C 81 TR
o ' (I-PO-]’/*'-’ - e = |+ 2% —E—f"‘ + 13 P,-oved.
fr(or="7 “ ) t
- =< haw tha
d— &_ -'_,I_ "E_ a L 1-=F-__ ) - p .
‘}”’0‘-‘)’ g 3..;((1-!'1) ] ‘c( 2-)(”- ) aum"- A "C%Soscx%]: cosw-hSNKL- .E_CoS'l.-l-.;l.ST:“
- 3 & . 2 13
- {7 (0) = ..-1(5-—-—56_ = 5 0/%\3 \&nd evaluate cos 61
8(1+0) AN\™4 2 .
i % .. %1 | Solutioni- Let firthis Costxth)
fon: 220+%) - 202)0* 10 o+ f)= coS% | fa)= - SINX
8 d* 7‘ | <“\f“(, . )
B - IS . =15 OOV (7 (n=-cosx, $()= Snx
f (0)z T—s, ‘“‘N
L+ o) 4«“

A : Now bu Tayler theerem, we have
Now> by Machlaurini’series , we have v § Y

- Y »
/ /4 ', / e
_ L)+ hi+h Lo+ 24 0 +-
f(vt-l-b) £( £ ¢ 3

y + 11 ,Eo)-l' ’-3 fnéﬂ,f' 3:.,;0::) i
' -+

N : bt b SinX 4+
. c .3-‘- 'E ve e = sx—hS:nx-___Ca-SJL-l-___
Ji+2 = |+ 0L+ ."!;.-[" )*3—-(-—-)* ( ” ) + coS (tth)= €O 7 B

Take %= 60, helmo-0lT4S

| 9
(0 81745) (o5 66

2
x .x +'tl" -

m = \-l-.l-x_ - _é_ + Tg" Hencé Proved
o= 2

CoS (60'+f) 9 (05 Go'—(o- sr4s)sinéo -

|- 13 + -7 +(o.017’t$')35;n Lo + ==
’ p 4 ——g‘""
SQIUt'an" Let f-(i):: © < ¢c0$61 ¥ O &~ 0-0]SIL — 6-000676+ 0 606000/ 4
& fro)=e =1 )
g 'j ’ ° CoS6l = O 494813
{(JU:: e f (0)= =]
& X ’ o Qs Shou’ l:hat \ L (n) :
oo €, gt €t 0 e
ne y & 1" °_= i - &-
j =€ § (o= € . 2+h
V) x’ (ivj( o-:L so'u-hon;- Let f-(-x-t-h]:- p)
fn=e f (0= . - fone
' ' wWe y «® L
Now bj MaCh'aur:n .ser:eSI y Civy f'('xlr Q_XInZ , f’(‘x,t' 2 (Inl)
/ " Ay
= +(0)+ XK (0)1‘-:&_ (D)‘\"Z‘_ (o)i-_?..(_.} (0)4 . ene , 3
f('J() f f 2 'f B )c [ ‘f”('XJﬁz_w(lnl)

4¢
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Now by Taylor theorem. ~e have

farh)= £+ hf'f*”-'i-f-”(""*-b:f""’*”‘” bu—ro x|
L?: . ]2 9 3 #‘(0]_ ™ ‘__S_K_[
21:” = f’ -+ h(‘f(h\ﬂ)"'_b-(lﬂ(lnl)t)*.g—(f(l"")) Ex—ro 8
T B 4.
3 . | L-HL o S e (02U g
(e e Bt ST i
2 =1 = 3 |
. RoH Lo L (%] i (B _ 4
{ allg - P T &
meometrical meaning i
O‘f a derl\/dtwe B L H-L £ RH- L
Let vs draw q curve 4 Q‘;ﬁ;') = L——-m \_‘_5_':'-_‘_ dees rot earst.
of the fonction yefo B>t P amgent line £
Take two neiﬂhbourinj % Thus there 15 No tqns
Peinks P(%Y) and . the qraph °f f al %=0 |
Q(x+8x%, Y+8&y) on the p(%3) “ Find the equations of the
corve. Jraw a A )__A,_.’.. e E%GW‘FM 2. tangents L:lihe CUFVE

tangent line Lo the A- X -4y—6y=0 at the pt. whose abscissa is 4.
t Z i |
corve at pt P(xgy 3 AL L | Salutioni= « x"- 9"~ 69= 0 — i

such that it maltes °
and abscissa = k=4 PUt TeRU,

an angle ¢ with x—axs. Alse draw a.
secent line %o the corve passing throvg b
the pts. P(%J) and Q(x+8x,Y4+8Y). Thcng
secent line makes onsle q') with x_%/“:~\/\3>’
Praw Lrs PM and QN from P/ﬁéﬁél@ﬁ,
on x—axnis. Alse draw Lr P\Rg«% N.

(:\&@}qf— '~ 64=0 = 16~y = €Y=
- 4 +6Yy- 16=0

+ Y 4+8Y-24-i6=0o

- Yy(Yy+8) -2(y+8)=0 > ($8)(Y=-2)=o

1081\ y+8< o, J-2=0 <+ Y=-8,39=2
On APQR, {:GnCP =’ ,; CARI= &y Thos the Po.‘n{.s are (4,1) and (Y4, -3)
A;§f - | ' 4t
g ‘:Q”cpﬁ/é%—; ¥ - | New dif voer L%
d (L-9-69)=o
when Q—)P then 6w —»0 26 8&y—7o dx cLL gdﬂ N
. CP——) P )t means secent line - 1%- Y cH--. ;l-;f-— " clﬂ.
becomes tan&‘?"t hine. [Nev | Q7 3’-’—"3%&:1 =0 = X=350"2 00
oA
. .;_LJI"H& Ean :E‘—g - . +3_d_-§__p_é_‘_=}——
;-:;; tan ¢ S ¢ Wad T T x = (Y )d-x. T 343
. U _ o{ tangent
got tontp is slope of tangent line. N“"”S_‘i\(q e _;.9:;= .é_—.s;I:E‘ { rong
: - % 14,2 |
Thus Greome tricaly derivative et 150 99 y - = Slepe °f tangent
: » 89 - T
represents the slope of tangent line | A d-;.\(‘i;'ﬁ)" i R

s PtP('X/ﬂ). |
Discuss the tangent line te T
Example L.the graph of the fonebe™ | gad passing thr ;
- = M ("L"’ .Y
1xl at x=o0. s J 3|- ey Sy-0 -
’ t f‘f‘x)_ |’)L 5 y-2= 4
Qolut fon:— L2 5T o Un-59-625
> L+ 61) = 1%+ 8x | - Lx-5Y (req. Langert line]
Ake Eq: °f {.anﬂent line. having S\OFQ.-Q/S.

