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Solution of the 'l:riangle

A triangle has six importont e.lemenf:s}‘
|difference o f i

les and three gides.
6 f these S'L
~hich atleast ene

three ang
94 any three put

elements, ovt of
side , are §wen, the remaining

{hree. elemen‘ts CaMm be datermined,

dn AABC, angles are dencted

bj X | @ and ¥ and three sides

°PP°5"h Lo themn are denoted by

a-') b al"ld C.

Tables of Trigonometric
Ratios

n the solution °of Er ,,
may have Lo solve problemg{é‘

angles, we,
N

§ ff\\f
ys 6O and 90. 4n <5g;)@~fcase5,wc

, z‘llll %
shall havé to c_o;\;:‘g;}j)f.@%atural
/\i N

ginfcos[tan k?‘@kés
" —e
NOtei" Tubles/calr_ulatar' il alse be

vsed for f—i’ndi’ng the meaSures °f‘
the angles when value Of l:ri'gm'u:smd:n‘f;a

' raties are given. €-J.,

\ o find 6 Hhm___l
Important points about

Tableés
figure tables the

+ 0n four-

interval is
corrPSFonol.'ng Eo
are qiven in the di)fference
columns.

¥ 4n given tables v€ have tatal
16 - colormns. Firs

{,2,3,4,S minutes

in degrees £rerm

ten Calumns aré Of- angles

N i ute Wi kh di;‘ference

as @ jncreases

www.pakcity.org

Find Ehe value of
. ', g’ '.:i)l'.an6‘5'3o'

9 and cotf decrease

“} from o to 90°. So fer
ot @ the ~umbers in
di fferences are

413 U
Since coyf, cose

o508, cosecd and

§ minutes and chﬂ:ﬁl’eme. 1)

 column on extreme v)

the column aj— the
sbtracted

Exercise 12.1

Qi Find the valves of:

Solution:~

ii) COoS

i) tanl9°50' - 0- 354l

wv) cot 33' 50 = .49 20
o5 42 38 = 07357

Please visit for more data at: www.pakcity.org



www.pakKcity.org

viit) ces 52°13" = 6-6127

ix) cot 89°9 = 0.0149

QZ. Eind 8, if:

Solution:-

i) siNB = 60579l

- 8= SN (0-5791) = 35° 23’

0-9316
= €05 (o- 9318) = 7_|°9|,

i) cos® = 05257

-y &= CO5
W) anb = 1. 705
- 0= 1o (1705)= 59" 36
v) tang= 21943
o = tarn' (21-943)= 87°237 ¢\
S
"\/i\'\v} <,
vi) sinB= o6 s186 fr’”w’”Ui@\/
= &= S‘lh—' COSIB%%SB,IN}IQ;
L0

Solution of-{&\éﬁﬁ%
To solve o f@h triaﬂgle , WE nave

b §ind®
di) the ~neasures 0
- W) the leng{:hs OS_ the thr

Note:-

§ two acute angles

ee sides

A tr'i'jonomel:rr‘c rakio of an
ac.ul:e anglg of- Q r‘ijht trianﬁle
- olves 3 quankities leng ths of Ewo

sides and measure of an angle” Thus
three aruvantities

f~rd e third

CGSQI.Whe” Measures of Tvvo
sides are &iven

Example .

ABC, N hich b=30.8, ¢=3/2 and

{=90.

Triangles |

50[!/6 the rl'aht Elr’l'anglc_l
| and

www.pakcity.org

Solvtion:~

From {=9

CoSck = b -.:_3_?_:?_._-_-0.37_%
c. 37-2

oy ot = CoS (0-8296)

o= 70.-8595, A= 3Lfaé‘:
CaSéI- when Measures of One

are Gaven
Solve the r‘fsht ’crianala,
8°|3‘, b=|2.5'1 and vY=a0"

Examplé 2.

i whfch =5

Y=96°
¢ =7

o= 5813, b=1251

a= %

X+ pT V= 180"

s B= 180° = X-T= 180°-5 3

g @ = 31‘&'4'!'

frorn F.a .

13- 90"

a = 202365
siNn X = Q-
C

Please visit for more data at: www.pakcity.org



www.pakKcity.org

Exercise 12.L
‘ the unKrown amgles
Qi' E":;d srdes of the followirn g
triangles:
Solytioni= (i) Here

a=lL, *=Uus, V=90

b= c= 7 , ﬁ:"—?

. og,t-l%-f'T": '80.

p—)

v SiNndk =

www.pakcity.org

L o = CSIN oA

A
(._f_;’_*_._): s J3

o= 10 Sl"""iédi""F 10

. a(.i-P-f"'Y:: |80 o -

-¥ = IBO.-—- 3 8
;... 180"~ go'—~ 9o =30
. p=30", a=5/3
Hence =060, pedo, &
(iv) Here
a= 8) O‘:-:."qo.} Y'.-"-'-' 90
b=7 , ¢=17 , =27
x+p+7T= 180°
-> p:)&o'—-of-—'f
P-_-lao'.- to—90°
=l P":" 6-0° A R
v SN X = % - C©F 5'ino(== sin o
A0\
KO = 8- - 124l
"\x'—) -y 016('3
_ ccoset

4o
| o b= 12-U4 €05
q
- b= q.52 e
Hence b-—-Q-‘Jl"l, e =12:ub4 P
|(V).Here. | -
c=15, o¢=56, 7=
% Q:.':? . P:‘- Y, b:“
o<+P+T=~. }80" g
| - p-slﬁﬂ'-a":f . ) s
- 180"~ 56— 19 ey 5
& C O
-)'ﬁ = 34
. siNK = @ o a= ¢ SinX
- a=(15)5in5¢ «(15)(0:829)=12:43%
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w RFPT V= (80" = B=180"— (-7
- ﬁ::-- )80°—f(5“—9o°=a€°
Yence, c=8J2, A= lS", T2U%

Solve the ri‘gh‘c l:r:‘cmj}e ABC in

which 7= 90°
on 0‘5:.37'2_0’} o= 243

Solytion:— Here,
" a= ZLISJ Y= 900

o=37"20,
B=1, b= 1, c<=!
-tof+P+7'= 180°
A=T

- p= 180" —
« 180 -37'2.0’—90'

www.pakcity.org

=>a = (r73¢)(o- geg) = (5G40
 Hence, a=154o, c= 1734, B= 2720

QL’. a= 3..¥ ) b= 574

a= 3.28 L=5-T4 , ¥=19o
C= ( 5 @:.." p X = ?
tOnt?(ﬂ 9—"— = _,3_.3'-?- — O S66
b 5-14 b

o o bar' (0-564)=22"25

SN = %"—-)- c= L—
sinek 3.28
=p = 3'?-8 _ 3-2-8
5in1q°.s’ 0419
. - c= 669 A pes7y C
A+ B +T= 180°
- g= 180"~ xX-T = ,8011:1-15/_%'
o) p= 6035
X = ZCVZS,

a |t} f,.f—-l\{ > ,
|‘HeAice c= 6-69, ﬁ:-" §o’3s _

-r F = '5'2:[10' L ?\C
A P ‘xu,/c 5
v INO < %—'_ - a. ﬂ{,ﬂ\}i!fng\/n . b= 68 4 C. = C" 2
SINA e fr#‘_g’ oy A
| 3] 20 a
P LIRS PY <~f”a@§ Qalytion:= Here,
0-606 L ON bo 08.4, c=Q62, Y=90
-‘._b_-_:tb.SO( . | Ia."'.'.:"'—7 d\’.‘.".? 3 P:?
c S
- b-_-_-_ qp|C,é%\\3\7.2_of= LQG‘}(0'795) s CDS cx__.._ __bZ = 6 B.q - 0.7”
- b= 318- 795 Y qQé-L
geS W e il ; (o-711) =444l

Hence, c=uol, b7 318-793,

Qo 1

] Sl.n A= _e"'é__ ﬁ, Q= C.S;nﬁ(

o a= (q62)Sinu64l’
o = (q 6'2) (o-'lo?:):-:d?-‘ A

Solution:= Here
_¢2'40’, b=196 Pt 10
0;’67 )a { = ? il A
- 2 e / _*-P_‘: lBo_.O’w—-T-: ‘80_
au-r_'.-f-Yﬂ 180° = ﬁ= QS'lq,
8 0. 7 o Ve
- B = ISO‘O("'Y _Hence Q= 67-6, K= agul P = 4s 19
_ 180" - 62740~
| Qbsuza, e 62
= 2720 ;
P | Solution:i— Here
cnSol = _b_._yc:_-_._b_— C !a.-s_qzq, C = 62‘?(4, Y‘:?O.
C CoS o~ - 2 X = / ':-"_?
6 4 - ! - ’
s (9° / ] siNKX= — ':-——-""-'-'*'6663
CeS 62746 6-45 9 a 244
sind = £ = Q= ¢ Sin ot > o= Sirn'(0-363)= 5936 )
- a=(1734)4in 62°Go” coscr= B *
c.
/
A b e
4

Please visit for more dataat: www.pakcity.org
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e b=CC05ﬂ< — 62ql{ CQ-SSQQBGI
Angle of Elevation:—

- b= (§294)(0-506)= 3181

wspd T = 186 when an object s at higher leve!l
| P _ jgot— X =T = 180" 5. o' from the observers’ eje€ then the
~ F= } -® s Q"‘Jj]?— made bj observer's ej¢ ie

r -2 4 .
-?P 30 4 o ) P Cq"ecl anjle O} e(eVahan.
oL =5936, P-‘=30 24

Hente b= 3] 84,
e %n £3.,
QZ pe= 50 0", C= 06.832% m<L AOB 1S angle of Eleva tion
SO’Utiani" Here :;gta‘;fon t?bserver —> A
B = <0’l0’, c¢=0.832, Y= 90 ' )
a= 7, b= 1, o= Angle of Depression:=
= o{—l-P-i- v= [8¢0° " When an obj'ec{: s at lower leve l
L ae go-p-7 from the sbserver's eye then the
angle made by observers ey e IS

=186 - 50" [0'-A0°

oobscrve.

