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Partial Differentiation

Unit Partial Differentiation

11.1 Differentiation of function of two variables

We have already studied the differentiation of function of one variable. Now, in this
section, we will focus on differentiation of function of two variables.

11.1.1 Define a function of two variables

If a quantity z has unique and finite value for every pair of values x and vy, then z 1s
called function of two independent variables x and y.

ie., z = f(x,y)
Here, z possesses unique and finite value for each ordered pair (x,y) € R?.

For example, f(x,y) = x% + xy + y? is a function of two variables, because for
different values of x and y, f has a unique and finite val&

11.1.2 Define partial derivative
The concept of partial derivative arises w‘ga\nﬁunctlon is of two or more variables.
Definition: Q

Let f is the function of two v les x and y, denoted by f(x,y), then partial
derivative of f with respect to x 1s the oﬁmary derivative of f(x, y) with respect to x by taking

af

Yy or f,. Similarly, partial derivative of f(x, y) with respect to

y as a constant. It i1s denoted as —

0
y can be defined, and is denoted by é or fy,.

11.1.3 Find partial derivatives of a function of two variables
af
E le 1. Find — —% th
xample 1. Find I and 3y given that
0 fGy=x*+xy+y° (i)  flxy) =ye*

(i) f(x,y)=lhy,y>0
(i) As f(x,y) = x* + xy + y*
Differentiating f partially with respect to x, we get

if @
a=a(x2+xy4‘y2)

of
a—2x+y(1)+0
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—f=2x+y

dx
Similarly, differentiating f partially with respect to y, we get
of ad s
6y_6y(x + xy + y°)
o _ 0+%(1)+ 2
oy * o
of
i - 2
Fiy X+ 2y

i) flxy)=ye
Differentiating f partially with respect to x

of 0

0x - ox (ye™)

of  [0e”

ox Y 0x

of i

ax  7° O
Similarly, differentiating f partially with reg&@t to y

of a, N

dy N dy (re®) ‘SE

o _ s X

@ = e (1) $$

of _

ay

(i) f(x,y)=Iny,y>0
Differentiating partially with respect to x, we get

af B d (In)
dx Ox it
af 0
a = ll’l y a (1)
af
—=lny X0
dx ny
af B
ox

Similarly, differentiating partially with respect to y, we get
af B d ()
gy oy °
of B 1
dy y
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Example 2. Find the partial derivative of the area of triangle by base as well as height of the
triangle.

Solution: The area of triangle is defined as A = %bh

Here b and h are base and height of the triangle respectively.

Now, partial derivative of Area A with respect to base b is

A—lbh
2

Differentiating A partially w.r.t b, we get

aA_ d (1bh)
db 9b\2

JdA 1
5 — E h(1) (here h 1s treated as constant coefficient)
04 1
b 2
Similarly, differentiating A partially w.r.t h, we geb)
1 9\
70" &
0A 0 (1 bh) ol
oh  0h\2 Q-Q
dA 1 b &é _ .
a — -E b(1) = E (here b 1s treated as constant coefficient)

11.2 Euler’s Theorem

Euler’s theorem 1s one of the most important theorems of calculus, which contains
homogeneous function and 1ts partial derivative.

11.2.1 Define a homogeneous function-of degiee n

Definition: A function f(x, y) is said to be a homogeneous function of degree n if it
can be written in the form of  f(tx,ty) = t"f(x,y)

o [y =or Q)

Example 1. Show that the polynomial function in two variables p(x,y) = x3 + x%y + xy* + y3
1s the homogeneous function of degree 3.

Solution: Asp(x,y) = x3 + x%y + xy% + y3
By taking highest power of x as common
2 .3
y oy .y
Y) =23 |1+=+=+=
p(x,y) =x [ ~t 2t
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e =20+ Q)+ 6 + ()]
e =<0

Hence p(x, y) is the homogeneous function of degree 3.

4,4 .4
Example 2. Show that the function f(x,y) = xxii is homogeneous function of degree 3.
Solution: Replacing x by tx and y by ty
(tx)* + (ty)*
tx,ty) =
ftx,ty) x—ty
thxt + thy?
tx,ty) =
fltx, ty) =— iz —7)
_tt +yY)
t(x —y)
x* + y*
f(tx, ty) = ¢ ( )
=y O
Fltx,ty) = ££(x,9) &
x4yt ‘2\>‘r
f(x,y) = ——— is homogeneous gnglon of degree 3. Hence shown.
4
4 4
. x4yt % @-"_4)
Alternatively, f(x,y) = —y 7 o1 ; 1_%)
7\
_ xs e (x)

Fey) = (3)

x* +y4

This shows that f(x,y) = ey

is the homogeneous function degree 3.

x24y2

X=y

Example 3. Show that the function f(x,y) = sin ( ) is not a homogeneous function.