we Know that and POSSlej tbronh Pt (4,-8)

v o o hu+3]+ .
x— 6 & &) 440 et )é‘jt 2= 6 Lrea- tangent ling)
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Tncredasing and decreasing| o, | .5,
{.unc{foﬂsi" - WUt 20 wmb ALy -

I.ﬂ(.l"easi"’j funCtion:-’/—] fUnCtlion Hence .f. 'S fnc_reasc'ns }uncb'on ’'M
tunction en an the interval (-1, +o0)

\ : Le increasing
o o x, € (q,b)th

‘Aterval (a,b) i for every %, | (i) For decreasing foncbion;

£(n) SIEN shenever K &R, £’ < 0
m,_.-us“‘ - s (n+1) O =+ x+1<0
- % <—1

Hence { IS decreasing {-uncl.-w'on '

the interval (— oo, -1)

o A, A b
4 . ‘- onchken tant f-unc{.-fﬂnj |
DCCV“S‘“S fUﬂCEIOh {' i) For: cor':s‘ n o nardecreas'"j)
£ is said bto be decreasing Lonckion onan (Neither increasing
interval (a,b) i} for every %, € (a,b) th 5‘(("0 — o

- ) (%t1)=0 = 1F0, w+l=0

wp A= —| .
pot H=~11in fm).-:x{-z-x-:s
o f(-D=z (VP23 =1-1m3= 4
so ( *v\-a) is the pt. where f(-x)'u‘s
fﬁitc%ier i nereasing nor d ecreasing.
&k, tiondr’j polnt.- Any peint W here
‘nCreasu‘na nor decréeas'ng s

led o stabienary point, provided

« said bto be constant funckien onen
. b

~terval (a,b)if for every i,
then &) = f(x) whenever 2,

(AN cal int.
saristant {ﬁ}i\—(}j that }’(%)-_-:0 at that pon - s
le2 Determine the 1" er
| 1 ’ : 130}
| Er:‘:high ¢ is increasng or 1t |

e
dec.r’easi'nj it. fe)= W - 6xt Ox

Sowtion:' {0 = o = G+ I

-+ £ = 20 - 12t 9
: )
i3 ( oL —-ant >

A differentiable j—uncl:-on’
increasing Funckion i4 5(1)70 ¥we(a,b) : 3(1?—31#14-3)

» - b ) ) (1-3)]
g g Cttan.- | / 3‘-1(: %) -1
Dj;;:::l‘riasblj _f-Uthon £is said bo be 511) (e
A !

decreasing f-unc'don :'f- (hﬂ(o xx €& (a,b) - fer
Constant fFunction:- s sad b o0 7 €

p_o,sina s-unc{':\' 12

. tiable foncten (=117 °
e ant foncion 1 goo=e ¥re) > 3D 5
be = ( { Determine the values of % -~ 1-3773 x|
& . . Cos d on !
E‘aﬂphefl1)= .,(‘_'+).'L"3 (S V) mr.rmsmj - ) ihcreasma {runcbo
s-o!' whic | (“;, Hﬁd ke Pclnt where Hence g- 13 l (hfoo) and (3.: +°0)
iy decreasify T L i her increasing mor | e interve Hons
the function 15 For decreasing §one ’
decreasing. &f(.“ {0
& s * A—=23
tlon' {-()()-—')(_""2— --l)<°
soh’ -t f/(‘Jl)r.- l'x.-t-?_:?-("u") = 3(1—':);: x—!1p ©
| . ‘ q ‘x-—- 7’ I .
(') For increas'ng funcbcﬂ, - <3 )::) f—uﬂ(‘-“:c‘ﬂ in the
£(x) 0 Hence £ s decreasing d (-2, 3)

48 interval (),e0) an
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Rc‘ative Maﬁmaz- A funckor '“.Second deri’vative t'UIQ”

¢(x) has relabve maxima fce) abw=ce@b) | 4 ¢ be differential fonction 1m

W f’(c-ﬁx.) So () ,'-'CC) =0 (W) {-’(c-rm(o | ne:‘ghbourhood of ¢ where f’(c) = o . then
~here §x s small +iv number. ) § has relative ma x'ima at c if )("('c,@

Relative Minitmaz- A fonckien | a)( has relakive minima ateif g7, 5,

ve rminima fco) at ‘rurn‘.'nj Point‘}' A stationary Point

u.) f’C(_—SK) .0 (ﬁ)‘s"(C):O s called N ’curnfng Pmnt '.5_ ll'.' 'S ei-l-_her-
o ma Xirmuom poih’( or a MiNiMum point‘.

£ () has relab

(i) .S."(c.g-g,l))o shere &x s small +

& ) & @ » » & - . t.
Alternative definitions | pyjnt of inflexioni-a peint ot
tive Maximas- A fonckion ool which the fonction has T;e:he'fn:qi;
Rhela llee MOaxt Ma ‘f:(c) i‘f f’(v‘.) ner M iNirMum valve 1S caliea pel
as retla

: intlexionN.
changes 19N from +ivelbe —ive A3 % nrlex -
increases throvgh C. Procedure ‘f”r f’lndfﬂg Maxima ’
. and Minima of a function

: g 1 :- 10 (®L) _
Re‘ahve minima H{'U”c ’ f Let Y= f’c'x) bé qiven funcl:-\on.
has relabive pinima fce) f £70)
changes 55371 from —ive to +ive as S“-EEI.:- Find E"_l’.. - .E’(q()

d~t

chan3e5 -l:hrough C.

W No.

|

V4
» s Ske Ij— P‘Ut é_'.‘_!,._:_-o or'f (A)=20
Relative Extrema:- Roth —?—@\ d=
relabive moximao. and relatve mimma; S@ T o Eind {_? - f"’(x)
are CQ"Ed M 921’1@!‘&' FE‘QHVE e.xt:'emoqf.«\,b \\ da+ ,
. A N ‘ y
Critical values and cri Eical || Step Mo check, the sign of 5700 at
y ts 0 o g.f c €D Gﬁd f,ct)lﬁéi;}ar the mo&s.