=< = 39°50°
an-l' .
-® d: — ——:CC Sd { .
: €03 e b i . AT e [ m&AOC 13 angle anle of depression
& b=(c-83)03 39 S0 of depression.
C

A f"“x{«\ .
b - (0-83 6-767)= 0638 O{\%N\

(0 79( ) f (?:\\,v’ E xam Ie i, A string o - (object
singds O «'“&(/ﬂ .. J f a Flyim Ject
incX = = ow Q= CE&:{\/“ kite is 2,00 me ters lol"'\a) and iks qg.‘ g

o\ of olevaktionis 60'. Find the ha..ijht °j3&b¢_

Rite above the ground taking the string
Lo be streches.

Hente | Q= .- 533, b -
Hights and DIS tamc€s o~ posikion of abserver
B = position °f Kite

t of kite = h

To F;n(_;l beiahts and distances, heigh

the followim™ g procedurt is adopted: e

1 Cmstruc.t o clear [abe."eci - gn £ OAB,
wn measuremen’cS-, sin 60" = ibgg

<hewinyg the Kno

2) establish the rela
n{';l'.‘l'es N the d

E‘ianSh;PS be tween ' > h= 2005in 60
[N .-:(2,00)(0-866

Ths height of ki

)::: l-l3‘2hﬂ
te 15 173. -2m

|

i‘aﬂram to

the qua e
form eq/uaHOﬂS conkaint™g |
tra‘jonometru‘c ro bios - E%GMPIQZ- A surveyor 5tand§don
3) Use tables/calcvlator to Hﬂd the top of ) yorm high hill by the side of
the solvtion: o lake. He observes two boaks at ?"'
angles ©f dqprGSSion of mea sures 17
Anglesof Elevqtron gl o e e baats are e sam
and Depression o apt tme vith the Foot *F the bl
jUSt be low Lhe Gb.ser"fer: F'll"lcl the
distance oot reen the two boaks, '§
they are on the samé side of
the Ml
| -1
.&) pakcity_org U ]
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Let T be the bop of hill and M e
the foot of hill. Let A and B be the

pbs',]-_—ions o’: &Hwo boats. So

Ml TBM=mLlXATHE= 10’
e TAM= MmLATA = 17"

TM = Lyom
Let 8A=X, AMS= J
. M
9n ATAM 5 tan1 = ‘TA—M
4o pLuo
- tani7' = = =+ Y=
Y : tann®
03051
. T
o __ 240 Q)
> tanlo = 55 2L
~ g Ehe o 2o S
an (0 ol}ﬁ}y

o> % +T185= 1361160~

A NS
- %= 136l 16=TBS = 5T6-1om

Examp|€5. E{Sﬁg}a point (00m above
the surf ace o{—}i lake, the angle of
elevakion of lake of a cliff is found
, Lo be 15° and the angle of depresasioh
’ of the imMage of the \ake is 30.

J the hel'ght OJ‘, He PEQK.

Ein

| - . e i ———— ——— W

j?
Let p is (oom aboVve s T‘

from Surface S of the lake.

b T e bop and F be the foot of

cliff, alse T/ be image ef top (peak)
o{ khe C“f{' Now

@

Please visit for m&

www.pakcity.org

TA
o pa
So Ta‘nao e b_i.._e-?—
W
Tan30°-.= _h_ L9
. p &
= Tan30 = Tanls°’+ -2-'-9_,-3-

=» 20° _ Tan3o—Tanls®

*
= 6-S774 - 02.6-'q
. 200 _
9(9,»\ T ol 1
;3\,! (f...y Y = 2.00 — £46- 4 |
‘ o209
bi _ Tanl5® o h= xTanls’
> he= (646-t1)(tanis)
h= 17320
- het‘jh’c GI- Pealk= h+100= 113-20+|00
= 273 20rm

Engineering and Hights
and Distances

Ex,amplel{, An O.P, sitting on a cliff

l900me{ers hllﬂh’ f—"nd’S‘ h;mSE’lf in the.
verbical plane ~ith an anti-air- craft
qun and an amunibion depot of the.

enemy. Observes that the angles of
depression of the gun and the depal are

¢ and 30" resp. He passes this information
on the headgquaters. calculate the distance
be kween the gun and depot.

Solytioni=

Let © be the Posi' kon

A&e—-

1900
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In F“S'J OC= |q0o0m wh= 7.5+ .8 = 4.%3m

DG = = .
x, 6C=] 03 at the top of a cliff 8om high,
mL ¥ oD= méoDC= 30° e the angle of depression of a boat
rorm the cliffl

is 12", How far s the boal f

on &6 06C , Tango' = 6c. _ 190°
=2~ "g |Selution:= Let = be reaguired distance
then tanb = __@-__-_d_

> Y= {300 = 1694.-977
tanée’ o —
& ' AC 8
5“ HOoDC tan 3o = e - 'l:ann_._: g6
DC >
i e _ |QO°
Whie ¢ nt Y T W RS . o
"10050' - BC? W #
& v 3qo-8a— 109€64T 01125 JL
€W = "
A ladder leaning ajaihst a

le af

» ver ktical wall makes an ang

stance by 9U" and depet

Thus di
iS 219G m. .
ExerCise 12. Ow”“\\‘\\ N

A ver tical pole 1S Om h};af';fifav
Qi. the length of 1ts Shac{\otg;ﬂ Em.
le of ele\{@{z‘%’h of the

th{ 'S the Ctl"\ﬂ ?\ N
sun at that momeag\\' E\Bo
§olvtioni- \ﬁﬁy
let req/uirg}i%ﬂgle 's 8
then 5
C g - :
{:an9=-—-——-=-—=33 Qaﬂktfe 19i :
""A_E' 6 ! l tt h {ij' 3 at QA he_‘sht of 67-2'“
e =i 28 i« altached o fully stretched strimyg
-0 = 53"7?,3" P hor’izontcxl. Find the fer-\gf_-h o} the _c,t-r.'nj_
2 A man |8 dm tall pbser ves that SOIUtion:"’ Let L be Qenjih
, the angle of elevation of he kep |of string then .
of o tree .t o distance of 12™ from $ing = Bc _ 672 /
i 1S 27", what IS height of the tree? AR q \ -
. e 6. Y / ’
p — S D
Spldtlon:-' Let AE be height of man - RS f-
nd h be the height of tree. >l ST2 - 82.03m c
B 5in55°

Q6 When the angle between the
«» ground and the SuN i3 30, {lag

h Po[g casl:s Q shadow °f 4Om long. Fi‘ncl
the hight of the top of the flag.

o pakcity.org

Please visit for moredata-at: www pakcity.org
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pme——

7 AC-CD

Sdu fl'on;. =T -
Let h be he.ljhf of qujf then _ 32.7.08-?.‘10-¢41
tang = ——:E'— - D oy X = 36571 o
AC 6 P and Q are two PO'If'\tS N hine
h Qgr witha tree. 3£ the distance
- fan?ao - —— GI {bc
- be tween P and ), be 30m an -
- h::-‘dO!:QHSO" aﬂg'ﬁj of' eIEVOHC’n o} the '(':GP ff €
t t p and Q be 12° and 15 resp-
o Rawir Ty i he tree
-+ h cind the height °f ke
= 2.3-’!’7" soldtian:-l_et h be &he hflgh Q)fq
QZ = P’ane 7"3;‘[’]3 cll'r"ec{lj QbO\fC o. |tLree and ol be dl'stance Fr'amp bo
.Post €000m. away from an then 8
ant’- aircraft gum observes the gun | Tan 8 = AB
AP

at an “angle of depression of 27°
F‘fnd the heijht' of the P]ane_ %

Safuffom- Lelt h be the hm‘jht of
plane then

tanb = -f-;":—
AC

0-26719
Comparin § 4y and (b

h _  h
0-2674  g.2126 30
2 h = 350

-+ h(4-7058-3.7327) = 3¢

(e- 17 3°)h=30 - h=30
67130

= h= 30:9m

o the opposite sides
¢ of o 100m high TowWer. 4f the
the. angles of cleyabien of

the top of the bwtrare 18' and 22" resp-

. www.pakcity.org
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Solition:~
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' QlZ.mC angle of elevation of the
bop of a 6om high tower from

of the tower is L5% Find the
Ehe top of the tower from a

o Poin{‘. A oD the saqme level as the f-mt

ahﬂle oF
point B

2om rearer to A from™ the foot of the

tower. »
L.et d|5{nnce b/V‘J Aand D I'S x| s l t" ‘
and d;.StanCe b/w D anclc s x)_ o v |0n;""
alse h is height. I
tan8 = _g:b__ = tanlB’'= 22 &om
AD %y
- = 122 A= 3076
tanls’ i /|
| . A .0 B % C
Alse tan 22°= ___.._.BD = 100 A2 —
Y. 2 Let X be the required angle. Let %
- Ay = _{:_19.9___- _ oo be the distance frem B ko C
an2)’ ; | . '
-+ X 2U7-S e : :‘?@‘\@“‘9 = £P ., Tan1s’= €0
= 7. \\ <‘;}) - RC- -x+lo
: OEN -
Reﬂv. dlStﬂﬂCt -:.-'KI-{-'K}_-.-: 307_76 "')-Q@\SS\ X+LO = &0 X _ 660
6'/165@ tanxs 046 63
’ 55&\9/ — A+20= 128.67 = x=128:67-20
A man standing&em anwa ]
‘ - %= l0B.67