2 4 42
Solution: Here f(x,y) = sin (xxil; )

Replacing x by tx and y by ty , we get
tx)? + (ty)?
f(tx,ty) = sin (( )+ (&) )

(tx) — (ty)
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X=Y

2 1. g2 o U
sin(t( = ));ttsin( . )
X—=y X=Yy
' flx,ty) #t f(x,y)
Hence, f(x,y) is not homogeneous a function.

\/_+\/_ 3

i 5 1s homogeneous of degree — 5-

f(tx, ty) = sin (t (xz = yz))

Example 4. Show that the function f(x,y) =

r+r

Solution: As f(x,y) = -

[« rey) = 2f ()]

3y
feoy) =x72f ()
\/_+;/,_ is the homogeneous function of degree —%
11.2.2 State and prove Euler’s theorem on homogeneous functions

Hence f(x,y) =

Let z = f(x,y) is a homogeneous function of degree n, then by Euler’s theorem, we

have
02 0z

* ox 5 'y dy
Proof: It is given that z = f(x,y) is the homogeneous function of degree n. So, it can be
written as

— nz

2= fxy) =x"f () ()

0z 0z

From the statement of Euler’s theorem, we need the values of x and 5
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By applying product rule of derivative, we get

f’_Z:f(Z)i(xn)+x % )

= = Q) () ()

— n—1 Z __ an—2 N
=5 T nx"f (x) - i ' (x)
Multiplying both sides by x, we get

xg—i = A" (%) i i (%) < (11)

Similarly, differentiating (1) partially with respect to y

O
0z a _,y 0\
@ = @ (;) é;\\A‘
? , G Ny
Sor®n &
0z o P
Rl 10—
=2 G)
Multiplying both sides by y, we get
yg; x"yf! ( ) ... (iii)

ax+yay""f(x 22 [ fGe.y) =xnf(¥)]

Hence proved.
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11.2.3 Verify Euler's theorem for homogeneous functions of different degrees

(simple cases)

x2y2

x2 +y2

Example 1. Let z = then verify Euler’s theorem.

Zinyd
;;Tyyz 1s homogeneous function of degree 2. Then by Euler’s theorem.

az+ 62_2 (0
xax yay— Z .

As, z =

To verify this, we find partial derivatives of z.
x2y?

T X2+ y?

Differentiating partially with respect to x

0z 0 [ x*y’
dx Ox \x2 + y?2

0z (x* +y%) %(xzyz) = (xzyz)%;ﬁbz +5°)

Z

0x (x2 + y?2)? {\\\
0z _ (2 +y?) (Qayd) - (yRtn)
ox (x2 + yz)is.:)-
dz 2x3y?+ 2xy* y?
ox (x2 +97% 18
0z 2xy*
dx  (x2 + y?)2
2.4
B . (D)

ax (x? + poy=
Similarly, differentiating partially with respect to y, we get

0z 0 [ x*y°
dy dy\x? + y?

0 i
0z (¥ +¥%) 50y = Py ) gr (x* +y7)

dy (x* +y*)?

0z (x*+y*) 2x%y) — (x*y*)(2y)
ay (x2 + y?)?

dz 2x*y + 2x%y3 — 2x?%y?

oy (x* +y%)?
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0z 2ty Giii)

yay = G710 ... (iii
By adding equations (i1) and (1i1), we get

dz 0z 25y~ 295yt
Xo—=tT Y= +

dx "8y [E4yF (54 y2)°

dz 0z 2x*y*(x*+y?)
X T Yo = 2 1+ v2)2

dx ~ dy (2~ 4 ¥=)

0z " 0z 2x%y”
Yox Y dy x?%+y?

6z+ 62_2 o xty?
Yox T Vay ~ T X212

Hence verified.

Example 2. Given that p(x, y) = ax? + bxy + cy? be the homogeneous function of degree 2.
Then verify Euler’s theorem for it.