PO'” » ‘f ﬂ,f-—-x.\jf}m . " . 'mumw‘u

£eed does mot exist, then ':kig\?’*{"mbe" IR XY £ o then fi) has mini

1S Ca"Ed o 1 c_ri'l:—i'cql Vﬂ@\ i'b"' f & Bf' fiff‘i) 0 then 5_(,,0 has quimUm valve.

s,ﬁrmql"iorﬁ about

while the peint (C,gf‘ﬁﬁ)\ﬁ/ch the graph of
“c. watve
{47'5'1’ deriva

ST . * 3L (“(+) =0 then no I
f-n's named as o 1 cal peint. F 4

: He l!‘unc_l:{oﬂ \vhen vse
ImPor'fant nOte $ = There are functiens rule”

nwhich have extrema(maximq f)r n’:fﬂima) Examine the fonckion
ot the poinks where there Jderivabives do Eidﬂ"?'e io fox) = 3 6*.'"'*9&{-0" exbtreme

—

not exist . Fer example, hCa ... valves. . &5
o) = %] and 43("‘)'-‘- TV [ o = 5°|u£;on=- denry= *- X+ I%
do mot euist at (9,0) and (o, 2) ":‘?SF:‘ - fIC"K)*: 3):.-- 12%+ 9
eut § has minima at (5,0) and ¢ hae )
relat—ve maxima at (o,1). Pot {.’t-x) —6o wp Ju-l2n+t 9=0
't s ®
‘ Fi’r'st derwatwe role - 3(X-4x+3)=0
Let § be d:fferen{:-foble i ne.ial-.bourhood = - Yxt+3=0 =+ x—31-A+3=0
fee) = _)-1(x-3)=0 = (x-3)(x-1)=0
of ¢ where {’c) =0 e maxima| o X(x=H -1 ) (

4) A fuonction £(2) has rel

a

- xX=3 , x=1

o {,(H.sﬂ(o . NI " - Q-2 = §(X-2)
(2) A fUnC{:-foﬂ E-('?U has relal-:\ve i NIMa N 0w {_ (%) g o "
\ : , ¢1=4 ::j-‘:-" "(l = - = | )
wd § o0 f R a = i S )I"EMHVQ. aXiMmao- at v=1
ﬂﬂd f’(ﬂ+6!)>o oy f' a (\)‘5'_6(_0:"1' 9(‘) " ‘—6*’9'; LI
and €(1) =
At ')L-:B:--f.f.”(?,) _ 6(3-2)= &7 0

s
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Now
= § has relabive minima at yw=3 f”(%):-—se'n_’g—ﬁ““(?)
and £(3) = (3)°- §(3)'+ 9(3) = 27- 54 +27=0 . —sinE-HeIR = -0

-t 'ff'!))-_- 0

Example 2., Examine the functiorn
defined as §GO= 1+ for extrem

» 3 (4 AN = =51 =—
Solution:- foo= 1+ x $7CE) =Y 2 e
=+ $tx)= 3% - FUnI= 6%y =R (-)=1itt 70°
. 7(£) = -0 T Y
Put ‘f,(vl)-:-o - 3x =0 = X=0 f(:) has Minimorn valve @ =
Se =~
Pt =0 in(B) = flfco):: §C0) =0 L ”K’)'—Sfﬂ%'ﬁM1i'a) ‘' Lo
. ﬁo - - . -
The “second derivatve e Jues. ff— A ey F *3(3] Ju =
help im {"‘ndiﬂﬁ the ex treme VA s 5'("6) - Jy g value at n="y
" . ‘V?. = a)(_lﬂ’\
pot x=o0-3% 97 //(3f)=.51""§ x =-1 0 : o33N
. f L f@E T i
/ -3 )L".': 3(61) 70 2 I - - -
.f(O-—&l):"—S(D . L {CS-""‘) -ri _3:
6x) = 3(61)°7 © “ . valve at *=23
£/ (ot 8x) = O (o +5x) mange sign at | <, £e) has maLimorm 4
irst derivative does not ¢ 3+13
*jqf'at (o s%e PU{'.. 2 =0 iN ferr=1 @ 2 9
*7 f(°):: |+(.°’3'-=' i . |erior: Exe rc ‘Se ¢ .
M (o,1) is Lhe Pomt °F o ed. f**'?@ﬁgtermine the i~tervals uﬂ. wehie
e x Discuss the foncEien der | s increasing or decreasng for
ExamF'es. 1__cos2* for extrﬁf;"&~ };\ - T the domain meﬁ&ioned N each ase:
8 - / L-
as Fo0= smx*zfi AN i . e (-T,T)

0,27C)- - /9 \
. -n{_gr-val ( J N ¢t)
valves 73 the | NS

sewt;on;- §(2)=anx+L_cc§4;;?C9’ SO’Uf;On-T' £ex0= sinx

LJI&\’\@\E

N ’

: f s # X — CO

- £(R) = cosx-f-—'-(—s:n:,gg\fﬁﬁ 7(x) 5K Cosxco
x

s For Increasing;

-f—(s():: Sin % )

o™

/ ) *x /
,C(x)._-_cosx-——rf- £(1) >o =
f’r%) _ oS X — 1 (rsinmncosx) F CoSA O
T so req,uired rntervals
+$nLB , AAre A ~K
f?i)- coeS A — JLJ¥sinxcosx ( =2S5in 9‘-"59) (0’7—)‘8( :,o) 33X
S o (5,5 :

f’cxk coSA - ﬁs,'nx(osx-_- cosx (1-J2ZSmx) For DechOSiﬂj} | | (
-f’(i) <O 50 req,wreaf nnf:erva S

/ — cosx(1=3SnA) = o
pot f'x) =0=p cosx(1-12 = cos <o are (X x)3 (-X,-%)
2_, 2-

- COSX=0 , SinX= -

& (i) o) = cosx ( "'.3’[_-:, %)
Solvffom- f()= cesx

'f’(i) = —=3SINX

-1
= ¥ = Cos (O) > 22

csmx 1S +1V in Tand IL 9uao’ranf:w:'{:h

refererwce angle AW = % Fol' Increqsinj',
S U = _’g ( Fer L Quaclrant) )L’(-;() 70wy —SinY 70
X= R-& _uAi-Z. 34 “* Sl <.n
.u_' | L i / 50 req,. Interval
So A= Sin (ﬁ.)= _if&‘.) .}__Z,ﬂ_-_ 1S (—_J'i{,o) ;?1)<
/e : r reasmyg; o
)C”(x) T =SSN — JycCesSlx so req,- Interval IS
(o, )
SO0
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(i) feyzl-x 5 x€(-r, %) and f()= (- 3-r= 5 -3