Qi ¢ from a Jcodg-@oh, ces that
the angles of tb@?qbﬂon o the

top and {:he@/&éjitom of a 4 '

the bop o} the tow & are 6 and 6L
4 the length of the

respectively. Fin
clag staff- o

Solytion:-
Let % be the length of )(-lq 9
staff then tan@ = ¢€b_
AC

- tan b = £2,
40
e E__[; = 60'&0”6?:

4.

§0

12 3.0l

$6 %= Be —Cb= R3-ol-172.84
wy W = 10 177 ™

Please visit for more

lag staff on

E 8 PakCily.org : .

Now tand = cb . 660

013

bu:'loliﬁﬂ
is §0°, Find
Solvtion:-

Leth be the heia
~ be the hEijht

[+Y

data at. www.pakcity.org

o o= kars'(o.5521)= 2864 167
Two buldings A and B are loom
*apart. The "angle of eleya btion
from the top of the building A bo the
top of the bvilding 8 is 20"
of elevation from the base of the

B to the top of the building A
the height of the building B.

khe cmalg

ht of buf(d'rﬁj @ and
a;. A then
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tane-.-f_-_-f::- - tanw’ = PE
D loo
w DE = loo(0:3639)
— PE= 3639
NOW th’I 50. = .A__—C'—- .o IE =100
100
- AC = 100 (1.1917) = U9- 17
wh= BD +DE= AC +DE=N9.1T1+3637
h= |556:56m |
A wirmdow washer 15 wearking
Qll{o in a hotal bvildiﬁa AN f .
: om £r
Obse-r.vcr at Q clethce OF L
the angle of

the buildirg f1nds

ves m

the a bserver rmo ldiﬁj- £

away fre”” the B

elevaHO
anqle of B\ O
new 9 >\

- N
2
Vi el
A
\\\ '\_‘J _\_""
N\
2

015.

that the measuré&

elevokiom o - atl

; H’)C C.af"'lq J
e ©

S‘d ; metﬂr‘S

bank, he Hnds the me‘asu re e
of the angle °f elevabion of

Lree as 30°. Find the height

b~(\ ¢

www.pakcity.org

| of the tree and the width of

| Lthe camal.
SolpEion:-
Let h be raq/ufr'ea! he.l'Sht'
and 2 be reoVuirecl )
Nidl:h So ':.
h
4 /" ,:
A 4o Do AR .- C
tanb = BS 4 tanso'=h
¢ D
20 = _‘?_
= |.773 >
49\@\* h= (.11320 X —_— D)
V=g -
) Now tan30 = EC_-
AC

240

. 0
» h= o.-5773x+ 25 s

| C.amparr'ng () and Cir
. 73200 = o< 7130 +23:0900

- .1547 L =293.09%0
W= 23-0‘1(10 — 20m
1. 1547

- width= %= 20m put in ¢\)

o h= |.77320(20) =34-Eh
‘ heijht = 34.6 Lm

Oblioyue Triangles

A triangle which is not r'fghf angleol

is called obligque triangle ..

PExamFlesz'.-—
¢calene

l:h'angle_
':r'i'Oﬂslg

-

Ealui later‘ql

TIsoscelesS ’crianjle,
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To solve oblique triangles we vse @i~ 9§ LABC S right, then

i) Law of Sine i) Law of cosine

i) Law ©0f tangents iv) Half angle  |Thesrem (¢ Lo

‘

o{.‘ coSIMES reduces to Pj(-.hqﬂomus

form vias

The Law of CoSiNe

dn any triangle ABC, with usual .
~otaktions, Prove thakt: The Law Of Sinés
" o=yt - LbecosSes
i) b= c."+al'- 2ca coSP
) c = ¢ +b — 2ab cos ¥

Proofi- 9 amy triangle ABC,

oordinates of points are A (0, 0)

BlccosX, -cSind) and C(b,o0)

B Ceosd,csin«) b

- h<= bSinta — 1,

83 dista ¢ wrmula. Lla rfght l;r:'nﬂjle cB8D
L g
' i ] i\ ] = <D i = —
lﬁc" :(cc_oSO("b) + (¢sind 0) 5mP = - SINP -
2. :.
-y q:' — c_LCoSLO(-F bL—le.CC’So( LN SI N A = h= aSin P D
= ;(ce;“ +55"’L°<) +b —2bccos from oy a.SNP= bS'n
v B ...g:.-— - ...._b—-— —) Lul)
o0 el tbees -
) L coSX
g - b +¢ - 3 T s;milarlj i{ we draw a lar from A
to Bc. then " _

™M ; \a r'ﬂ P

S —————
' > - C_L_} aL . ycacoSP sin p sinY
j Ial ¢n. and (V) we get

- a"-&-f-— 2ab cos Y |

t: www.pakcity.org
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The Law of Ta"’jehts

ABC, with vsual

b Ean ﬂ
1) a—> = 2
a+ b Y,
“ a7
") b—C = tan E—T‘
i tan 'ﬁ__'f; |
i) c-a - tan Y — X
cC + Q
tan TV o of
2
Proof:~ .
we have
a - b = & = D(.’)Qj)
Sin A anP sin'Y
DN
then a = DSinc, b= DSinp , €= D Sin
b Dsinot— DSInf _ AB(Sink=3Mpi
ot =
o+ b D Sine f-DSmF ,B/(St[}y P
ap\
- /Z C&S m—:{—_ﬁ Slﬁ W}f\/
N
" ot-}-p\f__. ! p\“_p
& ¥ :if\\?*\j% >
= ey Y
a-> . tan "‘,.::_.E
-ra-Ho 2 if o L
tan 1P
p A
5\mf‘ﬂrrj N v
an —m—
b—=. = -—-———'—'}" if byt and
tan P17
bt C =
Y — &
_f.:_e'- _ kan i £ cya
C+ QA S ———
~ + %
tan ....-—-2-_—

that
b~ an}y triangle ABC, prove A
n & = /ts-E)ts-"‘"c)
N be where
_a+b+c
i) thP/z-- (s—¢)(5-2) 1S=Qa
(e |
) 51n'l/' (5-2)(5-b)
z ab

www.pakcity.org

7 2
coS K = b"-}-c,—- a
2 be
2
msoc.osac-r- |— 2 SN .?‘i-
- ?.Sinlf— - \— cosS A
. 2 b A 2
L +CC — &
= ) -
2be
R
2 Sin & = Lbe-b-c +a
2 be
m— Slr‘)ff a_L-_ (b:--f'cl_ZbC)
= R e
Lbe
.
= a- (b-c)
——-——-—-—_-_
Lbe
s;n‘\z:. _(at+b-c)(a-(b-0)
ALO, =~ -
o2 Ube
' = (a+b-c)(a-b+c)
Ube
in"g:_-_ = (a+b-c) (at+c-b)
a1 Y i
bbc
2
- Q4 b= 25— C
= at+b-C= 28—-C—C
- 04 b—C = 25-2CF 2 { S )
Alse Q.-I-B-f-C': x
- Q-+ C= 25- b
-r O+ C— b= 25— b-b
Q.+ c-b '—=?.S—Zb-=2.(5-b)
N 2 =
= Y4 be
L (s-¢)(s- ¥
- —/
4 be
- ¢— ) (s-b)
SN Za = L )
L be
- SnG. [f_a-fifi;'i
& be
o BcC
o o 1S meaSuUre O)C ang]e )(AA
9;___ < 90" = SIN 5'-5-2‘ — +1Ve
12

ww.pakcity.org
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Sirmt lCll" l:j,