Proof: As p(x,y) = ax? + bxy + cy? is the homogeneci@) function of degree 2. Then by
Euler’s theorem. 0

Fot eyt = 29 Q\}ec’ (@

To verity this, first we find partial d&@ﬁ%ves of p(x,y).
p(x,y) = ax? + bxy + c&3°

8 o Zar+b

3y 20X T by
Multiplying both sides by x, we get

d

xa—z = 2ax* + bxy ... (ii)
Similarly,

d

% = bx + 2cy

Multiplying both sides by y, we get

yg—;j- = bxy + 2cy* ... (iii)
By adding equation (i1) and equation (i11)
We get,
dp  Op

T T 2 2
x6x+yay 2ax* + bxy + bxy + 2cy
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dp , 0p 2 2
xa+y@—2(ax + bxy + ¢y*)
dp  dp
xa*ﬂa—zp(ﬂfd)

Hence verified.
Example 3. Verify Euler’s theorem for the function z = sin"lg + tan™? %
Solution: Let us check the homogeneity and degree of the function.

Here f(x,y) =z =sin"! % - tan_1¥

Replacing x by tx and y by ty, we get

tx ty
tx,ty) = si ‘1(—)+t ‘1(—)
f(tx,ty) = sin ty an =
X y
tx,ty) = si ‘1(—)+t e
f(tx,ty) = sin - an (x)
X
f(tx, ty) = t° [sin‘1 —+ tan™! X]
y X O\Q
Hence z = sin‘lg + tan! % is the homoge&k;ﬁs function of degree 0.
O
By Euler’s theorem Q\>‘7

0z 0z $Q

—+y=-=0.2=0 G
*ox vy ay z &*A ()
To verify Euler’s theorem, we find the partial derivatives of z = sin_1§ + tan“l%
w.r.t their independent variables.
dz 0 X y
- =1 = t —1 _]
% Ox [sm ’ + tan ]
0z _ 1 1 i X - (—y)
ax—\/l (x)z p, xMey® sa
3
0z B 1 y

a_\/yz_xz—xz + y?
Multiplying both sides by x, we get

o & x (i)
ax \/yz — xz xz + y2
Similarly,
dz 0

X
[Sin”1 — 4 tan™1 Z]

ay oy y X
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0z 1 d /x 1 a sy
ox 2 6y(§)+1+(z)2 6y(;)
J 1-(5) x
oz y (—x) @ 1
aJ’_\/yz—x2 y?) x*+y* x
Multiplying both sides by y, we get
0z 5 Xy
Yoy~ Vy? — x? TR y? - (i)
By adding equations (i1) and (111), we get,
0z 0z X Xy X Xy
Xt Y- = T Y2 v 2 1 2
0x dy Jyr—xz xt+ys Jyz_xz x°+y
0z N 0z 0
*oax Y dy

Hence verified.

11.2.4 Use MAPLE command diff to find partial d{@vative
The format of diff command to partial derivaj[i,\\cgga function in MAPLE is as under:

G g
> dif f(f,x,y) is equivalent to the cogé?ld o in Maple version 2022.

Where, @$
f stands for function whose\%artial derivative 1s to be evaluated

X,Y stands for the variable x and y, the partial derivative with respect to x or y.
d

dx

Note: All above operators should be taken from the Maple calculus pallet.

means 1% order partial derivative with respect to variable x

Use MAPLE command diff or (% f ) to differentiate a function:

Partial Derivative of functions:
> f = (x,y) = (x°y + 5xy + xy?) > f = (6,9 (x + In(xy)
f = (x,y) — x?y + 5xy + xy? + 2x sin(y)?)
> dif f(f(x,y),x) f = (x,y) — x +In(yx) + 2x sin y*
2xy + y* + 5y > dif f(f(x,v),x)
1

> diff(f(x,¥),)

x% + 2xy + 5y |
>dif f(f(x,y),x,y) > dif f(f(x,y),y)
2x 4+ 2y + 5

1+ —+ 2siny?
. y
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> dif f(f(x,5),,%) 2 e "
2x+ 29+ 5 y
> dif f(f(x,y),x, %) > dif f(f(x,y),%,¥)
2y 4siny
>dif f(f(x,y),y,y) > dif f(f(x,y),x,x)
2x _i
"
>dif f(f (), y)
—% + 4sinx
>f=xy) = x+y+ye”) >f=(xy) = (n(x +1) +y +ye®)
f=(xy) —x+y+ye* f=&y)—hx+1)+y+ye
> dif f(f(x,y),x) > dif f(f(x,¥),x)
1+ ye* 1 x
+ ye
> dif f(f(x,y),y) 1+x
i bt > dif f (7). )
>dif f(f(x,¥),x,x) \\'\ 1+e*
ye* Sﬁ'ff(f(x ,¥),%,%)
: 1
> dif f(f(x,¥),, y)o \§\§ -arr e
>diff(f (x,¥),y,5)
0
¢ Exercise 11 ' )
l. Find o and . when f(x,y) is given by
dx ay