Solutfo"‘:"‘f‘*"-'-' U-x* = fO0=-2% |G fa = s+ 2

e L Sn+ L
, ‘ (Hr)= S%
For ,l'ncreasmg; A\ Solu’tm""‘; f:_é - £700= 10 — )
f(X) >0 &5 (____.;-_:_4-—) ...,.5-(90-_:1 p & e *'xs_é__'-'-'l-?"
- — LK 70 o 4 LN \/2 Put f’(—x)ﬁ Qo =P joX- "'; . o &5
- A< O - (.-?_0 _3 in(@, 5° f('?)='07°
so req,. Interval 1S /) pot %= % L valve at %=
. : i 1MV
For DecreasinNg " so $(w) has o7 o, \. '3 42
r€q,. I.ﬂ’(,Qr'Va‘ 15 and § s g-13+10 _— 2
- X7 e (o, 2) . % BtT T 7 ®

(iv) )f-ca) = W +3A+ L ; we (C4a., )

Salyt;oﬂi- )((.,():_.-,f+3x+1. ) 3/\

/(1 — +3 _—r

For{In)cr;:Siﬂj; —h\/
$/(x) yo = 1Lx+370 => 7

So rey,. Tnterval s L-—% , l)

For Decreasfng-)
f/('l)<o &> 1A+ 340 = AL
so req,. Interval is (- A,’.._:;"_).

MW

-2
2

rind the extrer ‘ e
Qz. Lollowsing fumckions defined @3 o

3 f}&J

. =, A
(‘) {.CX): ‘ 3 H‘,—H_NE/:F’OO' \ . )
5 'Utibn'. fexr= ' x \\C\;\/L/ pokt X= .?.3: in (@), f#( z)= 6 7:‘ N

=} ’ ” S\ BN | b e 2

.-——(I)' s ) q ]
pot §r)c0 = -3L =0 and F(3 = 344+’5 ]
“ = -6(0)=0 q-§_+5= -
put ‘}L:Oi’ﬂ(’fﬂ e f (6) - 4-2 = 5

does Mot help i

v nd ‘Va{—‘;\f(' | Bl 1_- + 3
The L7 dert lues” so WE (V) $(r)= L~ 2% Sbx

va
-ndinq the extremt. al . b s
A 3 ¢ Aern'\/al—we : : sa'uhon;-— f()= 2~ X 2

vse “firs : ,
Put ‘:':0"'6'- and A= o+t 6& |ﬁ(I) *ficqt)ﬂéf_{_l-x—'bé -"f[x)-.:l).x"q (1)
f’(o_.&)._._. —3(0_&);: -3(61)l<° put {-ht)'-: 6 Se
$ Cot6x) = -3 (o+dx) = -3 (1) <O ; Cxt-Uxn-36=0
‘ Q - - =0
Tt derivabive dees rot chanj 5197 3 -+ 3x - 2%-16 )5ing x=— bt Jo-tac
— i (R)= 1= _
xLo or X2 .MxPUtj_x—o " » y = 7T (-2)=4(3) 18 s
 — -—_—_-__——_———
- f-{O)‘: |"‘(°J = . }_(3)
: incHexxion. |
ThuS (0,') (S ihe P0|nt Of ﬂ} . 3 + m: 1.!1'|+$“ _=/r(_‘t-"§§)
Gy $0)= K —2-2 ¢ 6 £
Saluti'an:- fnc)-.e == () - o = | +J55
/e x,.: 3
- {’('x):: v —1 - f( o oo 3 | x—'__fgg.
pot Fex)=0" 1¢—1= 06 = —_— ; kS
- R= puti'nl'ﬂ) Pt -,U.-l-i'ﬁgm(]:’
2- LV e
. — S 7 ._-_-_QJ?S
D a0 s | s (2 ) = A
y Y x-': ——
minimom valve at = N 7t’f(z3+f§'€‘)::qu? > o
] 3
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S0 'S'('JL) has rmi™

imum value ot w=1155 | pt xe — J3 In (D

= c1(1L)-B8= 24L~-8

.},/( ~-L)= 1 (-J_{)L-'B

and 3 e )3 IE) 4 s
f(_l;i:_ﬁi);').( lj%;f).-z(l*'——-a ) }(("“',3"") = '6;.:;mum valve ot ®= -
> se Lexy A3 ' o
‘ EH@)‘)' 1+ 55125 ) -nfisg _ (1) \CER)) -ue
ﬁ?—("rirf.)—g_—?—‘—"—- 1( 9 ) aﬂd f(_.ﬁ)-.-_— (—-—_ﬁ-) (:.l( B) E .)
- -n—ﬁ? » 1)1__8 = _B=-
=—(u+srzs+55f?f*'"") 3544255 C 1
> f?)"-‘-'—(““'r&)'?-nrg (vin) f()= (n-2) (x-—‘),_
}( e ’ Jss SO'UfrOﬂ‘L- f)= (n-1) (X =1)
] - 9-1
27 n6 [5s .-'.'.?-'--gf{': 9-12 s {u-n"(x-n}
< ;}_}:— * -_;:l——_ 7 -Pf = d " ‘.
321 . ’,6 .-u II)IS—:S' L J_ (‘,‘_1) + (x_') st (I"'z)
1z _9+(37 9 =(x-2) = dx
= "{-T ? . 1 * g NRY
332-336 213 4 ( 1/6-12- 3% )JE"- = (x-2) (P alx)
= .--;_-7"'"’"'— 271 _ (x—l)L N lci_')(_x_z) ()
_ 247 220 E5 =i (247+220J55) fexy = (a0 L ex—1C2=2)
= =T 27 27 g(x_z){ o +1x-1}
Now )f-or" A= |..____{§':€ put " (D f,('!.) _ -1) ( ——
f'ﬂ(t_‘:.gf )= V[(u--lgf".)"‘i =}‘(" - f”(o(J': a_;_({(m—l)(
’ i Oﬁ d - -y & (x-2)
“ -.l’s'%) e ‘fjgé< H < fgf 2=<1) L (3x-4) + (3% iz
~ { ( 3 I t'ﬂ." 55 ) (8) a.
Seo 5'(7() has oML vae &= 2= 2, \\Q = (-:-:—2)(3)+(51—Q)Cl)

. (1+ 55)=-L ().u"l-l'l.‘}.odjiz)(@\ ’/“}”(x) . ay—6+3x-u = 6xl0
on S 5‘ e ﬁ?\m\% ’ 4) =0
therefore ©J replacing J55 by - €\§#& pot (=0, so (x-) (3=

| = r_s__s-.- =~ (lqulw} - y—2 = ©,6 O*7 (-JL'-.: 0
{-( 3 ) 2-1 w = L 2 - =
/\i = = - = |2=-10=2)°
')lf."' "”(-L o pot U= 2 ‘M (I‘)’ J(‘ (1) = 6Cr)-1o |

(vii) f('X)::-
sowtfon:-r —fhl)::
- f’h() = Qx?’-al

Pat{éu'-'-'c se Y

-

> 4% (% -

o= Yl

/4 L-B
- * ()= 12K ()

-2-87L==0

= 0

‘x_"-—l: o

“w = *Jd2

ThUS N= 0) 'J(.'.:-'ﬁ .

sef() has X
and #$(0)= (0)("‘ yco)y = O
pot x= I M (1;)
+ §7(d3)= 1($1) -8

so £ (%) has m-‘ﬂimum:

and $({T)= (NT)'- 4 ()
- [@)) - )= @) - 8= 4-8=-4<e

- 12(2)-8=24-8=167°
alve Qt 'X:JT-

alve at x=2. and.