ﬁhf"f"\m) , sin{--:
. ca

b) The cosine of Half the angle
In term of the sides

tn any BLABC, with vsval’
~ota Erons, prove that

/ (5 -‘a)(s-4)
ab

www.pakcity.org

COSLff = {45 (_'S—Gl)
& 4y be
ey c.ang<_ - s(s- a)
> il
be

=¥ cosX _ fscs—ct)
e bc

. & is measure ©f anglc of &ABC

ot _ S(S—Q) . _?_‘_ '5 C.-Os.e—(- - +|'VE
i) CoS - = / ] ‘ IS acute g >
Wbﬂ’t . | ' 4
S'Mllar j.a . =
i) cosp - [SCS-B) 25=a+b+C | B sC3—b) cos L. =~/5(‘$_d
i) cos L = /Sc;::) c) The Tangent of Half the angl e
P in terms of the sides
roaf:-—' l
'argle ABC, with usv@
Al c,_; CostNES Jﬁz iy triongle :
L:‘-I-C_L D.L ﬁ@hhonl prove {‘ha : \
A = _ ~—-\ (L _ -
2T e loyian s = faBGma.
. ﬁ\.‘/\ N ' J( s_ Q)
O‘Qﬂ-\ - s . where
A IS o r 3 ) - f{\\/ el . ) b c
cosd= 2005 = ~ (& i) ton P - [s-0)e-a) 1s=a+ b+
AN + 3¢s- b) '
-y A | >
LCos & = M QO iyten L - [Goa)s-b)
K \i\\ Q\V,- 2 ""_5 ("3_ c)
(/_EA =Y "/
(Bt -a
= AV e Prroofi- —
N N ,_+ L_ o SiN ?_.: - \/ET__J.(.E:——— ond
1(.»5-‘3{ = 1betb¥C be
S
2 bL . S v \/ 5(,5-0")
i 2 > L
lCoSLQ("‘ d (_l—aj:i)_:_f'__ * \/(5_5)(5-1:)
y 1 b C e 2 = Sin bc
1. an 7 - —_—
o CDS%G‘( i (b+C)L"‘ a > L cos %/, / s(s—-a)
_— — -—‘-——-_—-—___—- L
. Ubce be
L b-f-C'l'a)(b"‘C"'a) | o tan - _(_f_'_'_"_)_(f_:‘)
g = (brery T = )
L o = (_a+b+c)(‘=’*¢'a) g,m'ular ly,
_— - -'—_-‘_-—-__’_9
e libc ) Fﬁ)
tan P:. i 5¢S-b) '
o+ b+C = LS —
) Q. ¥ 4 (S—ﬂ)(j'b)
-+ btec = L5 e | tom /?_ = —
—a =252 SCS
btc—a= 158 a
= 2(5-9)
< L -
ol =
Lbe
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SOl(thn Of Ob"WUC
Tr:angle
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Exercise 11.4

Solve the triamgle ABC, i £

We know that, A triangle can be S
corstructed if: D one side and Qi. p=60" Y=15" b= ¢
+ WO ansle.s are givens or : |
il) two SljcleS and their incloded aﬂgh'_ SQ,p‘tIOﬁ: 0‘+P+7'—'—'—' 180
are gwens °r - O = tGOO_P-—Y-::lSO. 60.'—‘15
iii) three srdes are given. .
I 'U‘) X = 05
. & e Same Way’ Now Law o{‘_ sire, ...9—'—- = ...L?_—-
An Oblioyue triongle cam be solve if sinek  Sinfp
i) one. srde and two angles are qiv L $in & JZ Sin |0s*®
en » vl
or u) two 5|cle$ and H)E’lr' :ncfudecja (e sinP sir"i(;o‘
angle are Ve, or 2.73 =113+
‘lﬁ) 'three S\'C)‘!.S arc 3iVEﬂ. - a#ﬁ"" --J"__:‘.?.s
Case L.
When measures of oné 5ieé, JEsinlS’
& A A Si
and two angles are 9|ng<3@_‘\</ -
N\ <
f"\/ .
Examplei Solve the triangle ARC o o
9:ven that = 359!7 %{5@%? 4 b= 42l 73—\ = J3- |
\:\1\ O\
Solution;= - ct+pl+ Y =180 a=J3+1, €=J3~)
- 7= 180 —-&«%{-—P 18" -3517- 4513 99°35° @ 89.35
- 1= 99 30"
X+ P +7= 180
By Law of SNE; * A
S X smp
o o = bsinet _ G2)) S35 o —|Bo'~ SL -89 35 = 38 25
SlnP S'nqsﬁla ne ‘ _ b
o - M 343 SiNP
67 oqs _ §4.35 5'n 52°
Again e - b sin38°25’
sint sinp
o> te LsinY _ (4il) $in9030”
sinf siny5°13’
-y = C{?_l(g_‘]863) = =ac
60:-7109 3
_ (89 35 ) 5in 89 "35"
0 7 __________-—-———'
Jience, Y= 9936, a=343, ¢c=585 sin & sin38°A~5
= M) = 14378

Henee

14

5 pakcity.org B

Please visit for more gate at

o621

0(7-'58.25’ s b=||3‘37‘, C= IQ3-78

www.pakcity.org
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@aﬁcw

Q3. b:IZS a 'f:'—-53' ’ C?(:‘f-?n ,QS. A 5_5 J P=88036 ,.{5—'3’5‘{

Solufior‘li' Sol"tmm- B+7 | 80~
- . cX+BTT T , o 7
w x+B+7T = [Bo - Bt IBO-_gg'aé-:?lﬁ'f«
- p=180-ct-T= 80'= 47°-53"| o o= 180 P
-+ p= 80 A = 59°30 ]
; _ b ne; Z—- = 2 —
By Law of sine; ;?-’;;—o'( ® inf Now by Law of ST Gr X 3B
- OL = bsinat _ 125 5"__..hq1° > b= a2 ":"M
i p sing8o’ e Sin§9°30°
13) .
o = .C-‘—?—-—so)_—-%—"‘ = 9% | > b= w) _ .. 6ol
0:96
A &

giN X sin” 3|°.5‘£,’
; 'nNY 53)5”\

L ] ‘ f
NG ¢n K $in 59 30
& fJ’ 9 I\\_(’_:!/;:"lx _.-Il:

wWhen 'measur‘es o.F ¢ wo
sides and their imcluded ang{l.

= °q3 :
~ p= &0 are given
By Law of SiNE; Z = = In this case, we can use
J sinet sinY '
B i) F;rS{. law Gf Cosinc aﬁd %}-,En aw
- O = c. SN« _ ([G-DSIHC‘ILQS o; S-'nES, oR
bl Sin 74°32° i) First law of tangents and then law
o = (lé'l) (0'678) — .33 of siNes. |
0-963 Example 1. Solve the triangle ABC,
Aqain b - = = | by usinﬁ the coSiNe and sine laws
ja J .S;np 5,‘(77 aiven tht b"-'-'-"'s, e & al"‘ld ol = ,209
- b= T Solvtion:—~
vy 07 2’ Bj cosines laws,
_ (1¢1) S0 62 43 T
o 4 :b—l—C—-?_bCCOSC’"\
snTa s Y Y. 2 (3)(S) cos 120
a = 3" 5) - (3 0
o) (008D gy | O 5 shanl
0963 o =9qt+25- 30(-o0

i

a =49 = a=T

Please visit for more data at: www.pakcity.org
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N ow bj Law of sime,

I,
simnas  simP | By Law of SINC
- SiNB = _%:_S'noﬁ = §__l. S 120 b e
sin = 3(0.866) = (o:u28) (0-84C) sinp  sIN .,

¢ & g £ - s-
< |80 - |20 - 2_|‘-1.| - 38 12
. E%amr’& 3. Tro fOT'CeS Of- 270 Newkbons
and 15 Newtons, inclined at an angle

of L|5'° ore a.PPll'ec! at' Qa Poinf

Hence p= 247, ¥=38'12'S", a=<T
Example . Solve the triangle ABC

in which: a= 361, c=30:14 p._._-.-;g“m’

rﬁf’rescnteoh bj two acljacent sfo[CS
paralleloegrar? thenn, their resvltant

of ‘
& 'P\mﬂnt@[ bj ' £S d—laﬁonal. Find the

‘t?ﬂsfoféant force and also the angle

SO,U{';OH:— v AP C - DY
L EPF Y = 1806°

- ot+Y = 180-P

0,7 Qf{:{;\\ whl'c.h the resul(:ant mak.es W) th the.
- ,60 "'"78 |0 r’“li{\@\/ for'tf- of 20 NQH".—oﬁ.

_,.-r"""-u\“‘

. ~o
°50? \Qg il |
- X+T _ (ol : '“Q\\C\ 0SS

#

AtV = 1050 —= 0 g tioni-

¢ @zi\fw |
~ ngents |
by Law cf(Jtangents
tan "";_.r o |
tan &7 T a+cC
L
Y a-C {tan d__.:.'-—Y
and-! _ ———
" i 2- = | = 15N
1 o / |AB| = 20N 3 | AD
't a-¥ _ 3621- 3071 kan 5055 Y5
R 3621+ 30°14 also m4LBAD= " >
| 6 = |g6 —
. 607 (1231) = oll2é _, ABC= 180°-m&BAD
#-2-: ] [ ’ | ' 8 ._....;l)‘l. 2|ﬁ);&‘§2|0”35‘
¥ = RS (Bel) -.-.-(lﬂ’l)+(lec. )
Z 3 q 767
N 2-0(-—_\( _ lzﬁ S"l’ Q) (20)2. +(.|5)L_2_(1°)( |5) (..-O 7 )
By ¢ 0= 2 X = nu g2’ ) qoo+225+"’-“‘}'
o A= ST 217 put in (h ,ﬁ"é]x' _ jouq-x

/ ® / ﬁﬁ-‘-‘-%?—-hr\!