(i) flx,y)=3x3+y?—6x+2y—7
(i1) fle,y)=x*+xy—y*—2x=2y—8 (iii) f(x,y)=sin(x +7y)

. 1
iv)  f(x,y) =e*cosy V) fOy) =35In(x*+y?)
L The volume of the cone 1s given by formula V' = %T[ r2h. Differentiate V with respect
to their independent variables.
3. Check whether the following functions are homogeneous or not. Find the degree in
case of homogeneous function.

3 2 2443
X=X Y+7Xy“+y = . x+y
2 i) f&xy)=tan(ZZ)

1  fly)=
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(i)  flx,y)=x3+3x%y+2y2x+y3>  (iv)  f(x,y) = cos™? (xz__yz)

Xy
x%—xy+y? .
O [N =2 (Vi) f(0y) =x®=3x%8
2 2 Yyl
» P 5 _ X<ty
(vii)  f(x,y) = x°sin ( = ) (viil)  f(x,y) = ln( e )
Verify Euler’s theorem for the following homogeneous function.
: G X
@)  fy)=xy+y° (i)  f(xy) = cos (5,-)
. X+
(i)  fQoy) = xy—x (v feoy)=n(57)
Jou Ju )
Ifu = x*(y — x) + y?(x — y) then show thata 3 5 = —Z(x - y) .

34453
Ifu =tan™? (%) then prove that x% + yg—; = sin 2u.

Use MAPLE command >diff or (—(% f ) to partial differentiate with respect to x and

y of the following functions: OKQ

i)  fy) = x*y+xy+xy? (ii)c’\\‘f'(x, y) = y + xcos(y)
_x+Vx ,S‘r

i) fery)=3r%

\Q
Review YXxercise 11

Multiple choice questions (MCQs)

(i) Given that f(x,y) = e*” then fx =
Ty
X y y+x f'(x,y)
a) — b) 1 c) % d
@ 3 (b) © = D ey
(11) Surface area of a cube is a function of variables.
(a) 1 (b) 2 (c) 3 (d) 4
W 9y
i11) Given that g(x,y) = cos XY then == =
(iii) g(x,y (y) -
X e X y
(2) Ty (b) y (c) ~ d)—=
(1v) A function tan (g—;) is a homogeneous function of degree
2
(a) undefined (b) g (c) 1 (d)0
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(v) The perimeter of rectangle is given by a function P(x,y) = 2(x + y), where x and
y are respectively its length and breadth. Then sum of partial derivatives w.r.t their
independent variables is

(a) 2x (b) 2y (c) 2(x +y) (d) 4

(vi) Giventhat z = f(x, y) is a homogeneous function of degree 0 then x g)zc +y g)%- =
(@ &+ f'xy) b)x+y (0 @ f ()

(vi1) The area of trapezium is a function of variables.

(a) 1 (b) 2 (c) 3 (d) 4

2
(viii) Givenw = f(u, v) is a homogeneous function of degree 2 then u %_w +v g‘:

@ @+v)f'wv) ()0 © = @ =w
. : u 0z
(ix) Giventhatz = y (v) is a homogeneous function of degree 0 then v =— P
d
(8) Uz (b) 0 () —u@ (d) —1

(x) Let f(x,y) and g(x, y) are homogeneous@glons of degrees 2 and 3 respectively,

then degree of homogeneous functions ﬂ%& 1S
qu Y)

2
@ 6 )1 \@ © = -1

2. Let f(x,y) =xyand g(x,y) = xy be the homogeneous functions for the areas of

rectangle and triangle respectlvely, where x and y are their independent variables. Are

f+9.f—9 fgand A homogenous? If yes, what are their degrees?

g
Verify Euler’s theorem for the function z = \/-x2 + y2

4. Given that z = g(x,y) is a homogeneous function of degree 3 then show that
az + 0z —3
*ox TV oy dy =

5. Given that y = f(u,v) is a homogeneous function of degree —% then show that
6y T vay -3

6u dv —327)

: . 1 (VX—Y Ju du
_ 1 _
6. Given that u = sin (ﬁ+9 show that x =— 32 TV y = 0.

33
: — a1 (XY Ju ou _
Given that u = sec ( e ) , show that x 5 T Ty 2 cotu.
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