£(3)= (-2) (x-1) =0

) §
YUy .‘L -l0 = 9-!°r-2<0
pt x=Lin@), £7(3)=45)

|

se $¢x) has 1 aximum valve atxs% —
3 6\ k-3
()= (4-2) (40 - (50 ()
P _ ¥
= (-%) (.‘;) . 4{7
3
(0 (0= S+ 3% % :
Qolutiomi= fox= 57 3’;""

-r{-'('x)-.-: 3-3%  =»f (%)= —6% (1)
Put!(‘x)"o, 3-3x =0 .
- B(1-X)=0 THF0 po A=

- I=% - v=v1
/7 [0}
' N=-6%
pob 2wt 105 ¢ e e at ==1

L2
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Se f(x) has minimum valve at w=-—1

- —=lnx _ B _
and f(-11= 5T 3(-1)-(~1)= S-3—(-1) vy =0 =Fl-|nxn=0
&+ (1) = 2+1 =5

> 4=Inx = Ine = lnst
[ d - ':lne:i
: the rmaximum an , b —e put in(T)
Q 5:1?udes of the fuonciion defined ° - x Po
%

; the
AL oc.c.urm3 in dzj
the following €qY Q& -—

]
P .-3+Zln€- - ~3+2 = Y <O

M y 5 —e
N w=C.
i X+ (0SK Th has Qxymum VQIUC G*—
§olution:~ § =5 e 3 m

’ _ - SiNA-CO3% = “ has Minimum
gy = cosx—sin® , FrO0="2T00, g show that 9= x
v f ) " VQIUQ Clt Y = /e.

vy ] %z
- C(OSA = sind = |= %ﬂ- solutldﬂi' = d
_ . siaes
-» tanx= { <& A= tQﬁ‘C') Takmj ‘n onxbo{:h
Five iMN 1 and UK quao\ronts 2 \ﬁ'j = N
tan®t '3 B
ith reference angle =7 > -+ Iny = xinx
_ & (Fer L0 ad. ) o (Iny)= = (xlm)
TT yr+E < SK (For TL AT Qe ¥ (1) & ©0
=R+3 T T A 4 198 xdd—i(lMH d
: . & X
so Pu'l‘. g & % {n k) C =2 __T; 4 & v L+ (Inx) (1)
“, K sinE sl ="=-2°7 = = T %
% $(F) "> 7 Q L N b Cdy L Inx
Ky--n<e (dx
- 'f”( 4)" Y ,,,-f?@:\ lA®) = xf(n-rlnx) NJ=%
Loy NOS aximom value at %= % |G a—q- =g+
<o ke ‘ \ 5 ~\ \ +*L
— - e +'=-= g_mEJJ
— i—c’\;): $|n?§‘+ -3 i L 5 ;(?ji\,/u 5 4%y -d:{;(”,nx)}
Y KL exe S K — 1+ d#
S L), £(55)=—5n5E-ess52 2" «
15Ky - c--‘-—)-("‘:i@”-ﬁ/“l'“?- = % ax d
-’fC'_u)-_ Ji JJ(K:MH‘}J;. J-i- _ri_

H-\x
- §(5E) =9z 7o

- J’C?‘-) has mi@ MVQIUQ at x= ‘5'_2_- d‘-:_, 'k.{ [N (l-l-lmt)z}
K 5K _ =) +(-L di B Lo — (T)
and _f(’f_%): Siﬂ‘;—;+°’5 2 = T (J'i)

]!
=2
2\~
+
P
3
S
2
r-n
R
™
+
~ 1
¥
S

\

T J’J: p t dﬂ = 0 So
(‘SA-) . - --J’i'_ f a_;
FO%) = R -
b ye DX RgP ma%) L0+ In) =0
Qh. 5how {:ha " » ’ 17(#0 | 4+ InX = © = |ne+lnx=ﬁ
valve ot 2=E€ * s
ln X Inexe= Ind v InLt= )
- g = — é"-—(‘i) = |nE'=L
Sglu‘tlon 1—& & (Inx) - N gy > ex=1 =+ %= L
T oax dx~ % x put x=+in (D)
_ -,(.‘..- = (lnt)‘-‘) | s % € l "
.,‘."..5 c_* - ol J I’& _1__,,(lne+|n/e)J’
p > i = (L '
i ® y e (l-lnx)é’(il) det lx=2L (e) /e
) d(ioion) LTI TR g inedl]
- = = A — d
-ra;;-dx'—:‘:’ e -.-..(-‘é-)ie""LnA
|
. .
- ()= OO0 e axe e ORI
) : e \ve at 1=/
. =By wlmt | =% (3+2In%) vence Y
i ] ——_—7:"‘——————
a9 _ (34 2In%)
;:L B —-——:P""—" (1)

ad _
put e
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sepot x=8 in v =+ £Yg) - 2y-6(8)