(S

#at: www.pakcity.org
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Bj Law °f sines,

v _ _AC
SinmZ BAC sinmLABC

iy Sl'nm LBAC =

¢immiBAc= o-327H4
- mlBAC=

S).‘_:‘ | (o. 327{-{)

A+B+Tﬁ'sd
il N = '80. -‘0(—? o
4 - 180" _g)p-T153

www.pakcity.org

b
e
5inP
__1?__51'2"\ oA
Q. o,
12:5 sin 38 20
15 30l
(0. 8’6) Co-62)
SinBgy &, © 50¢! 2.4’
| 8 105060 = 3°
- —
- o)
| d+ﬁ*7” -
— |8°a”d_P /
=7 ‘.30 12U
' _ 180 - 38" 20730
5 5" 2
o & M1 - _mis
| - 15- 304, [5-:30'2“ / 1=
LHe'nce' a:: | i

Q

5°|u‘t'0”'

3 CL--" -| b J/+‘ 11:60

We take a=0.7320,b=2.7320
o Lavy °7C Co5IMES,

1.

o.,+l:) - ZabCOjT
C =

(0.7320) +(2-7320) _ 7 (07320)(2.732

= 0.53582+7.4638-3.999(0.5)

o) €05 66°

=6.00012
=) C.L-: § = C™ JZ

By Law of Sine,
y Law of Si c

el
sint

Q- =
--"-"‘

SN

0 o "
Slf‘\m — C
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0.7320 $i" 66" (0.7320) (0.8660)

l

www.pakcity.org

' L
SN = T 2.4494 - =Y .
Jé CL . 58 - 32.9984 = 25-00/6 %25
‘nA = 06330 25384
ol 2.4494 - C = 5'f
Now By Law of Sine, b ‘N Y
y | C e v . = __..2—'--
A = sir '(0.25884) _b—- = -—-"‘; Sif‘ﬁ i
- Sliﬂ"g s
« = 15 in 3813 _ 0.6186)
O(+P+'f = |19 o’ Sl'f"'ra s -{2—6_-_—_= 35 =0.3716
= ?;: ’80.'— o<~ [3 =sial (0.3716)
Py & =3 5 /7
P _ 1800_'5_.60 - IOS' - 'ra _ 2.| q-’
) - C= -..ré- ®
x= 15", =102 ok +PtT = 180

A

= -: Law of Ccosime

Hence o= 20,

&
§+c- . Qc Cosp

3 ¢ ’ 3 x_:
_ (3 )(6) - 203)(8) o3 36 21 p\&\\\ .

3(0.5924)

L| | 4

=0.4443

K = 2.607-3' 4"

g
L

4
# '4 — , 016 5-6 J
Hence A = 26 23 a') 7 I

QS' o=1

Selvtion=

» 1

- oA = 180'-‘)3"Y
_ 180°-

) 41’ -38°13°
p:: 2['47/, C= 5

= |20
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By (V) + (1) =p 2B= 15¢'19°26”
- B= 18 943" put in U
o ./ / [ /
iy A+78 99U =135 3) |
- X = 135°31°- 18 97 Y3
o - g2’

~Now  Law o,l'. SiN €5,

..b-—-‘"‘ — _C_-___
Slln P S, n‘Y ’

‘tﬂn S C. —
= c+a
tan I—'—"T_?-' ™
Y - A tol= 93 tan 50°
- {on 7 T 101493
tanT=% _ & _(119) =9 ol76
L 194
-
(0 ou76)
Yy— ot _ tan
= L
Y —~X - 2.1L = T— = g-45

www.pakcity.org

By Law of SiNne,
b c

Sin  sinY

. §
- b= csinf _ (tO\)San:ao ’
SiMY Sin&2 43

b < (1e1)(0-98) _ j24.5
6195

Hence o= 47°16"
QB. b= 14 .8 y C =161 |, O(:_chqs,/

salv{iﬂﬂ:- o p(.,.p.’. 7= 180"
- p-t-Y-.—. I80' — X

y=s5243 , b=1245

- Bt+7= 180° - 4716

L —
+ btc
an ﬁ___i- 4

tan E"-?-:-"" - =13 (2.595) = -o0:1072
30-9

By ¢ir +Ci = 2P =125 | ,
2 30 22 put

in (D

a b F
A iN )
o 14. 0 Sin qus
a = /bﬁlﬁo( = _;___—-:-—'—’—_
M sin P Sin 2 30
1y 3)("-" 671 8) _ -3
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Qg a=319 pb=168,Y =102
.t ' ’ ok By law of tangents,
'U ;on:" + — @ .
56 ot prT= I8 tan E"; b—¢
o otep= 1807 = (Bo'— 110° 22 -
" tan 2T L+¢
- o“"F: <9 38 .__-)u'_) L 3
+a+f _ 34°49° -7 §1-32 Lanbo’1®
By Law of tangents :. ? = tan -3 T g)1+32
ta x—P tan B_,.".':-I _ 2.7 (,.'7[49)::: 55U
"N a—b 2 T 93 .
—_  e— ] ) . )
’cani';i?'_f o-+b > P72 tan'(0'5('q)' 28 324
. ; b2 > P/ 4
-'?{'.Gn""__:_f: SMl:anBLquq - P""Y':' £ 5'32.-—-—"'?1.")
A 3\q+168 . :zl"-’
: : = N7 35
{a o‘-P 1 5) ( 6‘]6’) oS B:] L, -FU') wd 7'? —_— ’_)
e e— (o = r ’ n ¢
nT y81 - P= Q6 1_,‘71{5 pv )
- *30
—— - . / 'y
= Fl 1" A= 1207 -5
____......-' = | 2. 6 ' o 4')\7,«,” . / 3"'
2 - (D) 4 . 31°uz!
- ° SUSN
o ot-p= 2 = :—__?ﬁ”\\ﬁ}\ gy law of sines,
By oy + U =¥ 24= 9354 3'¢I(£;ﬂ a _ b
B o o
o e ye 5T LY ' sin P o,
Lo 571 +BEST a woos T T "
f'“fhw o7’ 1" *4058 SN p sin g8 47 46
= £9°38°- (6 ST = 2240 3 .
ﬁ ol - ..__-—-——--—él( bk ).-: §2-573
Bﬂ Law of Slf’lES, o+9997 .,
ence, o §2.573, 1=314Z 15,
B e B= ge 41 48"
Sl'nd S'T"Y o’ )
a,Sl'ﬁY (3,q)5,‘nllo 2L 11 Measures of two staés of a
_ vy . ‘ ,
> C = T ' . ’ » tl"laﬂjle_ are ‘N {-he r'a!;ao 25l
and they . ~clude an angle o f t
- C (3132__(_%.;’32-2 _ Ho4-12 measure 5T, F;,—.J Lhe remauﬁlnj o
° 'Y ’ 4 ® :
Jence c= 40912, B=2240 58, K=Ub5T
Qlo, b=61 | ¢=32, *x=59 30
5alutiom- 2 ot+,3+1-_- 180"
=i p-i"f:: 186.—-0(
- 180.-— §9° 30/
B+ = 126 36" —> ¢
-~ BIT . 60’ 15"
2
'o

Please visit for moré




www.pakKcity.org
www.pakKcity.org

By law of l:ar'\aer—,tS' C m
c-b _ tam I'::IE asé
ctb tan Y1P When measurés 0F U"H’CC si'ales
2. 8
3+ 2 2 In this case, we can use
tan 61°30° : .
oL - kan y—p i) the law of cosine;
5' 2 .n ' .
ENTICE or ii) the half angle formulas:
- tant?_E E _____."B:” = 0-3683 lExamPlej, Solve the triangle ABC,
_ by vsing the law of. cosine when
v - P 0 n.3683) J
-~ 10 - kar (0, ) a1, b=3, €= 5
Y:_E’ = 20 13 177 |$0|U£;an""' :_ 1
‘0 g’ Lf " ' CoSA = Ei'__('_;-%
sy v - F = Lo 16 3 — ‘ 1 be
L. L ¢
BY Wy ) =» 22X = 163 L6 34” » W) _ 9—1__2___5_‘:_1.4_?
: 2 (3)(3) 30

> V= 8 ° '13 '-7 Fu{ in (L ,. ‘HU

CBS? e 1.5+LIQ"9 - 5__5_: = B qu‘
J0 “lo

<)
12 Two forces %ﬁ
reFresenk\}
which Gf'e- "1‘5@""“&3 at amn angle of
m‘] ‘15 F-ﬁd Ac the resultant of |

-> PB= cos ! (0-9286) = 2I ‘41’