App!i’ca{-i‘on of Maxima ;
4 1 4 s - = - 0
and Mimima - ff(9)= 2-hB=abS e
. =) {:he. f-(,(') has rminiImom valv Qa
rst form the relation f =y L oin o
3} e f'rs h 'Ven in}ormal-:ﬂ"‘ w= 8 and PV
form Y= 500 prom the 9 : value - y=I12-8=4 d Uow
wirnum or mirny MO ed dimensions are€ gum an
2) F"nd fhe ma N I.SL' or 2'.""' so requir ke '
of § as required. by V¥ J 3 The perimeter °§ rf:’? =
' rule Example * is 20em. §f one side ‘{; F
der‘;vqhve . nd ‘vq{-{\fe rule. h 8cm. wha{: Qre the lﬁnseh "; he
will vs€ 2 der! lengt irmum aréa. of the
« MOS'\'.‘:', we 4 bwo POS"HVQ integers sther sideS f-or max)
A " is 9 and the iangle?
Egamplc * nhose SuvmMm are 09 the. er .9. " Qnd Y be requircd
Product of arre N.‘th t'he SqU = so'uflon:- Le X
other will be st be req integers. | leng ths of t"'"”ﬂ"‘
d Y :
0 oo, Let ® QN L q ( given)
SO'UtIOna"’ Drdfns Lo given a,nd-{'m"’ .2 Per‘imeter-- x+Y+ 3 'dgs) 2
o Xty = 9 (qcc. (penmete"" som °5 all 5
G
‘l‘."'ﬁ"yﬁx’jﬁl L 0-8 J
profuct = r -3 > wx+y=1 .
' 7.3 - g-("l”"-'-* 18 ¢ s 3 - N-%X «H
- fer) =9%" ) > A+y =12 =
_ A — Q)
and §7002 = 18 68 3= 6 prses=t I*8 o 5o 22 - 10
Loy =0 wb 1BXT2T 7
Pdt {- ) =0 %)= 0 WY- «4]{:8}#.\ 'Eth
o - (6 e ki hawew
»> 6x—%=° q éﬁ;}a.: fen) = S (5—%)(5-Y)(5-8
- A= O =6 O\,/\\?U\_’ ar= F)= 5 (s-2)(5-Y) (5-8)
J f’fco)_ ‘B_‘(o)_:'e 7(/;\ K
-0 in AW -y ”'«;”qu_;_j e ;tx)rscs-l)cs_j)(S"s)
PUt i . UM valve at 2‘7?\,?\/
< .S-(‘A') has i} d <ﬁ?—:~1@/ =('°)(|°_xx,o—j)tl0—8)
8 _ ' &) ]
This (s not T 6o (6= 1836 N
pot x=6 N ﬁﬂ 18 <& 0 £eR) - lo(to-—x)ClO'('?-""’) ‘3=12
. s = 6 /
o §£ex) has ARy m at ey, cot)-.:mi(""“)(x"“)
and Pt iNtY- g 3-fv > re 6 and J. - 1o§£|o-x)(!)+(-x-ﬂ("’}
Hence rec'u'i'f‘ed in{eﬁers , . ) wALl)= 2O (12-1X)
what are the dimenbsm";s of = 20 (to =%~ , -
/ -
ExamP’eZO a box 05' a squqre aso f“) = L|° (6"3{) ad f‘/,(x)_ Lo -
the Sur? f () =~ —

{
inq largest volume ff ight 'S
havin g J its held Put }I('Jt)': o = Yo(b—)=0

| ase and
oneé side °§' the . )
o b-A=0 = A= 6 pobin (¥

——

B : ancL heiqht
s ' h.ﬁﬂ"' Let Length, width d"sﬂ “06)= — 40 {0 Thos §0L has |
0 " vore base &= s { t w= 6 and Pot ' 0 )
oi- beil Wllh 5"1 S valve a of =
*J = 6.
s Volumcz-s-()l)ﬂ"-xx , Lk
. - lenath s of req. sides are Germ a rd
| *{'hoﬁ ')Lj Hencé enqg
) Eem.

By 9 ven conditoN . qpyoi2l—

- !

so § (ty= X127 v 63 .. :
(0= 2457 iy | o ty o
- Jc’(;():_- 2o — 3% ; 7(' .'(;)* paKCI .Org @q.

x_"-;: O = 7(.(8 FX) -

- x-::o / 7(7'8
Lle because % b‘-"”ﬂ)

% = o(Not PuSSl‘uath

sY
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apen bex. of rectanqular | = ftay= 2+ 122" —— D
E‘XOMPICQ. Q:se_Pfs to be mgade.'j-raam f teu) e © ‘o
wWem by 45em card beard bY cotting T»\Ut Now P"t f
square sheets of ot vl :izs.j;;”;a::lc the o' 4+ 1% = 6= °
cornér and bendmsr{S‘;ua;es to c::l:’iiflli""""'JL - 2% tX-3=°
e
d;mensloﬂs °f C°"{’ possible velum €. . -6
box having Iarges N (-x-l)(l-ﬁ FLR+
LS A= 0
: + 2R
SOIUthn.' w=!, Z:gjecttd being
th of mrdboard-.: 4o em b "
Le.:lsj;h of card board? 2. 4em 45 L e 0P i
(ol - PU - .
Let lengﬁh "j‘ each sid } 2l - ‘f”(”: 2L+ 201) = 4 2 t
SWUC"'Q be 2o L '5(7\) has mlntmum vqlue I-o‘ 5
eotting *e” From” thin Tho? L inay ¥ J= 4-Cn *
After et after cv J =1 and PV lasesk ko ¢3,4).
eoch corné’ we § N p(1,3) i3 29 pt <les
Hence ’

|en3£h 0{- box = ys-*
qidth of bo* = il

= X
hefjlnf of X

*Volome = 0= (t;s-zx)(Lq..u)u)
L
g-L% l-CIx.-lr.)

~ $0 T (Q %) r_y8x + h13

Put f’(?‘-) =0, (2R ~ -

,,H_C? ¢ —~ 30 - iy &
2 3x. +90)=0 DY - R = 3
-V"-(')f 90 = o | \ﬁ(\;dﬁ// » () = -9 atW)
".,-6'2-"'3"‘* x&\(/\; . ; = O
-7 8(u-5)=0 (U oay = © . BO-I*T _.
7‘(”"5)— AQ‘"‘N Pk’t f( 15" ok in
-t (7{-6')C7¢-f8)=,,y 5 1x =30 = *T fl:.“ Cas
U
- x= %, TT g)-276 "05>=-7—<° " and pot 7
5 N T g {'(6'): 2 Ul f v alve ot »n= £
t &= _ 6 L O awimv )
"’ f”(S’)'—'-‘ '20’276: '5.0 Uqrgest ). mln w» 3= 36-15 -r’eg — 15
11 be max1"” . _tegers A
Thvs )C('A) will sired 1@ 9'“’ of eac h s0 &9 inted o ke Pal"ts so that
pence Sem 13 TV er 4o be cot °ff pivide 22 T oir squares will 2%
s,.de os S%Uare Cdo N olnt X the 'z ta{hp_ suMm Of
. e = - K& . "o two
i e curve Y Bt Talhidne be Teg:
E,‘amPIe 5' 3;‘1&: ;5;)& Poinhtg‘; Q)* s ' ti’onl-— Let aﬂd 3 .
. ] S€S ) 2 - ¥
which 13 clo . Pt be the reg, point. For*-"’ of 10. se ':L-"‘.‘l,
y :- Le . s > &
solution w‘- — ) - 9= 2 f('ll)*: 73_*3‘
.+ Ye l- 9) and {34%) By given condirEion, ., oo-{-‘xl-qox
Qnd d:f{;k d.star‘\cc b/w (x, J _ 1:.4_( o-N) = K APV Y 3
=+ -f—('K-\- U L:: Y= § — ("'.)
ad=fe 'J('*C":-")t"' (3-4)" - f’(-,qf_ yo-lo =+ £7 -o
L od e fote - HE-) oot FOM) =0, 4a-tio =
U
x._*(q )LL-H)I' - x—10=0 = A=10P oy
> o
~ ffx’: - 1y "(IO)-:“>° ) So £ (A has ™ 6= 10
< (x-3) (-2 9 f oo and ot nCh 32 10“'1'
b 8 L o_ + A lve a Lol O a d 10.
Lt iy :H “ \mure% pwo port® of 20 are 10
So '
/ -6 +uUx
b f (R) = 2K
oY |
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Find two PosiHve imtegers whose 5 Find the dimensions of a .
o SUM i3 12 and the Producf °f- oNe > re&lzaﬁ3|€ o.} largesl‘ aréa hav:ns