Y = 180 - cx.-p

AB i 6(_ - l5°'—tzo'—7_l"r7’= z8°13
SOfu‘tfon:-' _ EKGMFMZ Solye the triangle ABC,
—_— an , BC = 3oN .
by half angle formula, ~when
a= 287, b= 3117, ¢= 428
Te]a e
SO'U*"O n +b+C 7__83+3|-|+Ll?.8
‘o D e = e ———
Bj Law O-F CoSINES, s 3 3 * 4
2.8 |
Al = \ABl*+ [BCl - zmgll&c:cosmzs S = 5 s14
_ (&o)L-f- (3°)L—2(Q°)(3°)(—°'8"37 - O = gl —283= 231
’ o b= SMi- 3117 \9q7
- |6oo+ 900 — 2ho° (-0-8u3) iy~ U28= Y
—— S—¢~=
IAC] = 2500 + 20 22. 262 | Now
o |AC) = u522 262 tan 5 = }(5"5)(5"0 _ f:rnxas
AC= &7 25N | Sr_._-(s"a) stuxas]
el A . tan% e O_”,zé:-_- o 377
2.1
%5 pakcity.org i
2 fpaicityorg |
ease visit for moredata-at: www.pakcity.org
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|
wmy X _ . 77) = ). o7 & L
-z- — tah (0 37 ) 20 "7_ _ W}
- K= G172y’ 2 (uo)(66)
(s-c)(s-a _ oo +3séTlot - AT
l-_.‘:m__ﬁT - J(s-c)(s-a) _J 86X 23) = Z 280 £ 280
s(S-b) sIUX 197 X = 0.93q
- < 2 °55° 58
tank = o196 = 0:l429 e co5'(0-93U) = 203
2 z 1
- ol 2 E-b_ @)t (66)™= (40)
- P _ tan' L 429) = 2353 9__.."_-—5'——-""' _
e 4 , ) . 2ac 2 (32)(66)
102144-!435'6— oo 318°
= 2o W2k
2(32)(6€)
CGSF — 0'896- ) .
-~ P cos'(0.895)= 26727 29
- \80'—a<-E ) -
- 186"~ 20555% ~26'29 27
1\7 = |32. 3""3?'
{ﬁ&hééﬁtﬁuﬂzo '

S ppd-at @y - (83)

Lbe ?.(3!"1)(‘41-‘3) .'
_ 1004-8Q + 183 1-84 - 800 -89
21135

L | cosk = 015 o,
' (o75) = urel 34

-p CRA = CC:.§
3 L L :
coSP — s lot_z (‘-!7.-'3) +(283) - (3|'1)L |

2Qc 2(42.8) (28-3)
. - 183].84 + 800:89 -1004.87
42248
c,oSF — o671
_A’F,._-_-(os (o 6'“)— 41 4ilo

N = 90°us’1s”
Hence
| gewu 36’ p= U107
Y = 90° 48 1S”

L

N 48 pakcity.org
Please visit for mbre—c
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i C.OSP = 0:0L%3

Qé. o= 319 , b= 56 31 , c= 42.8
-, @ s ,/
- P=Ccoes (0233)= 76 3033

Solution:~

b4c-a 3 " :
vcos= 2TCETCQ - (56:3) +(U2-€)-(314)

e e —

2 be 2(5631) (4L.8)

. Y= 18— o~ P

. .’ U . 7 ”
= 3170 81 +1621.67 = 1677.4 ! Y= [80°- 69 7 -76 30 33

Q & ’ /4
T = 43 20 22
CoS A = 3447. 88 . ' , o ) .
4s35-21 0- 83723 Hence of= 60 9'7’/ p:vg 30 33

and T= 43t207227

L 2 1 L i . Qb find the smallest Q”jle- of
Cosps € H+Q-b _(428) #(3r4) - (563 WE 1o priangle ABC, when

2L 2 (42.8)(31:9) a = 37-3‘{, b=3.2.Y , t= 35.06

- |62|-61+|0|7'6'— 3'7&-8' M
Ty : saluf.on:n Heré
b4 o and b4 & 3%

O\
R A0 le t angle is :
{w\s\mal S 9 P

- /f
= = &5'(0-832.3):33‘345"

A x"xh - 1 3__ EZ-
y ¥ = 180 - - O-a\/>> **Co S F—"-‘- a+c” -
6., ~f / Ig‘f\/ P | 2acC
_ 180' -33°39'51"= 101" 864" ) .
, ﬂf&%/ - (3730 +(35-06) - (3:24)
Y =  44°23 L7 <o) L
2.(371-34) (35-6€)

F g \ ‘ , ,/
_ 33 P = 6 4
Hence ot =33 39{%‘“&«»3% lof S 11 _ 1394-28 + 1229.20 - 1056

A~ e - o T
CDSF = 2.612.98 _ 6.99%
24(8-28

Q Find the measure of greatest
*angle,if sides of the kriangle

oré l(ﬁ, 20, 39.

SolythH ™

- L
_ (5140 L (362Y) - (4584)

-__—-F__

2 (51he)(  3624)

_ 26419600 +13133376 — 21013056 Lot a=16, b=20 ,c= 33
27254720 Here Cy Q and C 7 b so
CoSA = 0o- 4977 Br-ea{;est angle s 7.

& L
ot - & (1) + o) - (3

> X = coS' (0:4977)=60'"7"
o+ COS Y = i -

cosf_’, = cra- b 2ab ). (16) (29)
?_Lca. :. L _ 256+Uoo -1089 :_ﬁ?:_
= (3624) 4(458Y) - (5140) sbo 640
2 (3624) (458Yy) coSY = -0-68 w»r Y= cos (~0-68)
_ 13133376+ 210 13056 — 264 Q400 - Y= 132" 50377
3322 Y832

; (');

Please visit for m& 18- www.pakcity.org
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45796 +140625-11056 9

Qs The sides of a l:rl'anjle are = 4STP6 1100257 "2
P x"+x+l, 2%x+! and «"-|. Prove 166500
{:hqt H’le 3!"60{:95{- aﬁjll’_ O; H’)E. C.OSO( — |S'85?—. ,:__0_98-7'
Lriangle s 120. |66 500
Selution:- - ot= cos' (0-9387)
LE.f o= x1+'z‘+ ,) b"’-‘: 2"(+| X =8qﬁlq’sq4’
25 2l “CoSB= ra—-b
Clearly awyb and a>c  so lc""
(
Jreatest anjle s 2¢315)CUI3)
br+ - Q.
COSA = — _ .
2bc CbSF—_:. 26537 = 6856
209750
L B & L o 7 /4
= @) +(xA) = (x+X+1) . | = p= ces'(0:85€) =31"2 2
L
LR RO, 4 O 180"~ 0""? P
-.-.-LliL+bl'=(+l+)Lq—?.£+l—(xf'+f+l+zf+zx+u \ \S,,»\ 180° - 24°19 5-(,," 3) 2 2l
(\})
2 (2x=2% 2 1) »><\ 7oA = Ut 3744
) Y "‘X_u_
IR RN EeAR TR PP T & Gy Hence o L,
I - ——{éj—— L. Qu'19'sy”, B=31'Y 217, Y=64'31 44
L (2% -2X+X, -y?w
Three Vl"a QS A B a_nd C are

T ““\ \ --?_x-l) Qio
cosd= -2% —% +?.x-§ (?.x +A s c.onn&c{&d by Strmjht roads

/—' J———— =

2\ W
2(213/t2§?>35(") 2.(1.-;(-!-7("1"‘") tKm 9 km and 13 1km. what angles

)
r - Y 3 these roads make with each other?
= -1 o =Co o .
coS A 3 == > Sa,ut|on:- A
o X= 120

09 The measures °f side of o
triangular plot are 43, 114 and

375 meters Find Ehe measures of

the cor ner angles of the plot Let Q= e,J,lL b:-_ 91_, R o
Solvtion:~ | esa= 2 :::—i: A _ (9)+3)-(6)
2(9)03)
cosot = BHBI30 _ ak _qus
234 234

A= coS'(6-9145)= 23°5139
: CoSp = C+o-b _(3) 4 (6)-(9)

LCa 2 (13)(§)
¢ oS - léq 4-'36"8’ ) |2.¢:
F 156 15'6 -O-szq
= B= cos (0:7949)= 3721 247
- Y= 186 K- P

= (214) +(3715) = (W3)
2(2tu)¢375)

Please visit for mre Jate t www.pakcity.org
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- V= 180 -235139 -37°2.172.4° A = -‘iabsm*/
= N8 Y656 o
P B . Samnlarlj )
Herce ot= 235139 = 3721724 , .
’ / P _ nX == CA SN
v = W8 4656 -—-.}_bcs" 2 i
Area of Triangle (ase T
Areoa of triangle 17 erms of
cas€ 1 One side anal tw O angles
Area of Triarﬁjle in Terms of “ dn any triangle AABC, i D
ssual metabiors, Prove that

the Measures of two sides and
their i’ﬁcludec‘ ar"\ﬂle, Area of tr'iangle. — a"s.'nESi'nT

e yith vsval motakioms, prove X |
_ b sinY Sinek c"sinds"”P

rfjht * _
I £ig a % . sinY ——r 2 sin X
on 9 (N AD - sin(180—1) = s'07 | Case I[L
e — Area of- Triangle i™ terms of the
on £3 U0 /i:_g = 5in90= 0T il measures oF s sides
from () i@y and (W 1t i3 clear Hel"O’S ‘F‘"’m"'a’
that , |, 4n a AABRC, with vsval motabior,
ac - LR prove thal
- AD =AC sinY Area 0[— trlanﬂlﬂ"m
NowﬂD P bsinT ~here s= a- b4 C
‘ Area °of AABC-r.i- (base)(a”:l‘[udt 2.
. 3 (8C)(AD)
25

Please visit for more ‘-':::"* Www.pakcity.org
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Proof:= we know  that
A= -'2-_- bcsSin K

SN 2.(_‘2;_-_)._._-251'}")22:'\ coS .‘l;_.

Azt bC(ZSIﬂ"‘ coS ﬂ"v)
2 2

)S_b)(g C) }.S(.S—q)
=bec [ ¢c S$—a)(s-h)(s—c)
>t

C N SCs—als-b)(s—c)
be.

—-_——-—“__
6 = [ scs—ay(s-b)s—c)

~hich s called Hero's for'mulo.

Examflgj_ Find {he area of-ﬁ

!
\...""‘v. /
- J
< r
L

www.pakcity.org

(712 4) (0-7097) (0-5776)

e
2.(0- 9863)

+b+c 215" 4 +3037+342:5

—-___—_—*—-—_'_-

2. 2.
s = Azré _ 4o0-8
-
Now _ 4g0.8-275-4 = 1854

b= Y606:-8-320%77= 1S 11
Léo- 8- 342:5= na-3

C—C=
J—
. o= Jscs—a)(s—b)(s-€)
O

)\”\‘f*’”-— J{uco8)(185-L)(157- 1 (118:3)
A = 39847 sey alls

Exercise 12.7

cind the area of the triangle
Ql- ABC, givern two sides and

their includ ed armgle

J

i \\:i/ A [) " .= 2.00 , b=12.0 P y=150
— _.'..(ub(go-g)snnS'ZQ ‘
‘ Solutioni=
= . A= 1 ab sim 7T
p 3 o
AABC = 2593 5qunits - L Go0)(20) SN 150
EXGMF’C 7 Find the area o f the o aseleS) (500 sap-unils
. rale ABC, when . —
Erlang e'a 5 ‘Y-— LIS"B Qnt.'l b-:(,lzl “) b_:'_' 37 , = Ll 5 ’ A 30
ot= 3511 , 17 t. |
Salution:- Salution:= )
‘ o Sllh
o O<+P+‘f= 180 LA = ..'i bc -
— 80—35 7~ 4513 A - (26 €9
. /
: L sinY sin X i) 5:-""" ¥
o ‘ Solution:~ |
Z.SlnP A ...-'—-Clb Sth ) q/
= (42")L55’1 45°I3’ sin3517 ' 21- (b 33)(q 25)S1n 56" U
——_.——-——’——___——- ..
2 S/ 97".30, ): (Q 33) (q 245) (o 836’)
=
A _ 1674 syeunits

Please visit for mdx
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Qz Find the area of the triangle | . 4..4 of AABC= i BSINT

v ABC: 3"‘/&” one S:'de and o/ &
E wo angles: ,; o
8 27 5 ’ 3 . SN
iy b= 254, Yy=236"4l , ol =45"17 =@_’2_'32—-—51—-"“5’,“'—
¢ : 2. SN 83.42
50,"*‘0”:' . - (23-6Y%) CO-BS'?I) Co-5°4{)
- OL+Pt V= 180 =
2 (o 99)
- B= 180°—ox—1T .
5 o’ 6,({ / = 11.953 - &-02 Sq/-unfés
~ 180°=-45"17T - 3 ! _—_—__;qgg
ﬁ - 98' 2" Q3 Flﬂd _!:he areo of. -Ehe {rlanjle
AB szl‘naﬂ SN7 * ABC, given the sides:
o (=
. 2. Sin B iy a=18 , b=24 A ¢=30
_ aswtsinust’sin36’w” |Gl tioni-
—_—_T__——__—* e — +b+c 18+24+ 30 _ 33§
2 SN 98" 2 ;5= O e
_‘645 '6)(0 7”)(0 597) 273-85 . 36—(8 | 8
2(0-99) 1-28 S"f?b\- 26 - 24 = 1
AABC = 138.29 sqruneks {6‘3\4& 3¢-30 = 6
~N\ ¢
i) c= 32 , =41 24 /p-.-.-j,ﬁga 2 [ A= JS(s- a)cs- b)(s-¢)
. » A
Solution:~ A = [ 3¢(18) Q) (6)
o CF&M ‘Ls
cox+B+Y = 180° \Q A = L6 656 =216 sg-ur
= 18 Sl -
= Y— ”8 W - [ ”.) a = 5.2‘4 ) b':.' 2__76) C = 3'5
fah““&‘“* [ o 7 o / K
= 180" — 70"/ 6" 47 27 §olutiom:=
Y = 627206 sc= Q- btc g4 +2716+4315
b I . 2 %
0o Area 0 AABC':-' C Slndslﬂp 5
f , SinY 5 = .'.'__E_. - 55725
- (32)1S""‘T'‘1'7“'2‘*"'5'”"’"‘-"5’6 s-qa- 551-15-S2u = 335
- (32)macer &

2 sin 62°20° . b §5T1s-276= 282
—(IOZG)(°'736’)(0'99’3) |s—c= 55T 25" 3]s = 242>
=(026)L PP

, 57

2 (o b ) v D= ,’ SCS-Q)(S-B)(S-C)
ABC = _ZQ_C'__S._ZL = Sl $q/- niks
A 12714 Qo8-S S = (55'7-25‘)(33-5)(18:-5)(zqz.5)
iii) o= L. B ,o(=83512) v“=3712 =m
SOlUtion:' N = 35“70‘5’-8‘3 S"I/-Uﬂ'hs
= 0° '
cok+ BT 18 ) i) a= 3245, b=41.3,c=6un
- B= |BO— OX—
P o * 12’ _37° 2/ SO|UtIOn'-
= (80°— 82 42 - I . ad b+C _ 32 (<+42.31+ 6492
B= 59'6" . $ 2
: ¢ = 1iyo-38
| - F = o2

Please visit for moe Jate .. . www.pakcity.org
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Nov
¢-0o =T70'19-3265 =37- 5

5-—b= 70" '9- 42-8’-‘-‘-2.7- 38

- C=02.724
rl'or'\gular'

O ‘de Of o t
Qé' 3::‘:*52!’1 s 30m - 4f its Ewoe

S—C= 16 '9- 64-92 = 5- 2_7
2'-'5_ and ”7:-'5-_-

corner amglés are 2

Find the cht o} Plantfnj the
qrass ot the rate of RAs.5 per

sopuar me ter-

v A= Jscs-a)s-8s-0

= /( 70:19) (37-54)(21-38)(5-27)

sulli V 3 g0 20l- 28 = 6166 Sq/-un?Es sblution,‘r
oz’ ."')E area O{. {:r'l*af'?gle IS 2.437. Let , a= 30rm , P-': 22 30
¥ lfa..:: 19, and c=97, then -Fl'ncl o = ”2.;30/
an3lf P x+p+7= 180
Solutioni= Here A= 2437, a=79 - - 18 -P~7
C = = 1 P & 4
; 7, P& A - 180" — 2 2034 - 1230
Af-‘-i-achnP A = 45
- 2437 = L(19)(97) SI"F 71\% _ M
a = 22X 2431 L8y ~\ | 2 Sine X
-y SIN - —— == O . o 7 e 0a”
F 79x97 766! S _ (3v)" Sin 213 §¢ 0 1L 3F
- A ] ( -Jf\";.. - /——_-
el ' (0. 636) =139° 30 2 SinUs”
QS.The areo of r\‘@gﬁ% LS 121,34 FOANETY, (o 382) (o~ 923 g)
I A= 3L IS'#@QW'SW , then Hno’ 2(o7077)
¢ and aﬂj‘lgji/v D = 225 59, v £S5
so,vt"on',- \Here. A:_- IZ,'BQJ 0(232.15'1 i Cost Per SW- mgl:?.l" — RQSlg
,3 ::6‘5"37"’ c= ¢ , Y= %o {a{a\ Cﬁst 1S = 57(27_5-
A+ pt Y= 1 80° _ 125 Rs.
> ve 180-=-% | Cjrcles connected with
- [806°- 32°15 - 6537 Tl"iaﬁﬂ'e-
Y - 828 o have three kinds of circles
y related to o triangle:
_ d . I
b= €3 O( SmF i) Circum=-circle i) In-Circle
lLSInY / é , | W) Ex-Circle
2134 = cFsin3218’sin 65737 . , .
P ) Circum- Circle -
L e The circle passing throvgh é.he verbices
|2.l3lf = C (0-533‘)(0-Q(08) O} O tr]angle_ 1S ca"ed D..C.erUM'—
2 (0-99066) circle. A
_— C’- — (|2,'3({) (2) (o 99 0¢) v Jts centre is (_a”eJ /
—— . D6t circum-centfe and
(0-5336)(0 -7103) “_S mdl'us iS CQ”&J B‘ .
C.l - quq . 6‘! cu‘rcum—-raa’l'vs Clnc, \

is denoted HA.. | _
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Prove fha{'. S:m:)arfj J = "'b———— ano‘
= = = b = £ lS'nP
2SinK 2.5inp 28 nr ' H R = ; ~
| ‘ 2 57
Wlth USUQ’ ﬁot’Q‘TlOﬁS. 1 Q’ Deducffan o‘F Law df, Sines.:
we know that
- a__ b = £

iy .—E'—-— = b =y ..E_. — Zﬁ.
Sin & sinB  SinY
a - b = _<_  which s
SincA S\'nﬁ SnY
the law eof sines
, ab
b) Prove that: R-= q;
Proof:- N

h\”\%&/e know that: K=
. . " . f@?)"/ 2Srn of
3n Fig (i), in right triangle £BcD 4~
4 fz"\/>-”\‘~}\‘l\ a‘
2O | =R =

m DL — Sin & (Gf{;[nﬁc) 2.25INnX cos &
m BD —> (L) \I o - -
C”a‘“@”’)/ (‘-‘ Sin X = L Sin -i: coS %)
3n £ig (i) mzBpc+rilBACE 180° ___a
LN i\ APy
(*:5um af OFME anjle o f c_gc_hCal 44 Sin ::__.‘ CeS _‘Z‘\i_

a/u adrﬂi@teral = ;30")

- O
> m<BDC = 180°= meA=180"—A  Jts=b)ts-¢) [ s¢s-a)
| bec Le
Q.