with the square of the other will be maximum. perimeter 1206m-
5°|u'“on;- Let X and Yy be req,. intégers so'ut;oﬂ;— Let x and Y be rcq,u:r‘ed.

gy given eondibion] x +Y=12 o §=12=X—> | fimensions:
3 perimeler = % tY+

#|20 = 22X +Y %

= 60
3 Vo _ - A+ = :
o £70) = LUN =B - £ )= 24 -6 iy | and y= 60— —> ¢

X+ 3 (Som o; a ll 5.‘de5)
Product. = f(‘l).—. )tj = 7\'}(!1—7{)

r 3
- FOA) = LA-X

3 3
L
,f_ﬂ) =0 oF 24Y%-3« =0 '*1(8'1)’:‘0
P'Ut f d o* nrea_ Of _ 5(1).: Xj
o pa® Bnd %e r'ed:anjlg
put X =0 in L) = f“(o)=24 2° o> fen)= 2 (60720 x

'
foe) = 60 X « §Txr=60-2%

red f
nhich 13 not requr _ v - =2 —Ub
iy o E7(8) = 2U-6®) = 24 FCO) Go-2%=0 o 2x= 60
So PUt 1:8 {cha) _ _zq <O PUt {(x)-_—__-o p So
. B _ ve ” - -—2. o
so 1) has maxi MU valve at x=7% + x=30 pot 0 <Y Zlarfaecsis:;)—valuf
oo F = n-38=4 . £ex) has maximum (
Qﬂd PUt N () =F J 8 Ond b 3 f g and Pu!: ' b 3=6°_3o=3o
so req: integers are - at x=3

. : ‘ . areé 3eem anc' 200
; ot a triangle is J6em. 5f < reauired A.mensmn's '
Q -Tﬁepﬁgkm?sti? 'ina*-“ e, what are. e F‘.:; the lengths of sides of a variable
\ength of the other sides for ~aRimL .Qé@tanj‘e having area x4 e where
ern ™ Pr_ﬁ_f . D) . - . U m .
Areo. O;- the ‘l‘.r:angle? i@)\Pér,metﬂl" 'S iinam

“‘ lutfa""" et x and Y be reguired
0

| lengths.

Pp_,-;meter: -+ Y+2+y %

5 £eny - 2X+2Y

QJL(*A.) = l(‘)H'ﬂ) ‘ y

-t

Area °f _ Y
. s _ “+5+6 _ l.é- or s ref:tﬂfﬂ'a 6
I -3
p o 6 = ')(j -y 3 -
Al Area. = A = f(‘l() = 5(5-%) (5-9)(5-6) .._1.-_(.';)
3o = -
Se () wp E é
- §(A)= 8(8-%)(8-9)(8-6) ) i 4 AL ke '?'i')
-
for) = 16 (8-%) (8-9) F00) 2 L+ } -
- 16 (8-x) (8- (1le=) floay =2- B, f700= BT
f-hl) = |6C8"'x)(1—)') 7 x j'(-;, = 3 —y ULy
o f/en = 16 2 JB-0 (-] B (M1=0 & 3-1 = q
dx .x_t_
- 16 (@2 + (22 5 2= s %= 26
H :
_ - X—X+21) = 16 1o—2%) rejected
y ’6(8 7 _ _3-2_ - A= & ) AU == 6 (-_- lgnaih qlwdﬂs
‘}(x) = 1606—-32LX "*f (*) = . ‘ +ive )
pot §tx1=0 = [60-32X=0 pot x=6 10 U:?h e
" = (7(¢8) = Lank S 7 o
5 z2x=160 = A= § f7(6) T 5 16 t 6
.o Y/ q -K,_..._
pot u=5 in O fres)= -324.° So (%) has minimum value

ax1mom valve at A=5 e Yy
s fon s e Sy
an v -

so sides of rectangle are 6cm and 6Om
He nce regy dides are Sem and S
"Ié
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so dimensions 05- rectanaular garden

Q A box with a Suare base and
®* Open top is to have a velume o f

' . . are 20m and LOM™.
LI cube clrﬂ. Fmd l;he dimensions of the | |
b hich will re uire the |east material. Q9 An open tank of- square baseé of sid
oxX w Y e

A d vertical 5loles s bto be |
5 ' Eion:- Let length, width and heljhl' . u::ed r ) i m bty
ow ' | | |
' base are %L, K an v
of box with square

carisi nd the depth in terms of A
ining the inside of

he expense ©f
esp - 5o n,t o F e leas b -
3 llr Fe wX XY = x J the tank with lead ;: kb s
VO um = —p L) Le.t ‘2ﬂ3 ) ]
~ b, .. _—
- 4 = 1"5 o J= XL | 50':':*76?’:0”& wi’c:h sawa"e bgqse are
hén‘j
2 SUr§Ac€  poeg of , Areo o;_ . and Y resp -
qren 05. bex = 5qyllﬂre. 4 yer bical wals

» Yolv
-rS'(x)-.-"'-*""'“(’“f’) ov = % J
fot) = % +4rY - V/x" — P
= ‘)(_"-l“f'l(q/xl-) . 3 area .‘} + area .f fol.lr'

= ; S
. SUF';QCQ aréq sqvunre verh cal \NQ"

ft)y = % + 16X - £l = Lo+ 16C-DX

L
ey = 2% =16/, - FOO = +« + 4w
/4 -3 " L+Ll‘x(v/l) = xl‘f' qv
- { ()= L +16(-1D(-2) = - fO= X " 4
’f 2- «8 _
Randalll §.;;- e 2 fen = o +4vL’
P"’t !(7”"—' -16, =0 = 2 - 16 =0 ‘o o -L) = 19("!.{.!-
f O , Se UL /,_ = -yfg y= L% +4vi=) -
% -—f”g;} -3 > -
> () =) = x=2 o/g\? put §C0) =0 1w-U4V _ o
@) L

L] B 1
Pt In v =@ £7(2)=2" 3= >V
& AN

“‘.—HN';'l: 4

- §() has min;mum(least),\v”a;\@t/at =1
® * O}
ond put in ) =» Y= l-r/ghﬁg\a

Hence 1dm, Ldm andl i‘ws the dimensien
o

* )
> 13': Q__V_. = .= @_V)spuefn y |
L

£7(av)?) = 248 V[(le"]q: 2+ 8vQav)

Dﬁbox- b \ar = L+ 8% = 1+ = § 70
‘ : o rec Gﬂau 2V 2,
Eind the dirmensions f Q g o : 3
Qs' 3'arc|en having perimeter80 m ‘ifcits | = f o) :as Pofirsiweiien ;;r/c:-lue q&* ,;::,:)
[ \ — > FY
areo. is to be maxwnum. and Pu Nt Ye —~ - Y= ’5’)_
S“ution';‘- which s rea'uired h@iﬂ ht (depth) in tkerms
let w and Yy be * of X.
' : ions . | l ~d the dimensions eof the
ren'.uureal dimensions y by | Qio. f-g;tqngle_ af; qu;ynui; area. which
Perimetere= X+Y+A+Yy — = {_d._.s inside the semi- circle Of radivs 8em

as shown in fgure.

[ =

Solutfan:- Let O be centre °f semi-circle.
Let ABCD be rectangle which (s imside

the semi-circle.
Let [eA|= loB] =X

alse [AC]=BDI=Y

so length of rectanmgle=2x
and wid th o4 rectangle= Y

o 80 = L%+2Y & x+Yyc=yo
+ Y=lho-t —ruw

Arec. ﬂ-f f—'f(‘i)z X‘j

rectan3 le
p

+ fm) = 1Y =2x(Ho-0) = Qot—- L
/4
5’(1)': Qo=-L% =» f ()= -2

U,
put f’(x)'-:-'b Soe Qo=-2%A=0 = IX=Yo
- Xs) O Puf n (;") - )‘”(ZO)=—Z<Q

=+ {) has maxumurm Vvaluve qt

%= L0 and pu{ | 0 Yy=Yo- 20

& 6 N A

51
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. radivs = 8em (given) se |oc| = 8cm $7Cy= W+ 1=ty 70 :
. p .. Ae |/
5 aoac *+Yy= B ("i’_;irg““flm") & fCr) has minimoum V:'“‘ :
. ) =Q)-!=
o> Y= GU—X & Yo o» Me o and put in W = 3_ pr—
i o (1,0) is the required PO
+ 9= Jeu-x .. 9 == Jelboxt S0,

— (rejected, being lenqth) '

) the oiﬂt o)
le"Ft'-:dx"-l-l I{:’:hc:lt s closest t° Lthe

: Area °f __:L-x_a -’ﬂ:f(x): lxj

L & PO ¢V
+>A = J'(ot.)-.-.‘ht"(gq..,-) = 2561 —4x | Ho e Y £ + — .
* SOh’ ’ the rwvufrecl pot
f - e . by P(%.Y? and '

> f00 = . s - ,..
put .th:a ’ :’S:)':-Il { @ d= m;
- (6% (32X )1.1 3L = x:‘ﬁfi_z =5 db-:_-_ '(x- IB)"+(3-lJ . . |
A * —xﬁ; x=-J31 - flx)= (x-18)+ (xt1-) 7

U
x = 0 ¥ . o
L:jecl:e.d, I:er'nj (rejef:,::;{__ :e)l J = ':LL"' 34— 36 ¥ 3

leng th L G, i 36x+324
3 -.)f" ‘n e § (J31)= 51-48(J5) fln) = A +X
Se Po‘t W =432 101q<° f/C?t)" qu +2;x-36
) {-‘Zm)ﬁ 5&-Q3(3l)= -y ‘_+ 5 ("’-‘-’

ql\J( at 7'-=m' - f//(x):: 12 X

1= SO _ 18 =0
Thvs leng th '5- rec!:angle.:li-'-' L (un)=80 '\9\(1\9;\1 x xl ]
width of rectangle = Y= yJu 331-1)(“ +4x+9) <0
Hence climensions are 3JT and 3?9 3w :.xl::-QH‘q - o
rind the point on the corve C"*J‘;:""c",‘(’*'"ﬂ w-2 arve facters
Qii- 3'- % -1 that 13 closgal'e& the o plex ) of 1B s n-ras
. N Put A= 2L 1N M

\ \ flli
SP;'LE::-:"):: J= "lﬁﬁgw A f70= n@I+2 > ° lve at 2= L
‘ g - ‘ni valu =
La Lt px,Y) be require point . - $(x) has n:Il" ""'-";" e 5
: J Y ! - = (1 —
t d=olis tance b/N (%,9) and (3,-1) andl po t n D "y
- So ( L, 5) s t he re?u:re

&+ d = J(1-3)"+C3+')" is clesest to (18,1)

o A = (-3 Y ) Tahke d = £
= f‘(‘i): C'l-"S)L'*'(:j"'U
o fon=x +9-bxty t1+ 2]

= f_L+ 9—614'(7}")"'}" ""2(-11.- ')

L
-'-I' 3: x — ’
= '.V.L + 9-€xn ¥+ 'I.l‘-i'l—)dv-l-l +31 3

Pn;nt' wh e h

-+ £z yx* +2x-6
=g f,/(x) = IZ‘J(L-})_ —_— (Tn)
put f((“’:c’ -»> Lf-13+2.1-6= o

3 -— — F. = =)
“» LA +X—3=0 :.u)zn-:-o ..
L
- (R-)( +1%+3)=0 [ s =3
S
> we=l, X +LA+3=0 — 3—113
(rejected being a1 43 and
QHP k*) A=l qre chv}ar; ':E;?: pakc|ty.0rg Q:'E
o Put A= N (ITI') 'f 2.11'-1-!-35# @ @
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