3n right triangle BCD
K =

:QEE - sinmlBDC
v BD 4 ) S(s=)S-b)(s- ¢)
— ' PR
= mBC _ Sin(l80°—o()=5ma£ - 5 C
m BD R = o b ;
9 19 Liii ), clearly G4 [ sCs-a)s-b(s~c) :
BC : ’ e G} — a.b c Veol
"’;, ___._;_g = l:Sm?o:Smo( (m_l = R N Hence Pro
Incircle:-
(r), @), (I) | .
Fra — A circle drawn MSJO{&
m b€ _ Sinol = Sine = = the triangle and touching
m B 21 Its three sides i5 called
e = Q BD = 2R an N circle.
AR, R ’ r 9ts cenhredis ‘ckalleJ
- @ mcentre and 1ES
- R - 3 Sin ok ro,diUS 'S callec'
© L inrads.

deno {ecl 53 Ir.

48 pakcity.org
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Important mote:-

& Circom -center is the PC’;”{' o f
intersection of the perFend-'c.u|ar-

bisectors eof sides of a. triangle.

+ In-centre s the Poil")l' °f‘
intersection of the angle bisectors
of a {:rianjle.

= D with vsval
notation ImPort

+ The radiv
called escribed rad

x The centre of escri bed circle
called esc_ribeJ centre or e- center.
les arte O)C three

# Escribed cire
K;ndes -
|U?@>¢-le drawn oppo.slke Lo vertex A
RN .
f@ﬁ “has radivs N
iy circle draw opposite ver tex B
1\ hGS ' raé;lfdj r!--
5 o vertex C
are lar te BC, Acf\ td AB resp.
AT
then . frem < X
j ,,@\\85

amaojl AAB@ a of AOBC +
area of AOCA T

area o,t AGAB

Bc XOD +.-?’:- CAXOE +..'i. ABXOF

1
2

Le b ‘0’ be the centre "f escr':bed

and okther twWoO prdoduc_ed. sfjes le. Draw Lar D,E, F then
f:i’:—:;’:?’g_z rz?i,e) eseribet” AABC = DAOAB + A Aoc— &0bBc
= L (aB)(0 F)+5(AC )(6E)-1 (B¢)(0D)

Please visit for more data at: www.pakcity.org
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| e e
b= Ch + -zl_-br‘. ! ar = Js($-a)$B)(5-C) _ B _p_ |LHS
3 ($-)E)(5- 77 -
S
S
I '
- -i- rj_cc'-'-b"a' ) Alse,
YA =';'_‘h (b+c-a) R-H-S=(5—¢€) tan 2
_._.__l_r,(zs-a-q) = (s-¢) _{5—_—__4_)_(_5;2
2 ( ) o Q+b+C=7.S S(S- c)
=1l h(25- 24 = b+¢ = 25-a
2 = Js-¢ J3Zc X L/(-‘"U(S 6)
=1 2h (s-Aa) oG
L= hK(s-4) ® MQARIILI Ny oS
- T o= B Hence PFOVQJ Vs -l
— QL
> = JSG-)-b)05 A _reLH-S
S)Mi\ar,:j 7 S5 .
A . d
; = S—-—--_ o 3 = L= C | He;ce [ E s t'
Ex mp (e Shew tha
Show {:ho.JC |
s-a)t o (S- b) Lan P o })\ 4 2z ‘ '
r= (S-a)tan = = PPN aly'tlon:' ;
v Ofi\v} o P Y E
= (s-otan N R-H 5= 4R Gin 3 €03 5 oS 7 :
G0 _ Y abe ] b)( = !
= C2=  [(5-86)(5-C) 5(:-—6) .:(s ¢) |
HA i
" a.bc s*(s-b)* (s-¢)?
A al bt ct
_ ok s(s-b)(s-9)
D 5&&
- 5(3_.4)(5-5)(5"f} 3 Az‘ A
A(S-a) Als-a) s-a
NG S -~ I = L.H-5 Hence Fr'OVf’d
i’ £ L5 q)(S-b)(.S-C) — ,_?_-.-.-r:L H-5 Example 5 Prove £ha{-l : 1
S _I___ 1 __.l._.- " _\___ 4_-]___ - a + b'l"c.
Also, AU A N
R.H-S= (5-5) tanf- 50!0*"0":'
L T

_(S b) J(S -a)($-C)

S 85=4%)

- [T J5E

=V S-a)(s-b)(5-¢)
JS

Please visit for more
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= LE 2$(a+b+() +o. +hb+cC - o,be. (S-Q) (Q b)l(.S c)z.
A~ ‘b’

Qa

— -

= s - 25(28) + ol +bE+C Ef (S-a)(s-b)(5-¢)
N\ 9,,5/
- Y s — Ust+ o +bHc 1
= SCs_q)(S—b)(S ¢) AN
S & S A
I TR H
T =S e B or= LHS
D
Hence proved Hence proved
Examp,e l{. ﬂ)c H'xe measuvures Of fi) S = qﬂ'cosg_; COS_%_ coS -IZ
the sides o,ﬂ.a triangle ABC are SO'UHOM' ;
'7) lo,l\ F'nd R’ ) ‘{) 7; ’YL anl Ts- R.H ‘S'.".".." L| R (_052"5- COS.:PE- COS —i:

Solution:= Let a=17,b=10, c= 21
_ Y abe ’scs-—a) [s¢s-b [scs-0)
4o Lec ac ab

re= atbtc _ 1TE10+2) 43

L R & :
_(L2abe  [shs(s-a)s-b)(s-9)
S—Q = 2bh-l1 = 7) S-b=2U4~lo= 1§ | N CI.L b,_c;._

.f"gy\
= — e O-.’\ A {’E,.
¢— =z 2U4-21 3 r"??;\\/j” _ a,b{"- g ses-a)s-b)(s-c)

Now /;;I}E?J A a bt
A= Jscs-a)(s-b)s- c@” CSA ¢ L. H-S
- D
i) = '-'-" 8 s ’
J(zq)( )sig&é\\) \ Hence Prow_ok ‘&= N S(s-a)(s-b)5-c)
Neow N
R = &bc :’\\(/’7)(10)(11) NY QZ Show that

17 al.) ¥ ) Y
4 A 4(8u) 8 rﬂaslnESm____:)ec____bszSln-isecP

& [(s-a)(S-b)(s-¢)
1 o
5o|ut'0ﬂ"’ | S
7,8 ﬁ 5|r77 | s(s-a)(s- bYXS$-C)
S QR Sln ""'"'" Slh i
ata SXS

O-bL ’(S-b)(s -C) /(s-a;(s ¢) /(S-dj(ib o s(s—a)(S-b)(5-¢) A
ab = e = r_: LHS

S S
Hence Proved

1 : WWW.pakCity-Org
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hise, ot ~ abe [s+(S-b)(s-)
R.H-S5= bsunI-Sm Sec? A T
e - -b)(5-¢) (S-b)(5-¢)
= b (S-'b)(-s"‘-) (s-Q)(s-b) = 07%' S(S b)( - S -A)
T be 5¢S-b) A abc . -
- B 1(5-61)(5- b)" (s-¢)ac _ s(s-a)ls-b)(s-¢) _ &
abc¢S(S-b) | ($-a)- & (s-a)-A
_ L.HS
= b [(s-a)s-B)s-0) _ % _-nr=1L
b Vs o )
Hence€ Prova

- s (s-a)(s=-b)(s-¢) .
SRS ||) =4 R c,oSQ.;.S 51'1’1__2 coS >

= J s S-a)(s-b)(s-¢) SQIUtIOH'

° 2.H 5= tRCosZL sin B ocos s

~\ab ! -
(S __E.C.: ’ st(s-a)t¢s-c)
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s— b R R
Hence proved. - (—_) (5-—a )(?—I) (3=
A =
Solvtiom:— s(s-a)(s-BX3-C)
y
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